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GENERAL INTRODUCTION 



BACKGROUND 

Recent  engine  advances,  the  upsurge I n   b u s i n e s s   f l y i n g ,  and g e n e r a l   a f f l u e n c e  
have g r e a t l y   a c c e l e r a t e d   t h e   d e v e l o p m e n t  of  new and a l te red   mode ls  of  genera l   av ia -  
t i o n   a i r c r a f t .  These  developments fol low t h e   t r a d i t i o n a l   i n d u s t r y   p a t t e r n  o f  ev- 
o l u t i o n a r y  change r a t h e r   t h a n   r e v o l u t i o n a r y  change.  For  example, a p a r t i c u l a r  
model may no t   be .se l l i ng   as   we l l   as   expec ted ,  so it i s  d e t e r m i n e d   t h a t   o f f e r i n g  
t h e   a i r c r a f t   w i t h   a d d i t i o n a l  power  would  increase i t s   s a l e s   a p p e a l .  I t  i s   t h e n  
up t o  t h e  company's  engineering  department t o   a c c o m p l i s h   t h i s   r e f i t t i n g   w i t h  a 
minimum of. e x p e n s e .   T h e r e   a r e   t h e   o b v i o u s   s t r u c t u r a l   m o d i f i c a t i o n s   t o  make, t h e  
we igh t  and. balance t o  check,  and  then a check f l i g h t  t o  determine  whether  the 
r i d e  and hand l i ng   cha rac te r i s t i cs   rema in ,   acco rd ing  t o  t h e   s u b j e c t i v e   o p i n i o n  o f  
t h e  company p i l o t ,   s a t i s f a c t o r y .  I t  i s ,  of course ,   no t   poss ib le  t o  e x p l o r e ,   i n  
t h i s   t y p e  of  f l i g h t   t e s t  program, a l l   p o s s i b l e   f l i g h t  modes and c o n d i t i o n s  so 
t h a t  one may o m i t   t e s t s   a t  a c o n d i t i o n   w h i c h   f o r m e r l y  was no t   uncomfor tab le  or  
unsafe   bu t  has, because of the  changes become so. This  seldom  happens of  course, 
b u t   p l a c e   a n   a i r c r a f t   w i t h  a l a r g e r   e n g i n e   i n   t h e  hands o f  an   i nexper ienced   p i l o t ,  
and  he wil l p robab ly  be s u r p r i s e d   t h a t   t h e   p e r i o d s  of  t h e   l o n g i t u d i n a l   s h o r t  pe- 
r i o d  and du tch  r o l  I modes inc rease   and   t he i r  damping  decreases;  s imi lar ly,  it i s  
se ldom  expected  by  the  nov ice  that   moving  the  engine t o  the   w ing  and adding a 
second  engine may, because o f   t h e   n a c e l l e   d e s i g n ,   g i v e  a ser ious   p i tch-up   cond i -  
t i o n   a t   h i g h   a n g ! e s  of a t t a c k  or t h a t   p r o v i d i n g   a d e q u a t e   s t a t i c   l o n g i t u d i n a l  
s t a b i l i t y  or  w e a t h e r c o c k   s t a b i l i t y   a t  some p a r t i c u l a r   f l i g h t   c o n d i t i o n  does n o t  
guarantee   acceptab le   dynamic   charac ter is t i cs .   Ye t   these  th ings  can, g i v e n   s u f -  
f i c i e n t  and r e l i a b l e   a n a l y t i c a l  and  exper imenta l   data,   be  forecast   qu i te   accu-  
r a t e l y  a n d   c a n   b e   i n c l u d e d   i n   t h e   p i l o t ' s  handbook. 

To expec t   the   manufac turer  of l i g h t   a i r c r a f t  t o  car ry   ou t   the   comprehens ive  
p re l im ina ry   des ign   ana lyses ,   t he   ex tens i ve   w ind   t unne l   t es ts ,  and the   exhaus t i ve  
f l i g h t   t e s t s   t h a t  were   per fo rmed  fo r   the  C-5A, f o r  example, f o r  each o f   h i s  new 
a i r c r a f t   i s   n o t   b e i n g   e c o n o m i c a l l y   r e a l i s t i c .  I f  one  could,  however,  supply  the 
des igner  o f  l i g h t   a i r c r a f t   w i t h   s i m p l e - t o - u s e ,   a c c u r a t e  means o f   p r e d i c t i n g   a l l  
aspects  o f  t h e   f l i g h t   p e r f o r m a n c e   o f   h i s   a i r p l a n e ,   t h i s   w o u l d   g o  a long way to-  
ward  enabl ing  these  manufacturers t o  p rov ide   sa fe r ,  more en joyab le  a i r c r a f t  more 
economical ly .  

Despi te  more  than 50 years of s c i e n t i f i c   s t u d y ,  much o f   t h e   p r e l i m i n a r y  
d e s i g n   i s   s t i l l   a n   a r t .   D e s i r a b l e   h a n d l i n g   q u a l i t i e s ,   f o r  example, a r e   s t i l l  
l a r g e l y   u n q u a n t i f i e d .  The  usua l   p rocedure   i s   to   have an  experienced p i l o t   d e c i d e  
w h e t h e r   a n   a i r p l a n e   h a n d l e s   " s a t i s f a c t o r i l y . "   L i t t l e   e f f o r t  has  been made u n t i l  
r ecen t l y   t o   de te rm ine - -by  a s e r i e s   o f   t h e   b e s t   a v a i l a b l e   q u a n t i t a t i v e   t e s t s - -  
t h o s e   c o n t r o l   f o r c e s  and  response  ra tes  wi th   which a human i s   c o n f o r t a b l e  and 
t h e   l i m i t i n g   a i r c r a f t   a c c e l e r a t i o n s ,   o s c i l l a t o r y   a m p l i t u d e s ,  and f requencies fo r  
a c c e p t a b l e   r i d i n g   q u a l i t i e s  a n d   t h e n   i n c o r p o r a t i n g   t h i s   i n f o r m a t i o n   i n t o  a de- 
t e r m i n a t i o n   o f   t h e   g e o m e t r i c ,   i n e r t i a l ,  and  power c h a r a c t e r i s t i c s   n e c e s s a r y   t o  
ach ieve  them. 

A n o t h e r   m a j o r   p r o b l e m   i n   l i g h t   a i r c r a f t   d e s i g n   i s   t h e   d i v e r s i t y  and f r a g -  
menta t ion  of  re l i ab le   exper imen ta l   and   ana ly t i ca , l   i n fo rma t ion .   I n   an   a t tempt  
t o   c o n t r i b u t e   t o  a s o l u t i o n  of t h i s  problem,  the  Nat ional   Aeronaut ics  and Space 
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Admin is t ra t i on   suppor ted  a r e v i e w   o f   i t s   p u b l i s h e d   r e s e a r c h   s i n c e  1940 (Refs. I ,  
2, 3)  w i t h  a v iew   toward   i den t i f y i ng   t hose   i t ems   o f   pe r t i nence  t o  l i g h t   a i r c r a f t  
design. The p r e s e n t   s t u d y   i s  an  in-depth  rev iew,   se lect ion,  and e x t e n s i o n   o f   t h a t  
p o r t i o n  o f  t h i s   i n f o r m a t i o n  and c e r t a i n   o t h e r   i n f o r m a t i o n   s p e c i f i c a l l y   r e l a t e d  
t o   t h e   h a n d l i n g  and r i d i n g   q u a l i t i e s  of l i g h t   a i r c r a f t .  I t  i s   i n t e n d e d  t o  serve 
as a c o m p i l a t i o n  of app l i cab le ,   ava i l ab le   exper imen ta l   da ta   as   we l l  as  modern 
ana lys i s   p rocedures   f o r   t hose   i n te res ted   i n   t hese   aspec ts  of l i g h t   a i r c r a f t   d e s i g n  
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OBJECTIVES  AND  ORGANIZATION 

This  work was u n d e r t a k e n   w i t h   t h e   i n t e n t i o n   o f   p r o v i d i n g  a recent   eng ineer -  
i n g   g r a d u a t e   w i t h   s u f f i c i e n t   u n d e r s t a n d i n g ,   i n f o r m a t i o n ,  and procedures t o  p e r m i t  
him t o  p red ic t ,   w i th   reasonab le   accu racy ,   ce r ta in   r i d ing  and hand l ing   charac ter -  
i s t i c s   o f   p r o j e c t e d   l i g h t   a i r c r a f t .  To f a c i l i t a t e   t h e   p r e s e n t a t i o n ,   t h e   d i s c u s -  
s i o n   i s   l i m i t e d ,   f o r   t h e   m o s t  p a r t ,  t o   t h o s e   f a c e t s   o f   t h e   r i d i n g  and  handl ing 
qua l   i t ies   wh ich   have a common b a s i s :   t h e y   t r a c e   t h e i r   o r i g i n   t o   t h e   g e n e r a l  
dynamica l   behav io r   o f   t he   a i r f rame and i t s  components.  This  approach  takes  ad- 
v a n t a g e   o f   t h e   f a c t   t h a t  few recen t   s tuden ts   have   no t   a t  some t i m e   d u r i n g   t h e i r  
c o l l e g i a t e   c a r e e r s  seen de r i ved   t he   equa t ions   o f   mo t ion  of a r i g i d  body i n  space 
and t h e   s o l u t i o n   o f  a s y s t e m   o f   l i n e a r   d i f f e r e n t i a l   e q u a t i o n s  by t h e  method o f  
Lap lace   Trans forms.   Recent   g raduates   a re   a lso   genera l l y   fami l ia r   w i th  some of 
the   vocabu lary   o f   feedback   con t ro l   sys tems  ana lys is .  The present   work,   therefore,  
seeks t o   b u i l d  upon t h i s   f o u n d a t i o n   i n   e l a b o r a t i n g  modern techn iques  for  p r e d i c t -  
i n g   e s s e n t i a l   f e a t u r e s  of t h e   r i d i n g  a n d   h a n d l i n g   q u a l i t i e s  of l i g h t   a i r c r a f t .  
As a consequence o f   t h i s   c h o i c e ,  however, many p e r f e c t l y   r e s p e c t a b l e   p r o b l e m  
areas   and  e f fec t i ve   ana lys is   techn iques   a re   no t   d iscussed.   For   these  omiss ions  
the   au tho rs   reques t   t he   reader ' s   f o rebearance .  

The  work  begins  wi th a d i scuss ion  of t h e   o r i g i n   o f  and b a s i s   f o r   r i d i n g  
and h a n d l i n g   q u a l i t i e s   c r i t e r i a  and how t h e s e   a r e   d i s t i n g u i s h e d  from o t h e r  fam- 
i l i a r   c r i t e r i a ,   t e r m e d   h e r e   c o n t r o l   c a p a b i l i t y .   T h i s   s e c t i o n   o u t l i n e s   t h e  more 
f a m i l i a r   h a n d l i n g   q u a l i t i e s   d e s i g n   a n d   e v a l u a t i o n   p r o c e d u r e ,   t h a t  based  on  con- 
t ro l  fo rces   and   de f l ec t i ons .  The r e l a t i o n  between  such  methods  and  those  de- 
r i ved   f rom  dynamica l   cons idera t ions  i s  ind ica ted .   Nex t  a s e c t i o n   r e v i e w s   b r i e f l y ,  
i n   q u a l i t a t i v e   t e r m s ,   t h e   d e r i v a t i o n  of t h e   l i n e a r l z e d   e q u a t i o n s   o f   m o t i o n  and 
t h e   u s u a l   m e t h o d s   f o r   a n a l y z i n g   t h e   s t a b i l i t y   o f   t h e i r   s o l u t l o n s .   A p p e n d i c e s  
de ta i l   t hese   p rocedures  for  t h a , s e   u n f a m i l i a r   w i t h  them. 

These s e c t i o n s   a r e   i n t e n t e d  t o  p r o v i d e  a b a s i s   f o r   a p p r e c i a t i n g   t h e   u s e  
which may be made o f  +he d a t a   p r e s e n t e d   i n   t h e   l i t e r a t u r e   r e v i e w  and tha t   gener -  
a t e d   d u r i n g   t h e   p r e s e n t   i n v e s t i g a t i o n .  The f i r s t  p o r t l m  of t h e   r e v i e w   i s   b a s i -  
c a l l y  a comp i la t i on  of t h o s e   t e c h n i q u e s   r e p o r t e d   i n   t h e   l i t e r a t u r e   w h i c h   t h e  
au thors   regard  as most s u i t a b l e  fo r  t h e   c a l c u l a t i o n  of a i r c r a f t   s t a b i l i t y   d e r i v -  
a t i v e s  i f  g i v e n   t h e   a i r c r a f t ' s   g e o m e t r y .   I n   p r e p a r a t i o n  i s  a computer  program 
f o r   p e r f o r m i n g   t h e s e   c a l c u l a t i o n s .  One need t h e n   s u p p l y   o n l y   t h e   a i r f r a m e  geo- 
m e t r i  c and i n e r t i a  I parameters  and  the  program w i  I I prov ide   numer i ca l   va lues   o f  
a l l   t h e   d e r i v a t i v e s .   T h i s  p rog ram,   a long   w i th   t yp i ca l   resu l t s ,  will b e   a v a i l a b l e  
a s   p a r t   o f  a fo l low-on  repor t   wh ich  will d i s c u s s   t e s t   a n d   d a t a   r e d u c t i o n   t e c h -  
n i q u e s   f o r   e x t r a c t i n g   t h e   v a l u e s   o f   s t a b i l i t y   d e r i v a t i v e s   f r o m   f l i g h t   d a t a .  A 
sho r t   sec t i on   d i scusses   wha t   i s  known g e n e r a l l y   a b o u t   t h e   e f f e c t   o f   a p p l i c a t i o n s  
of  power t o   t h e   v a l u e s   o f   t h e   i n d i v i d u a l   s t a b i l i t y   d e r i v a t i v e s .  

The n e x t   p o r t i o n   i s   c o n c e r n e d   w i t h   t h e   r e l a t i o n  among t h e   s t a b i l i t y   d e r i v -  
a t i ves ,   the   a i r f rame  geomet ry  and mass d i s t r i b u t i o n ,   t h e  dynamic  pressure,  and 
t h e   c o n t r o l   f o r c e s  and c o n t r o l   d e f l e c t i o n s .   I n c l u d e d   i n   t h i s   d i s c u s s i o n   o f  
h a n d l i n g   q u a l i t i e s   a r e   c u r r e n t   v i e w s   o f   d e s i r a b l e   v a l u e s  as  represented  by  the 
FAR and m i l i t a r y   s p e c i f i c a t i o n s .  
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I n f o r m a t i o n   o n   t y p i c a l   v a l u e s  of  l i g h t   a i r c r a f t   i n e r t i a l   c h a r a c t e r i s t i c s  
and  methods o f   comput ing   them  a re   a lso   inc luded  as  a s e c t i o n  o f  t h e   l i t e r a i u r e  
rev iew.  The r a t i o  of aerodynamic  cont ro l  moment t o  a i r c r a f t  moment of i n e r t i a ,  
of  course, i s   t h e   p r i m a r y   f a c t o r   i n   d e t e r m i n i n g   t h e   r e s p o n s i v e n e s s  o f  an a i r c r a f t  
t o  c o n t r o l   s u r f a c e   d e f l e c t i o n s ;  hence, it seemed d e s i r a b l e   t o   p r o v i d e   s u i t a b l e  
i n f o r m a t i o n  t o  p e r m i t  one t o  make e s t i m a t e s   o f   t h e s e   c h a r a c t e r i s t i c s .  

Only  two c o n d i t i o n s   i n v o l v i n g   s i g n i f i c a n t   d e p a r t u r e s   f r o m   s m a l l   p e r t u b a t i o n s  
a r e   t r e a t e d :   s t a l l  and  sp in.   These  are  inc luded t o  i n d i c a t e   t h e   s t a t e  of know- 
ledge  regard ing some of  t h e   l i m i t s  of  t h e   s m a l l   p e r t u b a t i o n   a n a l y s i s .  

F i n a l l y ,  a s e c t i o n   r e v i e w s   t h e   i n f o r m a t i o n   a v a i l a b l e   o n   t h e   a n t h o p o l o g i c a l  
b a s i s  f o r  r i d i n g  and  handl ing  evaluat ions  by human p i l o t s .   I n c l u d e d   i s  a new 
p r o c e d u r e   f o r   e s t i m a t i n g   t h e   r i d i n g   q u a l i t i e s   i n   t e r m s  of  the   a i r f rame  dynamics .  

F o l l o w i n g   t h e   l i t e r a t u r e   r e v i e w   a r e   r e s u l t s   o f   c o m p u t e r   s t u d i e s   m e a s u r i n g  
t h e   s e n s i t i v i t y   o f   a i r c r a f t   m o t i o n s   t o   v a r i a t i o n s   i n   i n d i v i d u a l   s t a b i l i t y  de- 
r i v a t i v e s .   I t   i s ,   o f   c o u r s e ,   n o t   p o s s i b l e  t o  v a r y   t h e s e   d e r i v a t i v e s   i n   t h i s  
f a s h i o n   p h y s i c a l l y   b u t   t h e s e   s t u d i e s  do i n d i c a t e   t h o s e   d e r i v a t i v e s   w h i c h   i n f l u -  
ence   t he   mo t ion   s ign i f i can t l y   and   mus t ,   t he re fo re ,   be   de te rm ined   w i th   g rea t   ac -  
curacy.   More  approx imate  va lues  are  qu i te   acceptable fo r  de r i va t i ves   wh ich   do  
n o t   s t r o n g l y   a f f e c t   t h e   m o t i o n .  

A l i m i t e d  number of more e labora te   computer   s tud ies   a re   a lso   p resented .  
F o r   t h e s e   s t u d i e s   a l l   t h e   d e r i v a t i v e s   w h i c h  depend  upon a g i v e n   g e o m e t r i c   v a r i -  
a t i o n   a r e   v a r i e d   a p p r o p r i a t e l y .  One can  then  see  the  changes  in   mot ion  which 
r e s u l t   f r o m  a g iven  change  in   a i r f rame  geomet ry .  

For   the  sake  o f   completeness,  Bode p l o t s  of t h e   p r i n c i p a l   l o n g i t u d i n a l  and 
l a t e r a l   t r a n s f e r   f u n c t i o n s   a r e   t h e n   p r o v i d e d ,   u s i n g   t h e   o r i g i n a l   s t a b i l i t y  de- 
r i v a t i v e   v a l u e s   f o r   t h e  example  a i rp lane. Some p e r s o n s   f i n d   s u c h   p l o t s   v e r y  
h e l p f u l   i n   v i s u a l i z i n g   a i r c r a f t  dynamic  responses. 

The append ices   p resen t   de r i va t i ons   o f   t he   equa t ions   o f   mo t ion ,   t rans fo rma-  
t i o n   o f   t h e s e   e q u a t i o n s   t o   t h e   f r e q u e n c y  domain, a computer  program fo r  eva lua t -  
i n g   t h e   c o n s t a n t s   i n   t h e   t r a n s f e r   f u n c t i o n s   g i v e n   t h e   a i r c r a f t   g e o m e t r y  and 
i n e r t i a ,  a computer  program f o r   e x t r a c t i n g   t h e   p o l e s  and zeros   o f  a 4 t h   o r d e r  
p o l y n o m i a l   t r a n s f e r   f u n c t i o n  and a computer  program t o   c a l c u l a t e   t h e   t i m e   h i s -  
t o r i e s  o f  t h e   l i n e a r   v e l o c i t i e s  and  angu lar   d isp lacements   g iven   the   po les  and 
zeros of t h e   t r a n s f e r   f u n c t i o n s ;   a l s o   i n c l u d e d   a r e   d i s c u s s i o n s  o f  one  and two 
degree o f  f r e e d o m   s i m p l i f i c a t i o n s  of the   equa t ions  o f  mot ion  as a  means o f  ob- 
t a i n i n g   a p p r o x i m a t e   p r e d i c t i o n s  of the   f requency  and  damping of  t h e   p r i n c i p a l  
modes, e x a m p l e   d e t e r m i n a t i o n s   o f   f l i g h t   m o t i o n  of  a p a r t i c u l a r   a i r p l a n e   u s i n g  
t h e  methods  presented i n   t h e   t e x t ,  and t h e   u s e  of  unexpanded f o r c e   t e r m s   i n  
g e n e r a l i z e d   n o n - l i n e a r   e q u a t i o n s   o f   m o t i o n   t o   i n v e s t i g a t e   d e p a r t u r e s   f r o m   t h e  
r e s u l t s   o f   s m a l l   p e r t u b a t i o n   t h e o r y .  

A d iscuss ion  of t h e   c o r r e l a t i o n  and i n t e r p r e t a t i o n  of  Bode p l o t s  and Root 
Locus  diagrams i s   i n c l u d e d .  The f i na l   append ix   p resen ts  a b i b l i o g r a p h y  of  per-  
t i n e n t  documents n o t   s p e c i f i c a l l y   c i t e d   i n   t h e   t e x t .  
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P i l o t s ,   l i k e   o t h e r  humans, a r e   s e n s i t i v e  t o  t h e   i n e r t i a l   f o r c e s  imposed on 
t h e i r   b o d i e s   b y  changes i n   t h e i r   m o t i o n .  The r e l a t i v e   a c c e p t a b i l i t y  of  t h e s e  
i n e r t i a l   f o r c e s   g i v e s   r i s e  t o  t h e   p i l o t ' s   s u b j e c t i v e   o p i n i o n  of t h e   r i d i n g   q u a l -  
i t i e s  of t h e   a i r c r a f t .  To c o n t r o l   t h e   m o t i o n s  of t h e   a i r c r a f t ,   t h e   p i l o t   m u s t  
e x e r t   c e r t a i n   f o r c e s   o n   t h e   c o n t r o l s  and d i sp lace   t hem  th rough   ce r ta in   d i s tances .  
The magnitudes of t h e s e   c o n t r o l   f o r c e s  and contro l   d isp lacements  and  the  magni -  
t u d e  and  phase r e l a t i o n s h i p s  between c o n t r o l   f o r c e  and  displacement  on  the  one 
hand  and t h e   a i r c r a f t ' s   m o t i o n  o n   t h e   o t h e r  hand combine t o  form the   Dsycho loq i -  
c a l  and a n t h r o p o l o g i c a l   b a s i s   o f   t h e   p i   l o t ' s   o p i n i o n   o f   t h e  hand1 i n g   q u a l i t i e s  
of  t h e   a i   r c r a f t .  

I n   a d d i t i o n  t o  t h e   r i d i n g  a n d   h a n d l i n g   q u a l i t i e s   d e f i n e d   i n   t h i s   f a s h i o n ,  
a D i l o t ' s   s a t i s f a c t i o n   w i t h   h i s   a i r c r a f t   a l s o  deDends uDon t h e   a i r c r a f t ' s   c o n t r o l  
capabi   l l i   ty ,  wh ich   inc ludes   such  fac to rs  as how q h i c k l  y 'it w i  I I a t t a i n  a g i v e n  
bank  angle, how t i g h t  a t u r n  it w i l l  make, how g r e a t  a v a r i a t i o n   i n  c.g. loca- 
t i o n  it-wi l l t o l e r a t e ,  how o f t e n   r e t r i m m i n g   i s   r e q u i r e d ,   t h e  minimum a i rspeed 
fo r  rudder   e f fec t i veness ,   whether  it i s   p o s s i b l e   t o   f l y  unyawed w i th   asymmet r ic  
power ,   whe the r   t he   s ta l l   i s   gen t le   and   t he   recove ry   rap id ,  and whether   sp in  
recove ry   i s   s imp le   and   rap id .  The l o g i c   f o r   s e p a r a t i n g   w h a t   i s  commonly t r e a t e d  
as a s i n g l e   s t u d y ,   a i r c r a f t   f l y i n g   q u a l i t i e s ,   i n t o   t h r e e   d i v i s i o n s  as i n   t h e  
present  work  stems  from a number o f  c o n s i d e r a t i o n s :   h a n d l i n g   q u a l i t i e s  can, i n  
modern a i r c r a f t ,  be a l t e r e d  t o  a c h i e v e   d e s i r e d   v a l u e s   w i t h o u t   a f f e c t i n g   t h e  
r i d i n g   c h a r a c t e r i s t i c s   o r   t h e   c o n t r o l   c a p a b i l i t i e s ;  many of  t h e   c o n t r o l   c a p a b i l -  
i t y   l i m i t s   i n v o l v e   v e r y   l a r g e   m o t i o n s  and  aerodynamic  non- l inear i t ies  no+ 
n o r m a l l y   e n c o u n t e r e d   i n   t h e   m o t i o n s   a s s o c i a t e d   i n   t h e   p i l o t ' s   m i n d   w i t h   t h e   r i d -  
i n g   q u a l i t i e s ;   t h e   c o n t r o l   c a p a b i l i t i e s   a r e   p r i m a r i l y  a d i r e c t   r e s u l t   o f   t h e  
a i r c r a f t ' s   g e o m e t r i c   c o n f i g u r a t i o n ;   r i d i n g   q u a l i t i e s   a r e   s t r o n g l y   a f f e c t e d  by 
i n e r t i a l   c h a r a c t e r i s t i c s  a s   w e l l   a s   g e o m e t r i c   c o n f i g u r a t i o n ;   t h e   p i l o t  makes a 
d i r e c t   a s s o c i a t i o n   b e t w e e n   t h e   " r i d e "  and t h e   f o r c e   a p p l i e d   t o   h i s  body; f o r  
many of  t h e   c o n t r o l   c a p a b i l i t i e s ,   h i s   r o l e   i s  more l i k e   t h a t   o f  an   obse rve r   i n  
t h a t   h i s   g r a t i f i c a t i o n   i s  dependent  not so much upon t h e   f o r c e s   a p p l i e d  t o  h i s  
body  as t o   t h e   p s y c h o l o g i c a l l y   s a t i s f y i n g   c o n d i t i o n  of  b e i n g   a b l e  t o  w i l l  a 
mot ion and o b s e r v e   t h a t  it i s   c a r r i e d   o u t   o r  t o  b e i n g   a b l e  t o  r e f r a i n  from 
per fo rming  a t e d i o u s   t a s k .  I t   i s ,  of  c o u r s e ,   t r u e   t h a t  i f  one   con f igu res   t he  
a i r c r a f t  geometry, mass d i s t r i b u t i o n ,  and cont ro l   sys tem t o  o b t a i n  a g i v e n   s e t  
of  r i d i n g  and h a n d l i n g   q u a l i t i e s   h e   h a s   a t   t h e  same t ime  determined,  even i f  
unknowingly, much of t h e   a i r c r a f t ' s   c o n t r o l   c a p a b i l i t y .   N e v e r t h e l e s s ,  fo r  t h e  
p resen t ,   an   a i r c ra f t ' s   geomet r i c  and i n e r t i a l   p a r a m e t e r s   w i l l   b e  examined p r i -  
m a r i l y   i n   t h e   l i g h t   o f   t h e i r   i n f l u e n c e  on r i d i n g  and h a n d l i n g   q u a l i t i e s .  The 
e x c e p t i o n   t o   t h i s   i s   t h e   d i s c u s s i o n   i n   t h e   l i t e r a t u r e   r e v i e w   o f   t h e   c o n t r o l -  
l a b i l i t y   d u r i n g   s t a l l  and s p i n   e n t r y .  

As i n   o t h e r   m a t t e r s  of o p i n i o n ,  i t  has  proven d i f f i c u l t   t o   i d e n t i f y  and t o  
quant i f y   those  necessary   parameters  and t h e i r   d e s i r a b l e   v a l u e s   w h i c h   a r e   s i g -  
n i f i c a n t   i n   d e t e r m i n i n g   t h e   r i d i n g  a n d   h a n d l i n g   q u a l i t i e s   o f   a i r c r a f t .   M i l i t a r y  
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f l y i n g   q u a l i t y   s p e c i f i c a t i o n ,  fo r  example, a r e   t h e   r e s u l t  of t h e  combined e f f o r t s  
of many t r a i n e d   e n g i n e e r - p i l o t s   o v e r   t h e   y e a r s ;   y e t   u n t i l   t h e   r e l e a s e  of MIL-F- 
87858 (ASG) i n  1969, most  requirements  were s t i l l   s t a t e d   i n   q u a l i t a t i v e   t e r m s .  
The new speci f icat icm  and  the  accompanying  688 page  background  report,  AFFDL-TR- 
69-72, August 1969 (Ref. 41, a r e   t h e   r e s u l t  of more than  three  years  work  by a 
l a r g e   g r o u p   o f   s p e c i a l i s t s ,  who consu l ted  more than 660 re fe rences ,  some o f  them 
obscure or  c l a s s i f i e d   m i l i t a r y   r e p o r t s .  The new s p e c i f i c a t i o n   s e t s  some quan- 
t i t a t i v e   l i m i t s  o n   b o t h   t h e   r i d i n g  and h a n d l i n g   q u a l i t i e s   a s   w e l l  as c o n t i n u i n g  
some q u a l i t a t i v e   r e q u i r e m e n t s  from e a r l i e r   e d i t i o n s  of t h e   s p e c . i f i c a t i o n .  The 
q u a n t i t a t i v e   l i m i t s   a r e   d e r i v e d   f r o m  modern s t a b i l i t y   a n a l y s i s ,  some l i m i t e d  
a n t h r o p o l o g i c a l   t e s t   d a t a ,   a n d   p i l o t  comments on t h e   c h a r a c t e r i s t i c s   o f   v a r i a b l e ,  
s tab  i I i t y   a i   r c r a f t .  The s e l e c t   i o n   o f   p a r a m e t e r s  upon which t o  s e t   r e q u  i rements 
appears t o  have  been  based  upon  experience  rather  than upon  a r igorous  demonstra-  
t i o n   t h a t   t h e s e   p a r a m e t e r   v a l u e s  do  indeed  represent   the  necessary  and  suf fuc ient  
c o n d i t i o n s   f o r   a d e q u a t e   r i d i n g   a n d   h a n d l i n g   q u a l i t i e s .  

Whi le   the  new s p e c i f i c a t i o n   i s  a g rea t   s tep   fo rward ,  it i s   t o  be  hoped t h a t  
one wi l l  soon f i n d   s t a n d a r d s  o f  a c c e p t a b l e   a i r c r a f t   m o t i o n s ,   c o n t r o l   f o r c e s  and 
d i sp lacemen ts ,   and   a i r c ra f t   response   to   con t ro l   d i sp lacemen ts   wh ich   t race   t he i r  
c la im   f rom  sys temat i c   an th ropo log ica l   s tud ies   o f   f o rces  and l imb  extens ions,  
acce le ra t ions ,   response  ra tes ,   e tc .   found  to  be comfo r tab le  by  a l a r g e  number 
o f   p i   l o t s .  

C e r t a i n l y   p r i o r   t o   t h e   i s s u a n c e   o f   t h e  new s p e c i f i c a t i o n ,  and probably  even 
t o d a y ,   t h e   m o s t   w i d e l y   u s e d   c o n c e p t   o f   a i r c r a f t   f l y i n g   q u a l i t i e s   ( h a n d l i n g   q u a l -  
i t i e s   i n   t h e   p r e s e n t   c o n t e x t )  was tha t   deve loped more than  25 years ago  and 
d e t a i l e d   i n   t h e   s t a n d a r d   t e x t b o o k   o f   P e r k i n s  and Hage and i n  NACA Report  927, 
"Apprec ia t i on  and P r e d i c t i o n   o f   F l y i n g   Q u a l i t i e s , "  by W. H. P h i l l i p s .  To  appre- 
c i a t e   t h e   r e a s o n   t h a t   t h e   g r o u p   o f   p a r a m e t e r s  upon w h i c h   t h e   c r i t e r i a   o f   t h e s e  
authors  are  based came i n t o  common use, it i s   w e l l   t o   r e c a l l   t h a t  an a i r c r a f t  
spends  most o f   i t s   f l i g h t   t i m e   i n  a quas i -equ i l i b r i um  cond i t i on ;   t hus ,   t he   f o rces  
and, t o  some e x t e n t ,   t h e   a m p l i t u d e  and  phase r e l a t i o n s  be tween   fo rce   app l i ca t i on  
and a i r c r a f t   r e s p o n s e   a r e   t h e   t r a d i t i o n a l   b a s i s   f o r   t h e   p i l o t ' s   o p i n i o n   o f   t h e  
h a n d l i v g   q u a l i t i e s .  

I n   d e v e l o p i n g   c r i t e r i a   f o r   t h e   d e s i r a b i l i t y   o f   t h e s e   f o r c e s ,   d e f l e c t i o n s ,  
and  responses, t h e   a t t e m p t  was  made t o  express  them i n  terms  meaningful  t o   t h e  
d e s i g n e r ,   r e a d i l y  measured  and a p p l i c a b l e   t o  a w i d e   r a n g e   o f   a i r c r a f t   t y p e s .   F o r  
example, t h e  change i n   e l e v a t o r   a n g l e   w i t h  change i n  trimmed l i f t  c o e f f i c i e n t  
can be  shown t o  be r e l a t e d  t o  t h e   l o c a t i o n   o f   t h e   c e n t e r   o f   g r a v i t y   i n   c h o r d  
l e n g t h s   f r o m   t h e   a e r o d y n a m i c   c e n t e r ,   t h e   r a t i o   o f   h o r i z o n t a l   t a i l   a r e a   t o   w i n g  
a r e a ,   t h e   l o c a t i o n   o f   t h e   h o r i z o n t a l   t a i l   p l a n e   a f t   o f   t h e   w i n g   a e r o d y n a m i c  ten- 

t e r   i n   w i n g   c h o r d   l e n g t h s ,   t h e   t a i l  l i f t  cu rve   s lope ,   t he   re la t i ve   dynamic   p res -  
su re  and f l o w   d i r e c t i o n   a t   t h e   t a i l  compared t o   t h a t   a t   t h e  wing,  and t h e   e f f e c -  
t i v e n e s s   o f   t h e   e l e v a t o r   i n   c h a n g i n g   t h e   a p p a r e n t   t a i l   a n g l e   o f   a t t a c k .   N o t e  
t h a t   t h e s e   q u a n t i t i e s   a r e   a l l   n o n - d i m e n s i o n a l  and, t h e r e f o r e ,   a p p l i c a b l e   t o  
a i r c r a f t   o f   v a r y i n g   s i z e  and c o n f i g u r a t i o n .   I f  one i s   w i l l i n g   t o  assume t h a t  
t h e   t a i l   c o n t r i b u t i o n   t o   a i r c r a f t  l i f t  c o e f f i c i e n t   i s   s m a l l ,   t h e n  by  measuring 
t h e   d y n a m i c ' p r e s s u r e   a n d   a i r c r a f t   w e i g h t   d u r i n g   f l i g h t   t h e   l i f t   c o e f f i c i e n t   i s  
r e a d i l y   o b t a i n e d .  The e leva tor   ang le   can  be  measured e a s i l y  by i n s t a l l i n g   t h e  
movable  element  of a p o t e n t i o m e t e r   o r   o t h e r   p o s i t i o n   t r a n s d u c e r   o n   t h e   e l e v a t o r  
sha f t .   Fo r  a g i v e n   a i r c r a f t  d6e/dCL  can  be a l t e r e d   r e a d i l y   o n l y  by  changing 
c e n t e r - o f - g r a v i t y   l o c a t i o n .  From t h e   p i l o t ' s   v i e w p o i n t ,  d6e/dCL i s   s i g n i f i c a n t  
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because a ze ro   va lue  of t h i s  parameter i s   i n d i c a t i v e  of  t h e   r e a r m o s t   p e r m i s s i b l e  
l o a d i n g   w h i c h   a n   a i r c r a f t  may have  before  no  mot ion of t h e   s t i c k   i s   r e q u i r e d  t o  
change  speed.  Obvious I y, a p i  l o t  w i I I p r e G r  a load i ng such t h a t   a t  I e a s t  a 
smal l   d isp lacement  of t h e  s t i c k  i s   r e q u i r e d  t o  change  speed.  Usual ly,   therefore,  
t h e   a f t  c.g. limit wi l l  be  set  about  .05c  ahead of  t h e   p o i n t  for d6e/dC =O 

L 

Un fo r tuna te l y ,  a p i l o t   i s   l e s s   a b l e  t o  d i s c e r n   v a r i a t i o n s   i n  dbe/dCL than  
he i s   i n  changes i n   f o r c e   w i t h  speed. When w r i t t e n   a s  d(FS/q  )/dCL the   parameter  
depends  on t h e  same q u a n t i t i e s   a s  dGe/dCL w i t h   t h e   a d d i t i o n  of  t h e   c o n t r o l   s y s -  
tem  gear ing and the  aerodynamic moments of t h e   e l e v a t o r   a b o u t   i t s   h i n g e .  De- 
pending  upon  the  e levator  design,  d(FS/q)/dCL  can  be  zero  forward o r  a f t  o f  t h e  
c .g .   l oca t i on  fo r  which dde/dCL = 0. I t  i s  d e s i r a b l e  t o  a t t e m p t  t o  d e s i g n   t h e  
e leva tor   such  tha t   d (Fs /q)dCL = 0 o c c u r s   a t  o r  s l i g h t l y   a f t   o f   t h e  c .g .   l oca t i on  
fo r   wh ich  dGe/dCL = 0. One wou ld   no t   w ish   t he   f o rces   requ i red   t o   change  speed 
t o  d i s a p p e a r   w h i l e   t h e r e   i s   y e t  some s t i c k   m o t i o n   r e q u i r e d   n o r   w o u l d   o n e   w i s h  
t h e   a i r c r a f t   t o   c o n t i n u e   t o  change  speed i f  t h e   p i l o t   r e l e a s e d   t h e   s t i c k .  The 
c o n d i t i o n s  may bo th   occur  i f  t h e   a i r c r a f t  has  d(Fs/q)/dCL = 0 fo rward  of  t h e  
c . g .   l o c a t i o n   f o r   w h i c h  dGe/dCL = 0 and i s  loaded  such t h a t   t h e  c.g. i s  between 
the   two  po in ts .   Herce ,  i t  i s   u s u a l l y   f e l t   n e c e s s a r y   t o , c h e c k   b o t h   p a r a m e t e r s  
d u r i n g   f l i g h t   t e s t .  The a f t  c.g. limit i s   t h e n  chosen t o  i n s u r e   t h a t   b o t h   p a r a -  
meters  have a t   l e a s t   p e r c e p t a b l e   v a l u e s .  

A l though an a i r p l a n e  may be  loaded w i t h   t h e   c . g .  so f a r   a f t   t h a t   t h e   c o n t r o l  
f o r c e s  and e I e v a t o r   d e f   l e c t i o n s   r e q u  i r e d   t o  change  speed a r e   o p p o s i t e   t o   t h o s e  
normal ly   requ i red ,  it i s   n o t   n e c e s s a r i l y  an u n c o n t r o l l a b l e   a i r p l a n e .   O n l y  i f  
t h e   f o r c e s  or d e f   l e c t i o n s   r e q u i   r e d  fo r  c o n t r o l   a r e   t o o   l a r g e  o r  r e q u i   r e  too ra -  
p i d  an a p p l i c a t i o n   f o r   t h e   p i l o t  t o  manage can t h e   a i r c r a f t   r e a l l y  b e   c a l l e d  un- 
c o n t r o l l a b l e .  The f a c t   t h a t   t h e   c o n t r o l s   r e q u i r e   a c t u a t i o n   i n  a manner c o n t r a r y  
t o   t h e   u s u a l   e x p e r i e n c e   w o u l d   n o t   o f   i t s e l f   b e  so s e r i o u s  i f  it were   no t   a lso  
f o r   t h e   f a c t   t h a t   a t   t h e s e   c . g .   l o c a t i o n s   t h e   a i r c r a f t  will s p o n t a n e o u s l y   r o t a t e  
t o  la rge   ang les  of  a t t a c k   r a t h e r   r a p i d l y   u n l e s s   c o u n t e r i n g   c o n t r o l s   a r e   p r o m p t l y  
a p p l i e d  and c o n t i n u o u s l y   m o d u l a t e d .   I f   t h e   r o t a t i o n   t a k e s   p l a c e  more r a p i d l y  
than  the   speed  decreases ,   la rge   load   fac to rs  wi l l  b e   d e v e l o p e d   a n d   t h e   a i r c r a f t  
w i l l   q u i c k l y   d e s t r o y   i t s e l f .  Because of t h e   m o t i o n  damping e f f e c t s   o f   t h e   h o r -  
i z o n t a l   t a i l ,  however, t h e   c . g .   l o c a t i o n   a t   w h i c h   t h e   e l e v a t o r   a n g l e   o r   s t i c k  
f o r c e   p e r   u n i t   o f   n o r m a l   a c c e l e r a t i o n   i s   z e r o   i s   f u r t h e r   a f t   t h a n  when  dGe/dCL=O 
or  d(FS/q)/dCL = 0; thus,  even when t h e   a i r c r a f t   i s  loaded  such t h a t  d(Fs/q)/dCL=O, 
it will r e t a i n  a f i n i t e   v a l u e  fo r  dFS/dn.  Hence veh ic le   mot ions- -as   con t ras ted  
t o  speed   changes - -w i l l   r equ i re   conven t iona l ,   a l t hough   l i gh t ,   f o rces   f o r   con t ro l .  
As the   c .g .  moves a f t   f r o m   t h e  dFs/dn = 0 l o c a t i o n ,   c o n t r o l  becomes p r o g r e s s i v e l y  
more d i f f i c u l t .   D e t e r m i n i n g   t h e   c . g .   l o c a t i o n   a t   w h i c h   d F s / d n  = 0 from f l i g h t  
t e s t   p r o v i d e s   t h e   d e s i g n e r   w i t h  a check   on   t he   ca l cu la ted  damping e f f e c t i v e n e s s  
o f   t h e   h o r i z o n t a l   t a i l  and   i nd i ca tes  t o  t h e   p i l o t   t h e   c o n t r o l   m a r g i n   h e   h a s   f o r  
maneuver i f  h e   s h o u l d   i n a d v e r t a n t l y   l o a d   t h e   a i r c r a f t   s u c h   t h a t   d ( F s / q ) d C L  = 0. 

I n   a d d i t i o n  t o  p r o v i d i n g  a measure of the   rea rmos t   pe rm iss ib le   c .g .   l oca t i on  
the  parameters dGe/dCL, d(Fs/q)/dCL,  dde/dn,  and  dFs/dn  are  often  used t o   d e f i n e  
des i rab le   hand l i ng   a t   no rma l   l oad ings .  The p resen t l y   accep ted   s tandards   f o r   t he  
va lues  of these  o r  s i m i l a r   p a r a m e t e r s   a r e   d i s c u s s e d   i n   t h e   l i t e r a t u r e   r e v i e w .  A t  
t h i s   p o i n t  it i s   s u f f i c i e n t  t o  n o t e   t h a t  f o r  psycho log ica l   reasons   inc reas ing  
parameter  values seem t o  b e   p r e f e r r e d   a s   a i r c r a f t   s i z e  and gross   we igh t   inc rease 
a l though human phys i ca l   capab i l i t i es   p rov ide   t he   ove ra l l   upper   and   l ower  bounds 
f o r   a l l   c l a s s e s  of  a i r c r a f t .  
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I n  add 
s i g n i f i c a n t  
has a mater  

t i o n   t o   t h e  s 
c o n t r i b u t i o n  
a l   b e a r i n g   o n  

t i c k  f o r c e   a r i s i n g  from aerodynamic  hinge moments, a 
i s   u s u a l l y   s u p p l i e d   b y   c o n t r o l   s y s t e m   f r i c t i o n .   T h i s  
t h e   p i l o t ' s   e v a l u a t i o n   o f . t h e   a i r c r a f t ' s   h a n d l i n g  

charac ter is t i cs .   In   Tac t ,   cus tomer   feedback  t o  t h e   m a n u f a c t u r e   i n d i c a t e s   t h a t  
t h e   a v e r a g e   l i g h t   a i r c r a f t   p i l o t  seems t o  p r e f e r  a con t ro l   sys tem  wh ich   requ i res  
a c o n s c i o u s   a p p l i c a t i o n  of f o r c e  to  change  speed  and  which i s   t o l e r a n t  of  smal l ,  
i n a d v e r t a n t   s t i c k  movements. Fo r   t h i s   reason   mos t   l i gh tp lane   manu fac tu re rs  
e v a l u a t e   t h e   h a n d l i n g   c h a r a c t e r i s t i c s  of  t h e i r   p r o d u c t s   o n l y   i n   t e r m s  o f  t h e  
fo rces   requ i red  t o  change  speed  and  normal  accelerat ion  as  funct ions o f  loading, 
speed, conf igura t ion ,   and  power   se t t ing .  

I n   a d d i t i o n  t o  t h e   h a n d l i n g   a b o u t   t h e   y - a x i s  of  t h e   a i r c r a f t ,   t h e   p i l o t  
wi l l  a l s o  be   conce rned   w i th   hand l i ng   abou t   t he   o the r  two a x e s .   T r a d i t i o n a l l y  
s u c h   t h i n g s   a s   t h e   s i d e s l i p   a n g l e   p e r   u n i t   o f   r u d d e r   d e f l e c t i o n  or rudder   f o rce ,  
t h e  amount o f   r u d d e r  needed t o  compensate fo r  the   yawing  due t o  a i l e r o n   d e f l e c -  
t i o n  and r o l l i n g ,  and  the  non-dimensional  wing t i p   h e l i x   a n g l e  (pb/2U)  which i s  
a measure o f   t h e   r o l l i n g   c a p a b i l i t y  of t h e   a i r c r a f t  have  been  measured t o   p r o -  
v i d e   q u a n t i t a t i v e   s u p p o r t   t o   t h e   p i l o t   h a n d l i n g   i m p r e s s i o n s .  As w i l l  be  seen 
from t h e   l i t e r a t u r e   r e v i e w   d e s i r a b l e   v a l u e s   a r e   s t i l l   b e i n g   s p e c i f i e d   f o r   m o s t  
of  these  parameters.  

The r e a d e r   w i l l   n o t e   t h a t   a l l   o f   t h e   p a r a m e t e r s   m e n t i o n e d   t h u s   f a r   a r e   i n -  
tended t o  be  measured  under  steady f l i g h t   c o n d i t i o n s .  One w i l l   g e n e r a l   l y   f i n d  
l i t t l e   i n   t h e  way o f   q u a n t i t a t i v e   r e q u i r e m e n t s   o n   t h e   d y n a m i c   b e h a v i o r   o f   a i r -  
c r a f t .   T h i s   s i t u a t i o n   a r o s e   b e c a u s e   o l d e r   a i r c r a f t   u s u a l l y   w e r e   n o t   v e r y   " c l e a n "  
aerodynamical ly,   had a low r a t i o  of  w e i g h t   t o  volume, o p e r a t e d   a t  low a l t i t u d e s ,  
and  had r e l a t i v e l y   l a r g e   h o r i z o n t a l   t a i l p l a n e s   t o   p r o v i d e   a d e q u a t e   c o n t r o l   a t  
low speeds. I t  can  be shown t h a t  aerodynamic  drag i s   t h e   p r i n c i p a l   c o n t r i b u t o r  
t o  t h e  damping of t h e   l o n g i t u d i n a l   p h u g o i d   o s c i l l a t i o n ;   h e n c e  a " d i r t y "   a i r -  
p l a n e - - p a r t i c u l a r l y   o n e   w i t h   r e l a t i v e l y  low power  loading--seldom  has  unsatis- 
f a c t o r y   p h u g o i d   c h a r a c t e r i s t i c s .  Damping of t h e   d u t c h   r o l l  and l o n g i t u d i n a l  
s h o r t   p e r i o d  modes i s   s t r o n g l y   d e p e n d e n t  upon t h e   r a t i o  of  t h e   r e s t o r i n g   f o r c e  
g e n e r a t e d   b y   r o t a t i o n   t o   t h e  moment o f   i n e r t i a   a b o u t   t h a t   a x i s .  Thus low den- 
s i t y   a i r c r a f t   w i t h   l a r g e   c o n t r o l   s u r f a c e s   o p e r a t i n g   i n   d e n s e   a i r   u s u a l l y   e x p e r -  
ience  we l l -damped  long i tud ina l   shor t   per iod  and  dutch r o l l   o s c i l l a t i o n s .  However, 
a s   l i g h t   a i r c r a f t  become more  dense, o p e r a t e   a t   h i g h e r   a l t i t u d e s ,  become more 
"clean",  and u t i l i z e   h i g h e r  power  loadings, it i s  no   longer   reasonab le   to  assume 
t h a t  i f  o n e   a s s u r e s   s a t i s f a c t o r y   s t a t i c   h a n d l i n g   c h a r a c t e r i s t i c s ,  as o u t l i n e d  
above, t h e n   t h e   d y n a m i c   f l i g h t   c h a r a c t e r i s t i c s ,   w i l l   n a t u r a l l y   b e   s a t i s f a c t o r y .  

Two add i t i ona l   conce rns  of  recent   v in tage  have  a lso   served t o  focus   a t ten -  
t i o n  on  dynamic c h a r a c t e r i s t i c s :   r i d e  and h a n d l i n g   i n   t u r b u l e n c e .  Now t h a t   t h e  
n o v e l t y  of f l i g h t  has  disappeared f o r  a s i g n i f i c a n t   f r a c t i o n  of t h e   p o p u l a t i o n ,  
standards  foi-  what i s  an   accep tab le   , l eve l   o f   r i de   a re   con t i nuous ly   be ing   upg raded .  
T r a v e l   i n   c u r r e n t   j e t   t r a n s p o r t s   h a s   c o n v i n c e d  many t h a t   ( a )   f l y i n g   c a n   b e   v e r y  
smooth   and  (b )   an   uncomfor tab le   r ide   can   be   very   fa t igu ing   fo r   passengers  and 
can  serve t o   d i m i n i s h   t h e   e f f e c t i v e n e s s   o f  a p i l o t .  As a r e s u l t   o f   t h e s e  comfort 
and s a f e t y   c o n s i d e r a t i o n s   a n d   t h e   g r o w i n g   r e a l i z a t i o n  among d e s i g n e r s   t h a t   a i r -  
c r a f t   r i d i n g   c h a r a c t e r i s t i c s   c a n   b e   a l t e r e d   t h r o u g h   s u i t a b l e   d e s i g n   j u s t   a s   t h e y  
can i n   o t h e r   v e h i c l e s ,   i n c r e a s i n g   a t t e n t i o n   i s   b e i n g   d i r e c t e d   t o w a r d   e s t a b l i s h i n g  
t h e   v e h i c l e   b e h a v i o r   i d e n t i f i e d   w i t h  good r i d i n g   q u a l i t i e s .   S i n c e   t h e  human body 
a s s o c i a t e s   o n l y   c h a n g e s   i n   m o t i o n   w i t h   v e h i c l e   r i d e ,  it i s  a p p a r e n t   t h a t   r i d i n g  
q u a l i t i e s  can   be   de f i ned   on l y   i n   t e rms  of  t h e   v e h i c l e ' s   d y n a m i c   c h a r a c t e r i s t i c s .  
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I n   t u r b u l e n t   w e a t h e r ,   t h e   a i r c r a f t   i s   s t r u c k   c o n t i n u a l l y   b y   g u s t s  of more 
or l ess  random magnitude and o r i e n t a t i o n .   M o s t  of t h e   c h a r a c t e r i s t i c   m o t i o n s  
o f   t h e   a i r c r a f t   a r e   e x c i t e d   s i m u l t a n e o u s l y .  As a r e s u l t ,   p i l o t  work  load may 
be ve ry   h igh   depend ing   a lmos t   en t i re l y   on   t he   veh ic le ' s   dynamic   cha rac te r i s t i cs .  
Well damped a i r c r a f t ,   f o r  example, m a t e r i a l l y   r e d u c e   t h e  amount o f   c o n t r o l   i n p u t  
r e q u i r e d  of t h e   p i l o t  when compared w i t h   a i r c r a f t   h a v i n g   l i g h t l y  damped l o n g i t u -  
d i n a l   s h o r t   p e r i o d  and d u t c h   r o l l   o s c i l l a t i o n s .  

There i s  e v e n   l e s s   j u s t i f i c a t i o n  for  n e g l e c t i n g   c o n s i d e r a t i 9 n  o f  t h e   a i r -  
frame  dynamics when one  observes t h a t  many o f   t h e   c o n v e n t i o n a l   s t a t i c   s t a b i l i t y  
parameters  are  mere ly   the  zero  f requency  va lues of more g e n e r a l   t r a n s f e r   f u n c -  
t i o n s .  They a r e ,   t h e r e f o r e ,   s t i l l   a v a i l a b l e ,   h a v i n g  been generated  as a p a r t  
o f   t he   p rocess   o f   eva lua t i ng   t he   genera l   dynamica l   behav io r .   Th i s   po in t   i s  
3 labora ted  somewhat i n   t h e   n e x t   s e c t i o n .  
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FLIGHT MOTIONS OF LIGHT  AIRCRAFT- 

GENERAL CONSIDERATIONS 

The mot ion  o f  a r i g i d  body i n  space i s   desc r ibed   comp le te l y   by  a system of 
s i x   e q u a t i o n s ,   t h r e e   r e p r e s e n t i n g   t h e   t r a n s l a t i o n  of t h e   c e n t e r  of mass ( c e n t e r  
of  g r a v i t y )  a n d   t h r e e   r e p r e s e n t i n g   t h e   a n g u l a r   m o t i o n  of t h e  body  about i t s  
c e n t e r  o f  g r a v i t y .   G e n e r a l   s o l u t i o n s   o f   t h i s   s y s t e m  of d i f f e r e n t i a l   e q u a t i o n s  
a r e  unknown because  products  and  squares of the   dependent   var iab les   appear   in  
some terms and  because t h e  unbalanced  aerodynamic  forces  and moments which  pro- 
duce   t he   mo t ion   a re   no t  known e x p l i c i t l y .   S i n c e   t h e s e   f o r c e s  and moments a r e  
known t o  depend, among o t h e r   t h i n g s ,  upon t h e   v e h i c l e ' s   i n c l i n a t i o n   r e l a t i v e  t o  
t h e  s t r e a m ,   t h e   t i m e   r a t e  of  change of  t h e   i n c l i n a t i o n ,   t h e   v e h i c l e   v e l o c i t i e s ,  
and t h e   v e h i c l e   a c c e l e r a t i o n s ,  it has  been  usual t o  r e p r e s e n t   t h e   f o r c e s  and 
moments by T a y l o r   s e r i e s   e x p a n s i o n s   i n   t h e s e   v a r i a b l e s   a b o u t   t h e   e q u i l i b r i u m  
c o n d i t i o n .  Even i f  t h e s e   v a r i a b l e s   a r e   a l l   r e l a t e d  t o  t h e   s i x  dependent   var iab les 
and t h e i r   d e r i v a t i v e s ,  one i s   f a c e d   w i t h   t h e   t a s k   o f   e v a l u a t i n g   e i t h e r   e m p i r -  
i c a l l y   o r   a n a l y t i c a l l y   t h e   f i r s t  a n d   h i g h e r   o r d e r   p a r t i a l   d e r i v a t i v e s   o f   a l l  
t h e   f o r c e s  and moments w i t h   r e s p e c t   t o  each o f   t he   dependen t   va r iab les  and t h e i r  
d e r i v a t i v e s   i n   o r d e r   t o  make p o s s i b l e   s o l u t i o n s   f o r   p a r t i c u l a r   s e t s  of i n i t i a l  
cond i t i ons - - the   on l y   poss ib le   so lu t i ons   because   o f   t he   p resence  of  t h e  non- 
l i n e a r   p r o d u c t  and  square  terms. The inve rse   p rob lem,   f i nd ing   t he   va lues   o f  
- a l l   t h e   p a r t i a l   d e r i v a t i v e s  i f  t h e   m o t i o n   i s  known, c l e a r l y  has  no  unique  solut ion.  

I f  it were  necessary t o   f o l l o w   t h i s   p r o c e d u r e   i n   a l l   i t s   d e t a i l   e v e r y   t i m e  
someone wanted t o  know t h e   m o t i o n   o f  an a i r c r a f t   f o l l o w i n g  a momentary c o n t r o l  
su r face   de f l ec t i on ,   t he   mo t ion   wou ld   p robab ly   rema in  unknown u n t i l  a s e r i e s   o f  
expensive f l i g h t   t e s t s   e s t a b l i s h e d   t h e   s a f e t y   o f   t h e   p a r t i c u l a r   c o n t r o l   s u r f a c e  
d e f l e c t i o n  and t h e   c h a r a c t e r  of  the  response.   For tunate ly ,   most   depar tures 
f r o m   e q u i l i b r i u m   a r e   s m a l l  and, a l s o  because   the re   i s  a p l a n e   o f  symmetry, 
t h e r e   i s   l i t t l e   l a t e r a l - l o n g i t u d i n a l   c r o s s - c o u p l i n g .  As a r e s u l t ,   f o r   m o s t  
f l i g h t  maneuvers  one  can  neglect  products and  squares o f   t he   dependen t   va r iab les  
because  they   a re   very   smal l   compared  w i th   the   va lue   o f   the   var iab les   themse lves .  
One c a n   a l s o   c o n s i d e r   t h e   a i r c r a f t ' s   m o t i o n   t o  be  represented  by  two  independent 
systems o f   t h r e e   d i f f e r e n t i a l   e q u a t i o n s ;   f u r t h e r ,   t h e   d e p a r t u r e s   f r o m   e q u i l i b r i u m  
are   smal l  enough tha t   t he   ae rodynamic   f o rces  and moments can  be  descr ibed  wi th  
s u f f i c i e n t   a c c u r a c y  by r e t a i n i n g   o n l y   t h e   l i n e a r   t e r m   o f   t h e   T a y l o r   e x p a n s i o n .  
The equa t ions   a re   t hus  made l i n e a r  and  amenable t o  a v a s t   l i t e r a t u r e   o f   s o l u t i o n  
techniques.  

The u s u a l   r a n g e   o f   v a l u e s   o f   t h e   p a r t i a l   d e r i v a t i v e s   i n   t h e   T a y l o r  expan- 
s i o n s   o f   t h e   a e r o d y n a m i c   f o r c e s  and moments, t h e   s o - c a l l e d   s t a b i l i t y   d e r i v a t i v e s , *  
a r e  such t h a t   m o s t   a i r c r a f t   e x h i b i t   v e r y   c h a r a c t e r i s t i c   m o t i o n s   i n   r e s p o n s e  t o  
momentary c o n t r o l   s u r f a c e   d e f l e c t i o n s .   I n   r e s p o n s e   t o   a n   e l e v a t o r   d e f l e c t i o n  

* For  a d e t a i l e d   d e r i v a t i o n  of  t h e   e q u a t i o n s   o f   m o t i o n ,   t h e i r   l i n e a r i z a t i o n ,  
and t h e   n o r m a l i z a t i o n  o f  t h e   p a r t i a l   d e r i v a t i v e s  t o  o b t a i n   t h e   c o n v e n t i o n a l  
s t a b i l i t y   d e r i v a t i v e s ,   t h e   r e a d e r   i s   r e f e r r e d  t o  Appendix A. 
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t h e   a i r c r a f t  wi l l  e x h i b i t  a well-damped o s c i l l a t i o n   i n   t h e   n e i g h b o r h o o d  o f  
6 r a d i a n d s e c . ,   t h e   s o - c a l l e d   s h o r t   p e r i o d  mode; a t   t h e  same t i m e  it wil l a l s o  
e x h i b i t  a v e r y   l o n g   p e r i o d   ( P h u g o i d )   o s c i l l a t i o n   w h i c h  may even  be s l i g h t l y  
d i ve rgen t .  The m o t i o n s   a b o u t   t h e   o t h e r  two axes  are  a lways  coupled.  There 
i s  an o s c i l l a t i o n ,   c a l l e d   t h e   d u t c h  r o l l ,  w h i c h   u s u a l l y   i s   n o t   w e l l  damped 
and  has a f requency  near 6 rad iandsec .   The re   i s   an   ape r iod i c   mo t ion ,   wh ich  
i s  u s u a l   l y   S I   i g h t  l y  d ivergent ,   ca t  I 
m o t i o n ,   c a l l e d   t h e   r o l l i n g  mode o r  

Dur i ng the   pas t   twen ty   yea rs ,  
f l i g h t   m o t i o n s   b y   t r a n s f o r m i n g   t h e  
b r a i c   e q u a t i o n s   t h r o u g h   t h e   u s e   o f  
s o l v e  for  the  response t o  a s p e c i f  

i 

ed t h e   s p i r a  I mode,' and a second  aper iod ic  
r o l l  subsidence,  which i s   h e a v i l y  damped. 

t has become common p r a c t i c e  t o  s tudy  
l i n e a r   d i f f e r e n t i a l   e q u a t i o n s   i n t o   a l g e -  
the   Lap lace   t rans fo rm.  One can  then 
c c o n t r o l   s u r f a c e   d e f l e c t i o n   r e a d i l y   b y  i 

m a t r i x   t e c h n i q u e s ' .   T h e   r e s u l t i n g   r a t i o   o f   a i r c r a f t   r e s p o n s e  t o  c o n t r o l  
s u r f a c e   d e f l e c t i o n   i s   c a l l e d  a t r a n s f e r   f u n c t i o n ,  eg., t h e   f u n c t i o n   w h i c h  
d e s c r i b e s   t h e  manner i n  w h i c h   t h e   a i r c r a f t   c o n v e r t s  a c o n t r o l   s u r f a c e   d e f l e c -  
t i o n   i n t o  a m o t i o n .   I f   o n e   t h e n   o b t a   i n s   t h e   i n v e r s e  Lap I a c e   t r a n s f o r m   o f  
t h e s e   t r a n s f e r   f u n c t i o n s ,  he t h e n   h a s   t h e   t i m e   h i s t o r y   o f   t h e   a i r c r a f t ' s  
l i n e a r  o r  angu la r   ve loc i t y   componen ts   resu l t i ng   f rom a s p e c i f i e d   c o n t r o l  
s u r f a c e   d e f l e c t i o n .  The t h r e e   d e p e n d e n t   v a r i a b l e s   e x c i t e d  by  an e l e v a t o r  
m o t i o n   a r e   u s u a l l y   t a k e n  t o  be u, 8, and a, a l though  w o r  a, may sometimes 
be  used  instead of  a. 

. .  

F i n d i n g   t h e   i n v e r s e   t r a n s f o r m   i s   n o t   a l w a y s   s t r a i g h t f o r w a r d  and i s   r e a l l y  
unnecessary i f  one   des i res   on l y   t o   de te rm ine   t he   f requency  and  damping o f  
o s c i l l a t i o n s  or the  subs idence of  a p e r i o d i c   m o t i o n s .  The t r a n s f e r   f u n c t i o n  
cons is ts   o f   po lynomia ls   in   the   numera tor   and  denominator .  By f a c t o r i n g  
these  po lynomia ls  and w r i t i n g  them  as a p roduc t  o f  f a c t o r s ,   o n e   c a n   f i n d   t h e  
v a l u e s   o f   t h e   L a p l a c e   v a r i a b l e ,  s, f o r  which  the  numerator or denominator- 
i s   z e r o .  The v a l u e   o f  s f o r   w h i c h   t h e   n u m e r a t o r   v a n i s h e s   i s   c a l l e d  a zero, 
and the   va lue   fo r   wh ich   the   denominator   van ishes ,  a po le .  A f i r s t   o r d e r  
po le   rep resen ts  an a p e r i o d i c   m o t i o n   i n   t h e   t i m e  domain.  The  numerical 
v a l u e   d e s c r i b e s   t h e   r a t e   a t   w h i c h   t h e   m o t i o n   s u b s i d e s  (or d i ve rges ) .  A 
p a i r   o f   c o m p l e x   p o l e s   r e p r e s e n t  a p e r i o d i c   m o t i o n .  The rea l   pa r t   exp resses  
t h e  damping  and the   imag ina ry   pa r t ,   t he   na tu ra l   f r equency .   Unders tand ing  
o f   t h e   s i g n i f i c a n c e  of  t h i s   p r o c e d u r e   i s  enhanced,  perhaps, i f  one p l o t s  
t h e   p o l e s   o n  a p l a n e   ( t h e   s - p l a n e )   w i t h   t h e   a b s c i s s a   t h e   a x i s   o f   r e a l s  and 
t h e   o r d i n a t e   t h e   a x i s  o f  t h e   i m a g i n a r i e s .   I f  a p o l e   l i e s   o n   t h e   r i g h t  
h a l f   p l a n e ,   t h e   m o t i o n   i s   u n s t a b l e .  A p a i r   o f   c o m p l e x   p o l e s ,   o r   r o o t s ,  on 
the   imag ina ry   ax i s   rep resen t  an undamped s inuso id .  The d i s t a n c e  from t h e  
r e a l   a x i s   r e p r e s e n t s   t h e   f r e q u e n c y   o f   t h e   s i n u s o i d .  The d i s t a n c e   f r o m   t h e  
imag ina ry   ax i s   rep resen ts   t he   deg ree   o f  damping or d ivergence.  

The l o c a t i o n  o f  t h e   r o o t s   ( p o l e s )   o n  the  s - p l a n e   w i l l ,  of  course,  change 
as   t he   va lues  of  t h e   s t a b i l i t y   d e r i v a t i v e s  change. By c a l c u l a t i n g   t h e   l o c u s  
of r o o t s   f o r   r e p r e s e n t a t i v e   v a l u e s   o f   s t a b i l i t y   d e r i v a t i v e s   f r o m   n e g a t i v e  
i n f i n i t y   t o   p o s i t i v e   i n f i n i t y  i t  i s   p o s s i b l e  t o  d e t e r m i n e   t h e   c o n d i t i o n s  
u n d e r   w h i c h   i n s t a b i l i t i e s   w i l l   e x i s t .   T h i s   f o r m   o f   a n a l y s i s ,   a s   w e l l   a s   t h e  
t r a n s f e r   f u n c t i o n   a p p r o a c h ,   a l s o   f a c i l i t a t e s   s t u d y  of  t h e   e f f e c t  of adding  an 
au tomat ic   con t ro l   sys tem t o  t h e   a i r c r a f t .  I f  one p l o t s   t h e   p o l e s  and t h e  
ze ros   o f   t he   a i r c ra f t - con t ro l   sys tem  comb ina t ion   on   t he   s -p lane ,  he  can  employ 
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the  wel l -developed  methodology of  t h e  now c l a s s i c a l   l o c u s - o f - r o o t s   a n a l y s i s  
t o  ske tch   ra the r   accu ra te l y   t he   pa th   wh ich   t he   roo ts   mus t   f o l l ow   as   t he   ga in  
of the   feedback   e lement   in   the   combined  sys tem  i s  changed  from  zero t o  i n f i n i t y .  
The  concept of  t h e   l o c u s  of  r o o t s  of  t h e  "open  loop"   t rans fer   func t ion*  i s  
used i n   I ' a t e r   s e c t i o n s  of  t h i s  work t o  i l l u s t r a t e   t h e   a l l o w a b l e   r a n g e  of  va lues  
f o r  s i n g l e   a i r c r a f t   s t a b i l i t y   p a r a m e t e r s   w i t h   a l l   o t h e r   p a r a m e t e r s   h e l d   c o n s t a n t .  
D e t a i l s  of  t h e   c o n s t r u c t i o n   o f   t h e   t r a n s f e r   f u n c t i o n s  f o r  t h e   a i r f r a m e   a n d   t h e  
numerical   procedure for  e v a l u a t i n g   t h e   c o n s t a n t s   i n   t h e   t r a n s f e r   f u n c t i o n s  
a n d   e x t r a c t i n g   t h e   r o o t s  may be  found  in  the  Appendices. 

AS n o t e d   e a r l i e r ,   t h e   s t u d y  of  t h e   s t a b i l i t y  of  accelerated  mot ions  (dynamic 
s t a b i l i t y )   h a s   o f t e n  been   t rea ted   as   separa te  and a p a r t   f r o m  a s tudy  of  t h e  
tendenc ies  of t h e   a i r c r a f t   a t   e q u i l i b r i u m   t o   r e t u r n   t o   e q u i l i b r i u m  i f  d i s t u r b e d  
( s t a t i c   s t a b i l i t y ) .  I t  wi l l  be  recognized,  however, t h a t   t h e   s t e a d y   s t a t e ,  
or  i n f i n i t e   t i m e   p o r t i o n  of t h e   s o l u t i o n s   o f   t h e   g e n e r a l   e q u a t i o n s  of mot ion  
a r e   r e p r e s e n t a t i v e  of  t h e   " s t a t i c "   s t a b i l i t y  and  handl ing.  One  may c i t e  as 
examples t h e   l o n g i t u d i n a l   d e r i v a t i v e s  dbe/daZ,  dFs/daz,  dFs/du,  and dGe/dCL 
which  are  o f ten  used t o   d e s c r i b e   t h e   h a n d l i n g  and s t a b i l i t y   c h a r a c t e r i s t i c s .  
The f i r s t   i s   s i m p l y   t h e   i n v e r s e   o f   t h e   z e r o   f r e q u e n c y   v a l u e   o f   t h e   t r a n s f e r  

f u n c t i o n  2 . T r a n s f e r   f u n c t i o n s   w r i t t e n   i n   t e r m s  of  t h e   L a p l a c e   v a r i a b l e  E 
6e 

can be t rans fo rmed   i n to   t he   f requency  domain  by s e t t i n g  s = j w .  The n o t a t i o n  

a, - i s  used t o  d e s i g n a t e   t h e   a m p l i t u d e   r a t i o  of the  two  f requency  dependent 
6e 

q u a n t i t i e s   w h i c h  form t h e   t r a n s f e r   f u n c t i o n .  I t  i s   a l s o  a conven ien t   shor t -  
hand way t o   r e p r e s e n t  a s p e c i f i c   t r a n s f e r   f u n c t i o n ,   p a r t i c u l a r l y   i t s   z e r o  
f requency   va lue  or ga in .  The l a s t   d e r i v a t i v e  dGe/dCL, which i s  a measure o f  

t h e   s t i c k - f i x e d   n e u t r a l   p o i n t   l o c a t i o n * *   c a n  be obtained  f rom E by m u l t i p l y -  

i ng  by C The o t h e r  two d e r i v a t i v e s   r e q u i r e   t h a t   t h e   t r a n s f e r   f u n c t i o n  

- be obta ined and m u l t i p l i e d  by 6 or  - . An a 1 t e r n a t e   f o r m   o f  dF,/du, 
'e 

6e 

LC%. 
FS 

dCL 

dF / 6e e 4, which  can  be  found  from - 
l o c a t e   t h e   s t i c k - f r e e   n e u t r a l   p o i n t .  Thus, w h i l e   t h e r e   a r e   o c c a s i o n s  when it 
i s   s u f f i c i e n t   s i m o l v   t o   e a u a t e   t h e   f o r c e s   o r  moments a c t i n a   o n   t h e   a i r c r a f t  

a , -  , and CL,, i s   f r e q u e n t  I y used t o  
Fs/q 6, 

and s e t   t h e   d e r i v a t i v e   w i i h   r e s p e c t   t o  
d e t e r m i n e   t h e   s t a t i c   s t a b i l i t y   t e n d e n c  
i s   a v a i l a b l e   a s  a p a r t  of  t h e   s o l u t i o n  
age  one t o  examine t h e   v e h i c l e   m o t i o n s  

* Closed loop ( a i r c r a f t   p l u s   a u t o m a t  
t h e   g a i n   o f   t h e  feedback  element  equal 

an  aerodynamic  ang I e equa I t o   z e r o   t o  
es, t h e   f a c t   t h a t   t h e  same i n f o r m a t i o n  
f o r  t h e   d y n a m i c   s t a b i l i t y   s h o u l d   e n c o u r -  
and tendenc ies   comple te ly .  

c c o n t r o l   s y s t e m )   t r a n s f e r   f u n c t i o n   w i t h  
t o  zero. 

** The n e u t r a l   p o i n t   i s   t h a t   l o n g i t u d i n a l   l o c a t i o n  of  t h e   c e n t e r  of  g r a v i t y  
f o r  w h i c h   t h e   a i r c r a f t  has  no t e n d e n c y   e i t h e r   t o   r e t u r n  t o  i t s   i n i t i a l   c o n d i t i o n  
or t o   c o n t i n u e  t o  move  away f rom it, i f  d i s tu rbed .  The p r o x i m i t y  of t h e  c.g. 
t o  t h e   n e u t r a l   p o i n t   i s   t h e   c o n v e n t i o n a l  measure o f   t h e   a i r c r a f t ' s   s t a t i c  
l o n g i t u d i n a l   s t a b i l i t y .  13 



CONTROL FORCES DEFLECTIONS- 

GENERAL CONSIDERATIONS 

A p i l o t ' s   e v a l u a t i o n  of t h e   h a n d l i n g   q u a l i t i e s  of h i s   a i r c r a f t  has i t s  
o r i g i n ,  of  course, i n   h i s   a n t h r o p o l o g i c a l   c a p a c i t y .  He i s  a b l e  t o  move t h e  
c o n t r o l  whee I f o r e  and a f t   t h r o u g h   b i t  a I im'i t e d   d i s t a n c e   b e f o r e   t h e   r e a c h  
becomes uncomfo r tab le ;   he   i s   ab le  t o  e x e r t   o n l y  a g i v e n  maximum f o r c e   w i t h  
comfort; a con t ro l   f o rce   be low a c e r t a i n   v a l u e   i s   d i s t u r b i n g  because t h e   p i l o t  
can  apply it w i t h o u t   c o n s c i o u s l y   w i l l i n g  it and  he  has d i f f i c u l t y   m o d u l a t i n g  
it; i f  t h e   t i m e   b e t w e e n   c o n t r o l   f o r c e   a p p l i c a t i o n  and the  response of  t h e  
a i r c r a f t   i s   l o n g e r   t h a n  a p a r t i c u l a r   v a l u e ,   t h e   p i l o t  wi l l  tend  t o  become con- 
fused  and may app ly   e r roneous   con t ro !   i npu ts ;  i f  t h e   a i r c r a f t   r e s p o n d s   t o o  
r a p i d l y ,   h e   c a n n o t   c o n t r o l   p o t e n t i a l l y   d a n g e r o u s   m o t i o n s .  

I n   a d d i t i o n  t o  these  cons t ra in ts ,   the   des igner   must   p rov ide  a comfo r tab le  
re la t i onsh ip   be tween  wheel f o r e - a n d - a f t   t r a v e l  and  speed  changes  and  between 
wheel f o r c e  and a i r c r a f t  no rma l   acce le ra t i on .   I f   t hese   g rad ien ts   a re  too 
s m a l l ,   t h e   a i r c r a f t   i s   s a i d  t o  b e   t o o   s e n s i t i v e ;  i f  t h e y   a r e  too l a r g e ,   t h e  
a i r c r a f t   i s   s a i d  t o  be too unresponsive. The des igne r   mus t   a l so   t ake   ca re   t o  
p r o v i d e   p r o p e r   c o n t r o l   c e n t e r i n g   f o r   t r i m m e d   f l i g h t .   I t   i s   u n d e s i r a b l e   t o  
p e r m i t   t h e   s t i c k   t o  move th rough an a p p r e c i a b l e   d i s t a n c e   w i t h o u t   r e q u i r i n g  
t h e   a p p l i c a t i o n   o f   f o r c e ,   n o r   s h o u l d   t h e   f o r c e   r e q u i r e d  t o  s e t   t h e   s t i c k   i n t o  
mo t ion   be   l a rge r   t han   t he   sma l les t   f o rce   g rad ien t   f o r   speed   change   o r   acce le r -  
a t i o n .  

Somewhat s i m i l a r   c o n s t r a i n t s   g o v e r n   t h e   a p p l i c a t i o n  o f  t h e   l a t e r a l   c o n t r o l s .  

T o   a c c o m p l i s h   t h e s e   o b j e c t i v e s ,   t h e   l i g h t   a i r c r a f t   d e s i g n e r   w i l l   u s u a l l y  
m a n i p u l a t e   ( f o r   c o n t r o l  of t h e   l o n g i t u d i n a l   f l i g h t  mode) t h e   e l e v a t o r   d e f l e c -  
t i o n   t o  wheel d e f l e c t i o n   r a t i o ,   p r o v i d e   a e r o d y n a m i c   b a l a n c e   o n   t h e   e l e v a t o r  
o r  a f l y i n g   t a b ,   p r o v i d e   c e n t e r i n g   s p r i n g s ,   c o n t r o l   t h e   l i n k a g e   e l a s t i c i t y  and 
f r i c t i o n ,  and l i m i t   t h e   a i r c r a f t ' s   c e n t e r   o f   g r a v i t y   t r a v e l ;  he w i l l   a l s o  
s e l e c t  a s u i t a b l e   e l e v a t o r   a r e a ,   h o r i z o n t a l   t a i l   a s p e c t   r a t i o ,   a i r f o i l   s e c t i o n ,  
and h o r i z o n t a l   t a i l   a r e a  and  he w i l l   l o c a t e   t h e   h o r i z o n t a l   t a i l   a r e a   s u i t a b l y  
f a r   a f t .  The d e s i g n e r   w i l l   r e c o g n i z e   t h a t   p i t c h   r e s p o n s i v e n e s s   i s   r e l a t e d  t o  
t h e   a i r c r a f t ' s  moment of i n e r t i a   a b o u t   i t s   y - a x i s   a s   w e l l   a s   t h e  moment t h e  
e l e v a t o r   c a n   p r o d u c e   a n d   t h a t   t h e r e   i s  a s t r u c t u r a l   l i m i t a t i o n   a s   w e l l   a s  a 
human t o l e r a n c e   t o   n o r m a l   a c c e l e r a t i o n   w h i c h   t h e   p i l o t   s h o u l d   n o t  be a b l e   t o  
exceed  inadver ten t ly .  The d e s i g n e r   w i l l   a l s o   e n d e a v o r   t o   p r o v i d e  a reasonably  
l i n e a r   r e l a t i o n  be tween   con t ro l   f o rce  o r  d e f l e c t i o n  and t h e   d e s i r e d   r e s u l t ,  
such  as  speed  change o r  normal   accelerat ion.  

From t h e   f o r e g o i n g ,  it i s   e v i d e n t   t h a t ,  t o  c a r r y   o u t   t h i s   t a s k   i n  a d i r e c t  
f a s h i o n ,   c o n s i d e r a b l e   k n o w l e d g e   o f   d e s i r a b l e   a n t h r o p o l o g i c a l   l i m i t s   m u s t  be 
a v a i l a b l e   a s   w e l l   a s  a substant ia l   knowledge of  diverse  aerodynamic  and mechan- 
i c a l   c h a r a c t e r i s t i c s .  The s t a t e   o f   u n d e r s t a n d i n g   o f   t h i s   p r o b l e m  i s  d iscussed 
i n   t h e   l i t e r a t u r e   r e v i e w   w h i c h   f o l l o w s .  
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SCOPE 

Dur ing  a review  (Refs.  1, 2, 3 )  of a l l  NACA/NASA l i t e r a t u r e   p u b l i s h e d  
between 1940 and  1968, t h o s e   r e p o r t s  dea I i ng w i t h   a i r c r a f t   s t a b  i I i t y  and 
c o n t r o l   a n a l y s e s  and t e s t s  were s e t   a s i d e   a s  a group.  The  documents i n   t h i s  
g roup  were   then  sc reened  and  the   con ten t   o f   those  regarded  as   most   app l i cab le  
t o   l i g h t   a i r c r a f t   d e s i g n  was no ted   i n   t he   repo r t .   Fo r   t he   p resen t   s tudy ,  
t h e   e n t i r e   g r o u p  was reexamined  and  re rev iewed.   In   add i t ion ,   the   rev iew  o f  
NACA documents was extended  backward t o  1930, and a computer   search  o f  
S c i e n t i f i c  and Technica l   Aerospace  Repor ts ,   In ternat ional   Aerospace  Abst racts ,  and 
Department o f  Defense  arch ives was  made f o r   c u r r e n t  (1962 t o   l a t e  1969) 
s t a b i l i t y  and c o n t r o l   i n f o r m a t i o n   f r o m   w o r l d - w i d e   s o u r c e s .   I n c l u d e d   i n   t h i s  
were t h e  USAF F l y i n g   Q u a l i t y   S p e c i f i c a t i o n  and S t a b i l i t y  and Con t ro l  Datcom. 

As one  would  suspect, much o f   t h e   e a r l i e r  (pre-19441  informat ion  has 
been  superceded;  more r e f i n e d   a n a l y s e s  and  more accu ra te  and r e l i a b l e   t e s t  
da ta   a re  now a v a i l a b l e .  Most o f   t h e   i n f o r m a t i o n   i s   a l s o   u n c o r r e l a t e d :   f l i g h t  
t e s t   r e s u l t s   a r e   n o t  compared w i t h   r e s u l t s   f r o m   w i n d   t u n n e l   t e s t s ;   w i n d  
t u n n e l   t e s t   r e s u l t s   a r e   n o t  compared w i th   t heo re t i ca l   ana lyses .   To   a t tempt  
such a c o r r e l a t i o n  and e v a l u a t i o n   h e r e   i s   n o t   p o s s i b l e   w i t h   t h e   i n f o r m a t i o n  
a v a i l a b l e   t o   t h e   a u t h o r s .  T h e   r e a s o n   f o r   t h i s   i s   t h a t   t h e   w i n d   t u n n e l   o r  
f l i g h t   t e s t   r e p o r t s   a v a i l a b l e   i n   t h e  open l i t e r a t u r e   u s u a l l y  d o   n o t   g i v e  
s u f f i c i e n t   i n f o r m a t i o n   o n   t h e   a i r p l a n e ' s   g e o m e t r i c   o r   i n e r t i a l   p a r a m e t e r s  
t o  p e r m i t   s a t i s f a c t o r y   c o r r e l a t i o n s   t o   b e  made. The course  adopted,  there- 
fo re ,  was t o  l i s t   a l l   t h e   s t a b i l i t y   d e r i v a t i v e s   l i k e l y   t o  be s i g n i f i c a n t   i n  
t h e   d e s i g n   o f   f u t u r e   l i g h t   a i r c r a f t ,   d e t a i l   t h e  method of c a l c u l a t i o n   r e g a r d e d  
as  most  reasonable fo r  such a i r c r a f t ,   r e p o r t   t h e   v a l u e s  of  t h e s e   d e r i v a t i v e s  
i n  such a i r c r a f t ,  and n o t e   p e r t i n e n t   r e f e r e n c e s  fo r  e a c h   d e r i v a t i v e .   T h i s  
approach i s  an  expansion ( i n   t h a t  it d e t a i l s  methods o f   c a l c u l a t i o n  and 
t y p i c a l   r e s u l t s )  and s p e c i a l i z a t i o n  ( t o  l i g h t   a i r c r a f t )   o f   t h e  approach 
adopted   by   E l l i son  and  Hoak  (Ref. 5 ) .  

Values for  t h e s e   d e r i v a t i v e s   a r e   r e q u i r e d ,   o f   c o u r s e ,   t o   c a l c u l a t e   t h e  
r i d i n g   q u a l i t i e s   o f  a l i g h t   a i r c r a f t .  The h a n d l i n g   c h a r a c t e r i s t i c s *   w i l l ,  
f o r   t h e   p u r p o s e s   o f   t h e   p r e s e n t   s t u d y ,  be de f ined  as  

( 1 )  The l o n g i t u d i n a l   c o n t r o l   f o r c e  and c o n t r o l  
s u r f a c e   p o s i t i o n   v a r i a t i o n s   w i t h  speed  and 
l o a d   f a c t o r - - t h e i r  maximum and  minimum values,  
phase   re la t i onsh ips ,  and c o n t r o l   t r a v e l   r e q u i r e d  
t o   a c h i e v e   t h e m  

* t h e   r e a d e r  wil l r e c o g n i z e   t h a t   t h e   d e f i n i t i o n  of h a n d l i n g   i s  somewhat 
broadened  here t o  i n c l u d e   i t e m s   p r e v i o u s l y   i d e n t i f i e d   w i t h   a i r c r a f t   c o n t r o l -  
a b i l i t y .   T h i s  has  been  done  because many s p e c i f i c a t i o n   r e q u i r e m e n t s   s t a t e  
responsiveness t o  c o n t r o l   a p p l i c a t i o n   o n l y   i n   t e r m s   o f   a n g u l a r   d i s p l a c e m e n t  
reached  in  a g i ven   t ime .  I n  such  instances i t  i s   h e l p f u l   t o   c o r r e l a t e   t h e  
i n i t i a l  responses t o  con t ro l   app l i ca t i on - -he re   cons ide red   as   t he   hand l i ng  
c h a r a c t e r i s t i c s - - w i t h   t h e   f i n a l   c a p a b i l i t i e s  of  t h e   a i r c r a f t .  
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( 2 )  The angu lar   d isp lacement   and  angu lar   ra te  
va r ia t i ons   p roduced  by a p p l i c a t i o n  of  rudder  
and a i l e r o n   f o r c e s - - t h e i r  maximum and  minimum 
values,   phase  re la t ionships,   degree of  l i n -  
e a r i t y ,  and c o n t r o l   t r a v e l   r e q u i r e d  

(3) C o n t r o l l a b i l i t y  of t h e   a i r c r a f t   u n d e r   s p e c i a l  
c i rcumstances.  

The r e v i e w   w h i c h   f o l l o w s   c i t e s  some o f   t h e   l i t e r a t u r e   a v a i l a b l e   o n   t h e   f o r c e s ,  
d isp lacements,   and  appl icat ion  ra tes  found  comfor tab le  by most humans. T h i s  
apparent ly   has   been  cons idered  in   deve lop ing   the   fo rce  and r a t e   l i m i t s   s e t  
i n  Mi l  F-87858. F o r   t h i s   r e a s o n ,   t h e   d i s c u s s i o n   b e l o w   f o l l o w s   t h e   s p e c i f i -  
c a t i o n   f a i r l y   c l o s e l y ,   y e t   p o i n t i n g   o u t   t h o s e   a r e a s   n o t   t r e a t e d   a n d   d e s c r i b i n g  
m e t h o d s   a v a i l a b l e   i n   t h e   l i t e r a t u r e   f o r   i n s u r i n g   t h a t   t h e   a i r c r a f t   c o m p l i e s  
w i t h   t h e   s p e c i f i c a t i o n .  

F o r   t h e   p r e s e n t   c o m p i l a t i o n ,   o n l y   t h a t   l i t e r a t u r e   c o n t a i n i n g   d a t a   a p p l i -  
cab le  t o  a i r c r a f t   d e s i g n e d   t o   o p e r a t e   w i t h i n   t h e   f o l l o w i n g   l i m i t s  was 
cons i dered : 

Maxi mum gross  we i g h t  

Maximum wing  loading 

IO ,OOO# 

40#/f t2 

Maximum ind i ca ted   a i r speed  300 mph 

Maximum  Mach number 0.4 

Aspect r a t i o  2 5 .0  

L i t t l e   o r  no  wing sweep 

R i g i d   s t r u c t u r e  

Those p o r t i o n s   o f   t h e   s p e c i f i c a t i o n s  and o t h e r  documents r e f e r r i n g  t o  
a i r c r a f t   c o n t r o l l a b i l i t y  as  defined  above and t o  h a n d l i n g   i n   t u r b u l e n t   a i r  
o r   w i t h   e x t e r n a l   s t o r e s   a r e   n o t   d i s c u s s e d .  Also, i n   e x a m i n i n g   t h e   l i t e r a t u r e  
upon w h i c h   t h e   f o l l o w i n g  was based, many documents n o t   c i t e d   b u t   d e a l i n g   w i t h  
the  subject   were  examined.  Some were  regarded  as  perhaps  less  complete  than 
t h e   r e p o r t s   c i t e d ,   a s   c o n f i r m i n g   r e s u l t s   f o u n d   i n   c i t e d  documents, p r e s e n t i n g  
d a t a   i n  a form n o t  so w e l l   s u i t e d  t o  compar i son   w i th   t heo ry ,   o r   p resen t ing  
l e s s   a c c u r a t e   r e s u l t s   t h a n   a r e  now a v a i l a b l e .  The r e a d e r   i n t e r e s t e d   i n   p e r u s i n g  
t h e  more i n t e r e s t i n g  of these documents i s   r e f e r r e d  t o  Appendix I f o r  a b i b l i o -  
g r a p h i c a l   l i s t i n g .  
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SYMBOLS 

Ae 

AR 

A, 

a.c. 

a0 

a, 

BH P 

b 

ba 

bV 

C 

CC 

CD 

cDf 

cDO 

cdO 

cDU 

e f f e c t i v e   a s p e c t   r a t i o  

a s p e c t   r a t i o  

a commonly used  area f o r  a component  which i s  t h e   r e f e r e n c e   a r e a  fo r  CD 

aerodynamic  center of  wing 

7.r 

l i f t - c u r v e   s l o p e   a t   z e r o  l i f t  

l i f t - c u r v e   s l o p e  of  v e r t i c a l   t a i l  

eng i ne brake  horsepower 

wing  span 

a i   l e r o n  span 

v e r t i c a l   t a i l  span 

w i n g   f o r c e   p a r a l l e l  t o  t h e   a i r p l a n e   r e f e r e n c e   l i n e  

c o e f f i c i e n +  of w i n g   f o r c e   p a r a l l e l  t o  t h e   a i r p l a n e   r e f e r e n c e   l i n e  2 

d r a g   c o e f f i c i e n t  - 

C 
apu s 

D 
$pU2S 

zero  l i f t  drag,   found  in  CD s e c t i o n  

t h r e e - d i m e n s i o n a l   d r a g   c o e f f i c i e n t   f o u n d   i n   l a t e r a l   s t a b i l i t y  
d e r i v a t i v e s   s e c t i o n  

t w o - d i m e n s i o n a l   p a r a s i t e   d r a g   c o e f f i c i e n t  

u 8% 
2 au 
" 
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component drag coe fficient  based on the  area AT 

elevator hi nge-moment  coefficient  when  at = Oo and 6, = Oo 

(-Irn wing lift curve  slope  with  infinite  aspect  ratio dCL 
da 

c!2 section I ift  coefficient or  rol I ing moment  coefficient (L/fpU2Sb) 

'&ma x maximum  section lift- coefficient 

c%x section  lift-curve  slope  of  the  horizontal  tail 
t 
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Lma.c. 

change in rolling  moment  coefficient  due  to  change in aileron  deflection 
(found in control  forces  section) 

section  lift-curve  slope  due  to  elevator  deflection  (this  is  not  to  be 
confused  with  rolling  moment  coefficient) 

Xi 

a6R 
- 

pitch 

pitch 

ai rfo 

i ng-moment  coef f i cient (M/ipU2Sc) 

ing-moment  coefficient  due  to  thrust  force 

i I  section  Ditching  moment  about  the  aerodynamic  center 

coefficient  of wing force  normal  to  the  airplane  reference  line 

yawing-moment  coefficient  (N/ipU2Sb) 
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mean aerodynamic  chord 

a i leron  chord 

e I evator   chord 

f l a p   c h o r d  

,i t y  a i r p l a n e   c e n t e r  o f  grav 

drag   fo rce  

base o f  natural  system of  logar i thms or Oswald's  span e f f i c i e n c y   f a c t o r  

induced-angle span e f f i c i e n c y   f a c t o r  
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s t i c k - f o r c e  due t o  a i l e r o n   a c t u a t i o n  

s t i c k   f o r c e  

the   equ iva len t   pa ras i te   a rea   d i scussed   i n   t he  CD s e c t i o n  

r a t i o   o f   e l e v a t o r   d i s p l a c e m e n t   t o   t h e   p r o d u c t   o f   s t i c k   l e n g t h  and s t i c k  
angular  displacement 

a c c e l e r a t i o n  due t o   g r a v i t y  (32.2 f t / s e c 2 )  

horsepower 

h e i g h t   o f   t h e   h o r i z o n t a l   t a i l  a.c.  above t h e  c.g. ( p o s i t i v e   f o r  a.c.  above 
c.g. 1 

moment o f  i ne r t i a   abou t   t he   x -ax i s  

moment o f   i n e r t i a   a b o u t   t h e   y - a x i s  

moment o f   i n e r t i a   a b o u t   t h e   z - a x i s  

p r o d u c t   o f   i n e r t i a  

incidence ang I e 

rad ius  of gyra t ion   about   the   x -ax is  

rad ius   o f   gy ra t ion   about   the   y -ax is  

rad ius   o f   gy ra t ion   about   the   z -ax is  

l i f t   o r   r o l l i n g  moment 

length   o f   fuse lage  o r  body 

length  from  c.g. t o   t a i l   q u a r t e r   c h o r d  

length  f rom  wing  quarter  chord  to t a i l  quarter  chord 

t a i l  volume f a c t o r  

length  from  c.g. t o   v e r t i c a l   t a i l  aerodynamic  center 

p'itching-moment  about  the  c.g. 
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M f  us pitching-moment  about  the  c.g. due t o   t h e   f u s e l a g e  and n a c e l l e s  
nac 

aerodynamic moments a b o u t   t h e   y - a x i s   ( p i t c h i n g  moment) 

m 

N 

n 

P 

P 
. 

(e) 
2U 

4 

4 
q t  

qv 

RPM 

RN 

r 

r 

S 

SRP 

. 

sR 

Se 

S f  

SS 

'h 

mass i n   s l u g s  

wing  force  normal t o  t h e   a i r p l a n e   r e f e r e n c e   l i n e   o r   y a w i n g  moment 

normal a c c e l e r a t i o n   i n   g ' s  

r o l   l i n g   v e l o c i t y  

r a t e   o f  change o f  r o l   l i n g   v e l o c i t y  

h e l i x   r o l l   a n g l e  

dynamic  pressure ($pU2) o r   p i t c h i n g   v e l o c i t y  

r a t e  o f  change o f  p i t c h i n g   v e l o c i t y  

dynamic  pressure a t   t h e   h o r i z o n t a l   t a i l  

dynamic p r e s s u r e   a t   t h e   v e r t i c a l   t a i l  

p r o p e l l e r   r e v o l u t i o n s   p e r   m i n u t e  

Reynolds Number 

y a w i n g   v e l o c i t y  

r a t e  o f  change o f  y a w i n g   v e l o c i t y  

w i  ng area 

s e a t   r e f e r e n c e   p o i   n t  

rudder  area 

e I evator   a rea  

f l a p   a r e a  

body  s ide  area 

ho r  i zonta I t a  i I area 
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S 

T 

TDPF 

TDR 

TU 

t 

t 

A t  

U 

UTr i m 

w 

Wf 

X’ 

- 
X 

Yi 

ZT 

‘a 

=V 

ZW 

r 
A 

24 

d i s t a n c e   i n   h a l f   c h o r d s   w h i c h   i s  used  as  a non-d imens iona l i z ing  

m a u  
t ime  

t ime  

I ag 

a i  r p  

s t a  I 

trim 

f a c t o r  

t h r u s t  

t a i l  damping  power f a c t o r ,   s e e   f i g u r e  72 

t a i l  damping r a t i o ,  see f i g u r e  72 

- - (see  Appendix A )  1 aT 

o r   a i   r f o i  I t h i ckness  

t i m e   o f   t h e  downwash a t   t h e   t a i l   p l a n e  

l a n e   v e l o c i t y  

I speed 

speed 

a i r p l a n e   w e i g h t  

maximum w id th  of t h e   f u s e l a g e  o r  nace l l es  

d i s tance   f rom  c .g .   t o   w ing   qua r te r   cho rd   (pos  
o f   q u a r t e r   c h o r d )  

long i tud ina l   d is tance  rearward   f rom  c .g .  t o  w 

d i s t a n c e   p a r a l l e l  t o  r e l a t i v e   w i n d   f r o m   t h e  w 
( p o s i t i v e   f o r  a.c.  ahead o f   t h e   c . g . 1  

d is tance  f rom body c e n t e r l i n e   t o   i n b o a r d  edge 

i t i v e   f o r  c.g.  ahead 

ng  aerodynami c cen te r  

ng a.c. t o   t h e  C.Q.  

o f   a i   l e r o n  

p e r p e n d i c u l a r   d i s t a n c e   f r o m   t h r u s t   l i n e   t o   c . g .   ( p o s i t i v e   f o r   t h r u s t  
l i n e  below  the  c.g.1 

ver t i ca l   d is tance  f rom  w ing   a .c .   to   c .g .   (pos i t i ve   fo r   a .c .   above  c .g .1  

d i s tance   f rom  the   cen te r  of p r e s s u r e   o f   t h e   v e r t i c a l  t a i l  t o   t h e   a i r c r a f t  
c e n t e r l i n e   ( p o s i t i v e   f o r   v e r t i c a l   t a i l  above t h e   x - a x i s )  

d is tance  f rom  body   cen ter l ine  to q u a r t e r - c h o r d   p o i n t   o f  exposed  wing 
r o o t   c h o r d   ( p o s i t i v e  for the   qua r te r - cho rd   po in t   be low  the  body 
cen te r  I i ne) 

d ihed ra l   ang le  

wing sweep ang le  



r e s u l t a n t   a n g u l a r   v e l o c i t y  

ar lg le o f  a t t a c k  

r a t e  of change o f  ang le  of  a t t a c k  

induced  angle o f  a t t a c k  

ang le  o f  a t t a c k  f o r  zero  l i f t  

s t a  I I a n g l e  o f  a t t a c k  

e I e v a t o r   e f  f 

s ides1  ip   ang 

i c i e n c y   f a c t o r  I (dCL/dBE1/(dCL/dat) I 

l e  

f l i g h t   p a t h   a n g l e  from t h e   h o r i z o n t a l  

c o r r e c t i o n   f a c t o r  fo r  induced  drag 

a i I e ron   de f  I e c t   i o n  

e l e v a t o r   d e f l e c t i o n  

rudder   def  I e c t   i o n  

a i l e r o n   d e f l e c t i o n  

e I e v a t o r   d e f  I e c t   i o n  

e l e v a t o r   a n g l e   a t   z e r o   a i r c r a f t   l i f t  

f l a p   d e f l e c t i o n  

trim t a b  d e f l e c t i o n  

downwash ang le  

change i n  downwash angle  due t o  change i n   a n g l e   o f   a t t a c k .  

Dutch Roll damping r a t i o  

%.p. 

rl e f f i c i e n c y   f a c t o r  for t a i l ,  qL./q, o r  t h e   p r o p e l l e r   e f f i c i e n c y  

s h o r t   p e r i o d  damping r a t i o  
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p i t c h   a n g l e  

r a t e   o f  change of  p i t c h  ang 

t a p e r   r a t i o   ( t i p   c h o r d / r o o t  

a i r p l a n e   r e l a t i v e   d e n s i t y  f 

3.1416 

d e n s i t y  

s i dewash  ang I e 

l e  

chord 1 

a c t o r  (m/pSb) 

d a t  

d6 E 
c o r r e c t i o n   f a c t o r   f o r   i n d u c e d   a n g l e  or e l e v a t o r   e f f e c t i v e n e s s   f a c t o r  (-1 

t ime   cons tan t  for  r o l l  mode 

r o t  I ang le  

second d e r i v a t i v e   w i t h   r e s p e c t   t o   t i m e   o f   t h e  roll ang le  

a measure o f   t h e   r a t i o   o f   t h e   o s c i l l a t o r y   c o h p o n e n t   o f  bank  angle t o   t h e  
average  component o f  bank a n g l e   f o l l o w i n g  a rudder-pedal - f ree  impulse 
a i I e ron   con t ro  1 command 
yaw ang le  

phase  ang 

Dutch Rol 

s h o r t   p e r  

l e  of Dutch Roll component of s i d e s l i p  

I natura l   f requency  

iod   na tura  1 f requency 

Subsc r ip t :  

a.c. 

c.g. 

c /4  

h 

0 

V 

W 
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aerodynamic  center 

cen te r  of  g r a v i t y  

wing  quar ter -chord 

h o r i z o n t a l  t a i l  

t a i  I 

v e r t i c a l  t a i l  

wing 



STABILITY OERIVATIVES 

I t  i s  customary,   as  noted  ear l ier ,   to  represent  the  aerodynamic  and 
t h r u s t   f o r c e s   o n   a n   a i r c r a f t   b y  a Tay lo r   expans ion   abou t   t he   cond i t i ons  
for  s t e a d y ,   l e v e l   f l i g h t ,  Because of  t h e   a s s u m p t i o n   t h a t   p e r t u r b a t i o n s  
from e q u i l i b r i u m   a r e   s m a l l ,   o n l y   t h e   l i n e a r   t e r n s   a r e   r e t a l n e d J   s q u a r e s ,  
product   terms,   and  h igher   order   der ivat ives  are  neglected,   The  remain ing 
d e r i v a t i v e s ,   c a l l e d   s t a b i l i t y   d e r i v a t i v e s ,   b e l n g  more  numerous t h a n   t h e  
equat ions of mot ion ,   can   there fore  be   eva lua ted   on ly   th rough  spec ia l   tes ts  
o r   th rough  ana lyses   wh ich  limit responses t o   t h o s e   r e s u l t i n g   f r o m  a s i n g l e  
v a r i a b l e .  The d lscuss ion   be low  i so la tes   each of t h e s e   d e r i v a t i v e s ,   t h e  
m e t h o d   f r o m   t h e   l i t e r a t u r e   r e g a r d e d   a s   m o s t   s u i t a b l e   f o r   i t s   e v a l u a t i o n ,  
and t y p i c a l   v a l u e s   f o r   l i g h t   a i r c r a f t ,  

27 



U s u a l l y ,  by t h e   t i m e   a n   a i r p l a n e   i s   s u b j e c t e d  t o  a s t a b i l i t y   a n a l y s i s ,  
t he   des ign   has   p rog ressed   fa r  enough t h a t   t h e  l i f t  c o e f f i c i e n t s  f o r  t h e   f l i g h t  
c o n d i t i o n s   o f   i n t e r e s t   a r e  known f o r   t h e   c o m p l e t e   a i r p l a n e .   S i n c e  2-D 
( s e c t i o n )   d a t a   a r e   a v a i l a b l e  fo r  many a i r f o i l  and a i r f o i l   f ! a p   c o n f i g u r a t i o n s ,  
i t  i s   d e s i r a b l e  t o  have a means o f   c o n v e r t i n g   s e c t i o n   d a t a  t o  three-dimensional  
d a t a   f o r  a p a r t i c u l a r   a i r f o i l .   I n  Theory of F l i g h t ,   R i c h a r d  Von Mises  (Ref. 6 )  
g i v e s   a n   e s t i m a t e   o f  l i f t  c o e f f i c i e n t ,  

CQ CL = 
1 + 2/AR 

An example 2-D p l o t  of  Cg versus  angle of a t t a c k   i s  shown below f o r  t h e  2412 
a i r f o i l   s e c t i o n .  

2.01 

1.61 3.1 RN xL06 
0 5.7 

1-21  o 8.9 

-4l- 

"4 

-.8 

-1.2 
-32 -24 -16 -8 0 8 

Section Angle of Attack, Q , deg 

16 24 

F i g u r e  1 .  2-0 p l o t   o f   s e c t i o n  l i f t  c o e f f i c i e n t  
v e r s u s   a n g l e   o f   a t t a c k  fo r  2412 a i r -  
f o i  I s e c t i o n .  
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The approx imat ion  does n o t   i n c l u d e   s u c h   f a c t o r s   a s   t a p e r   e f f e c t s   a n d   t i p   e f f e c t s .  
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It should  be  noted  that  2-D  section  data  are available for a large  number 
of  airfoils in Theory  of Wing Sections  (Ref. 7) ;  and the  same data are 
included in TR-824 (Ref. 8 ) .  

A refined  analysis  to  determine lift coefficient  should  include  the  lift 
contribution  of  the  tail  and, if possible,  the lift contribution  of  the  fuse- 
lage.  The  interference  effects  between  the wing and the  fuselage may be 
significant and, for  this  reason, wind tunnel  tests  or  actual  flight  tests 
contribute  to  determining lift coefficient.  The tail coefficient, 

can  be  included in that  for  the  entire  aircraft  where  ‘It = q+/q: 

- St + c (CL)Airp lane - ‘LW + ‘Lt S, ‘It Lfuselage’ 
nacel  les 

The  tail  contribution  to  the  total airplane CL at  cruise  can  be  approximated 
by using  the  moment  equation: 

or CLt = c - - Lw Rt St 
Xa Sw 

‘It - * 

The  fuselage  lift  coefficient may be  quite  difficult  to  estimate,  unless 
some  simplification,  such  as  slender  body  theory, is applied.  NACA TR-540 
(Ref. 9)  discussed  the  interference  effects  between  the wing and the  fuselage 
and gives  some  example  lift  coefficients  for  the  fuselage  at  various  angles  of 
attack.  The  table  below  gives an example  of  some  of  trlese  experimental  data. 

a=OO a= 1 Z0 a= 8O a=40 

Fuse I ag6 Eng i ne CL CD CL CD cL cD CL  CD 

Round  None 

.028  .0115 .017  .0088 .008  .0073 .OOO .0069 Round  Cow I ed 

.008  .0216 .004 .0200 .001  .0191 .OOO .0189 Round  Uncow I ed 

.011 .0062 .005 ,0049 .OOl .0042 .OOO .0041 

Rectangular  None .OOO .0049 ,005 .0054 .014  .0068  .026  .0097 
; 

Table 1 .  Example  lift  coefficients  for  the  fuselage 
at  various  angles  of  attack. 

* A method  for  calculating  the  elevator  deflection  required  for  equilibrium 
cruise  is  given in the  sample  calculations in Appendix G. 
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The f u s e l a g e   c o e f f i c i e n t s   i n   t h e   t a b l e   a r e   b a s e d   o n   w i n g   a r e a  of the   w ing   fuse-  
lage  ar rangement   tested.  Thus, b y   e x a m i n i n g   t h e   t a b l e   w i t h  a knowledge o f  t h e  
a i r p l a n e   a n g l e  of  a t tack ,   one   can   es t ima te   t he   f use lage   con t r i bu t i on  t o  t h e  
t o t a l   a i r p l a n e  l i f t  c o e f f i c i e n t .   F o r   s m a l l   a n g l e s  of a t tack ,  00 t o  8O, t h e  
fuse lage l i f t  can  p robab ly   be   neg lec ted   w i thout  a s i g n i f i c a n t  change i n   t h e   t o t a l  
a i r p l a n e  l i f t  c o e f f i c i e n t ,   u n l e s s   t h e   f u s e l a g e   i s   h i g h l y  cambered. 

Datcom (Ref., 10) g i v e s  a method f o r   c a l c u l a t i n g  CL, of a body  based  on 
p o t e n t i a l   f l o w   t h e o r y   ( s e e  CL,). Thus, CL can  be  approx imated  by  mul t ip ly ing 
CL, by a of t h e  body, w h i c h   i s  known. 

F o r   l i g h t   a i r p l a n e s   i n   t h e   c r u i s i n g  mode of  f l i g h t ,   t h e  l i f t  c o e f f i c i e n t  
w i l l   p r o b a b l y   f a l l   b e t w e e n   0 . 2 5  and 0.45. I n   c l i m b i n g   f l i g h t ,  CL wil l p robab ly  
be  larger”0.5 t o  0.9.   For   the  landing  approach,   the  usual  CL wil l p robab ly  
range  from  .95 t o  1.18. F o r   t h e  Cessna 182, t y p i c a l   v a l u e s   a r e  0.309 a t   c r u i s e ,  
0.719 i n   c l i m b i n g   f l i g h t ,  and 1.12 i n   t he   l and ing   app roach .  
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T h e   d r a g   c o e f f i c i e n t ,  CD, i s  an   aerodynamic   fo rce   coe f f i c ien t   wh ich   can  
be  thought  o f  a s  a damping c o e f f i c i e n t .  T h e   e q u i l i b r i u m   a i r p l a n e   d r a g   e f f e c -  
t i v e l y  damps t h e   t h r u s t   b y   a c t i n g   i n   t h e   o p p o s i t e   d i r e c t i o n  o f  t h e   r e l a t i v e  
wind  and i s  a l w a y s   p o s i t i v e   i n   s i g n .  When consider ing  performance o f  an a l r -  
c r a f t ,   t h e   s m a l l e s t   p o s s i b l e   v a l u e  o f  CD i s  desired;  however, i n  a i r f r a m e  
dynamics, CD i s   t h e   m a i n   c o n t r i b u t o r   t o . t h e  damping of the   phugo id  mode. 
Thus, t h e   l a r g e r   t h e   v a l u e  of CD, t h e   b e t t e r   t h e  damping.  Since  phugoid 
damping is not   cons idered o f  m a j o r   i m p o r t a n c e   i n   t h e   f l y i n g   q u a l i t i e s   o f   t h e  
a i r p l a n e ,   t h e   p e r f o r m a n c e   r a t h e r   t h a n   t h e   f l y i n g   q u a l i t i e s   o f   t h e   a i r c r a f t  
s h o u l d   d i c t a t e   t h e   d e s i g n   v a l u e   o f  CD. 

A p r e l i m i n a r y   s t a g e  of  d r a g   e s t i m a t i o n   o f   a n   a i r p l a n e   i n  an  incompress- 
i b l e   f l o w  may be  accompl ished  by  adding  the  ind iv idual   drags  o f   severa l  
components o f   t h e   a i r p l a n e .   T h i s  method i s   c a l   l e d   " d r a g  breakdown."  The 
m a j o r i t y  of  a i rp lane  drag  curves  can  be  expressed  as 

yr. 2 

where 
CDf = zero l i f t  o r   p a r a s i t e   d r a g ,  

Mathemat ica l l y ,  CDf i s   ' t h e   i n t e r c e p t   o n   t h e  CD a x i s   o f  a graph of CD versus 
C L ~ ,  and  l/TeAR i s   t h e   s l o p e .   O n l y   a t   v e r y  low or h i g h   v a l u e s   o f   l i f t  
c o e f f i c i e n t s  does t h e   p a r a b o l i c   a p p r o x i m a t i o n   d e v i a t e   f r o m   t h e   a c t u a l   d r a g  
p o l a r .  

The f o l l o w i n g   p r o c e d u r e   i s  commonly used t o   o b t a i n   t h e   v a l u e  of  C D ~  f o r  
a p a r t i c u l a r   a i r p l a n e .  The d r a g   c o e f f i c i e n t   o f  each  component i s  based  on  an 
area, A,, " p r o p e r "   t o   t h a t  component. For example,   one  usual ly  bases  the  drag 
c o e f f i c i e n t   f o r   t h e   f u s e l a g e   o n   t h e  maximum fuselage  area.  The e q u i v a l e n t  
pa ras i te   d rag   a rea ,  f ,  i s  then  expressed  as 

The t o t a l  f f o r  a n   a i r p l a n e   i s   a p p r o x i m a t e l y   t h e  sum o f  CD A, fo r  t h e   i n d i v i d -  
ua I components, p I us f i v e  o r  t e n   p e r   c e n t   f o r  mutua I i nteryerence  between  the 
components.   Another  percentage  error ( 3 %  t o  5%) may a Is0 be  added for  sma I I 
protuberances  such  as  handles,  hinges,  antennas, and c o v e r   p l a t e s .   F i f t e e n   p e r  
c e n t  of  t h e   t o t a l  CD,A~ was used t o  account for pro tuberances   and  in te r fe rences  
on   t he  Cessna 182 d i s c u s s e d   l a t e r   i n   t h e   p r e s e n t   s t u d y .  Once t h e   t o t a l  f i s  
found, CDf fo r  t h e   a i r p l a n e   c a n  be  determined  from 

where 

T o t a l  CD i s   t h e n  

- f 
cDf s 
" 

S '= wing  area. 

cDf -t 

* e can  be   es t imated   in   the  CL s e c t  a 

CL2 . -  
TeAR 

ion. 
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Values of  CD, and the   a reas   on   wh ich   t hey   a re   based   a re   g i ven   i n   t he   t ab les  
be low.   Th is   in fo rmat ion  was s e l e c t e d  from References 11, 12, 13, and 14. 

The  wing  drag CD, f o r   a i r f o i l s   w i t h   s t a n d a r d   r o u g h n e s s   c a n   b e   o b t a i n e d  
from a t a b l e   g i v e n   i n   R e f e r e n c e  (15)  and shown below.  The  comparison is based 
on  standard  roughness a t  RN = 6 x l o 6 ;  t h e   w i n g  CD, i s  based  on  wing  area  and 
i s   t a b u l a t e d   a s  Cd,. Wing f l a p   d e f l e c t i o n  may genera te   an   add i t i ona l  CD, 
which should be  accounted   fo r .  

A i r f o i l  S e c t i o n  

632-41  5 
23016.5 
23012.0 
241 2 
2301 8 
241 0 
632-21  5 
641-412 
642-AZ 1 5 
652-4 15 
641 -21  2 

.15 .0098 
,165 .0102 
.12 .0099 
.12 .0098 
.18 .0105 
.10 .0095 
.15 .0097 
.12 .0097 

.20 

.15 

.18 

.20 

.10 

.20 

.16 

.31 

1 
1 
1 
1 
1 
1 
1 
1 

.15 .0102 .20 1.20 14. -. 035 

.15 ,0100 .22 1.25 14. -. 065 

.12 .0088 .18 1.18 1 1 .  -. 025 

.33 12. -. 070 

.20 12. -. 005 

.22 12. -. 01 5 

.22 14. -. 048 

.05 1 1 .  -. 005 

.22 14. -. 050 

.26 14. -. 030 

.34 12. -. 070 

Tab le  2. A i r f o i l  sec t ions .  

The fuse lage CD, can   be   ob ta ined  f rom  the   tab le   be low  by   choos ing   the   fuse lage 
mos t   nea r l y   l i ke   t he   one   i nves t i ga ted .   Twen ty   pe r   cen t  of CD, can  be added 
t o  a c c o u n t   f o r   t h e  canopy  and  windshield.  For  the Cessna 182, t h e   f a u r t h  
fuse lage was chosen. 

Ref.. Area 

SC 

SC 

SC 

0.266 

0.062 

0.071 

0.063 

0.116 

Tab le  3. Fuselage  drag  where Sc = maximum c r o s s   s e c t i o n a l   a r e a  
and L = Fuselage  length.  
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I II 

The empennage CD va lues   f o r   unde f lec ted   con t ro l   su r faces   can   be   f ound  from 
Tab I e 4 based on'the t a  i I p I anform  area  where is i s  t h e   h o r i   z o n t a  I t a  i I 
sur face   inc idence.  

Tai I 
Lrrangement Description 

Tapered f i I l e t s ,   v e r t i c a l  and 
ho r i zon ta l   t ape red   su r faces  

is = OO 

Tapered f i l l e t s ,   t a i l   s u r f a c e s  
d i t h  end  p la tes  

is = OO 

"- 

i5 = -40 

is = -40 

Symmetr i ca  I tapered f i I I e t s  
i s  = 00 

d e r t i c a l  and h o r i z o n t a l   t a i l  
sur faces is = OO 

T.a i I s u r f a c e s   w i t h  end 
3 I a t e s  

. = -40 ' s  

is = 0' 
rapered f i I I e t s ,   h o r  i zonta I 
ta i I sur faces  

i s  = 0' 

i s  = 4O 
i s  = -40 

Tab le  4 .  Empennage drag. 

\rea 'D, 

S t  
.0063 
.0043 

S t  
.0063 
,0058 

S t  .0059 

S t  .0070 
.0058 

S t  .0058 

Sb .0039 
.0083 
-006 1 

4 

The i n f o r m a t i o n   r e q u i r e d   f o r   l a n d i n g   g e a r   d r a g   p r e d i c t i o n   i s   g i v e n   i n   T a b l e  5. 
Fo r   t he  nose  gear, C D ~  i s   g i v e n ;  however, for  t h e   o t h e r   l a n d i n g   g e a r ,   t h e  
v a l u e   o f  f i s  g iven .  The t a b u l a t e d   v a l u e   o f  f i s   t h e   v a l u e  for  both  wheels 
of  the  landing  gear   assembly.  
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Nose Gear 

I 

Remarks 

8.50-10 wheels, not faired . . . . . . . .  
8.50-10  wheels, faired . . . . . . . . . .  
8.50-10 wheels, no streamline  members . . 

8.50-10  wheels,  faired . . . . . . . . . .  
27-in. streamlined  wheels, not 

faired . . . . . . . . . . . . . . .  

27-in. streamlined  wheels,  not  faired . . 
8.50-10  wheels,  faired . . . . . . . . . .  
21-in. streamlined  wheels,  not  faired . . 

8.50-10  wheels . . . . . . . . . . . . . .  

8.50-10  wheels,  not  faired . . . . . . . .  
8.50-10  wheels,  faired . . . . . . . . . .  

8.50-10  wheels,  not  faired . . . . . . . .  

24-in. streamlined  wheels, 8, intersections 
filleted . . . . . . . . . . . . . .  

8.50-10  wheels,  no  fillets . . . . . . . .  

8.50-10  wheels . . . . . . . . . . . . . .  

Low  pressure  wheels,  intersections  filleted 
Low  pressure  wheels,  no  wheel fairing . . 
Streamlined  wheels,  round  strut, half fork 

no fairing . . . . . . . . . . . . .  

For  the  nose  gear Cg = .%.8 based on 
A, = (wheel  diameterl(whee1  width) 7T 

1.67 
1.50 
3.83 

0.74 

0.98 

0.84 
0.68 
0.53 

0.51 

1.52 

1.02 

1.60 

0.86 
1.13 

1.05 

0.31 
0.47 

1.25 

Table 5, Landing  gear  drag. 
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The CD, va lues   fo r   o ther   components  of  i n te res t   can   be   es t ima ted  by u s i n g   t h e  
tab le   be low:  

AREA  FOR DRAG 
COMPONENTS CA LCU LAT I ON cD7T 

Nace I l es  
1 .  above  wing, smal I 

2. large  leading  edge 

3. smal I leading  edge 

4.  improved  nacel le,  no 

5. improved  nace l le ,   t yp ica l  

a i   r p  lane Cross  sect   ion  area .250 

n a c e l l e ,   s m a l l   a i r p l a n e  Cross   sec t ion   a rea  . 1 20 

nace l   le ,   la rge   a i rp lane Cross  section  area  .080 

c o o l   i n g   f l o w  Cross   sec t ion   a rea  .050 

c o o l i n g   a i r   f l o w  Cross  sect   ion  area . l o o  
Wing Tanks 

1 .  c e n t e r e d   o n   t i p  
2. below  wing t i p  
3. inboard  below  wing 

Wi r e s  and S t r u t s  
1 .  smooth  round  wires 

and s t r u t s   ( p e r   f o o t )  
2. s t a n d a r d   a i r c r a f t  cab l e  

( p e r   f o o t )  
3. smooth e l l i p t i c a l   w i r e  

( p e r   f o o t )  
f i n e n e s s   r a t i o  2 : l  
f i n e n e s s   r a t i o  4 : l  
f i n e n e s s   r a t i o   8 : l  

( p e r   f o o t )  
4. standard  stream1  ined  wire 

5. square   w i re   (pe r   f oo t )  
6. s t r e a m l i n e d   s t r u t s  

( p e r   f o o t )  

Cross sec t ion   a rea  .05-. 07 
Cross sec t i on   a rea  .07-. 10 
Cross sec t   ion   a rea  .15-. 30 

F r o n   t a  I a rea 1.2-1.3 

Fronta  I area 1.4-1.7 

Fronta  I area 
0.6-0.4 

.35 
.3-.2 

F r o n t a l  area 
Fronta I area 

.45-. 20 

.16-. 20 

Fronta I area .075-0.10 

Tab le  6. A i r p l a n e  components. 

For  smooth  round  wire  of   d iameter  less  than 4 inch, assume 
two  end f i t t i n g s   e q u i v a l e n t   t o   t h r e e   f e e t  o f  w i re .  

For  smooth  round s t r u t s  of  d iameter   greater   than  5 /16  inch,  
assume two  end f i t t i n g s   e q u i v a l e n t  t o  one foot  of s t r u t .  



For  smooth e l l i p t i c a l   w i r e ,  assume two  end f 
t o  10 t o  15 f e e t  of wi re .  

For  square  wire,  assume two end f i t t i n g s  equ 
f e e t   o f   w i r e .  

I e n t  i t t i n g s   e q u i v a  

i v a l e n t   t o   t w o  

F o r   s t r e a m l i n e d   s t r u t s ,  assume two end f i t t i n g s   e q u i v a l e n t   t o  
f i v e   f e e t  of s t r u t  i f  f a i r e d ,   t e n   f e e t  i f  u n f a i r e d .  

The t o t a l   d r a g   c o e f f i c i e n t   f o r   t h e   a i r p l a n e   i s   t h u s  

The drag  breakdown  method was used t o   e s t i m a t e  a d r a g   c o e f f i c i e n t  of 0.0311 f o r  
t h e  Cessna 182. D r a g   c o e f f i c i e n t s   f o r   o t h e r   l i g h t   a i r p l a n e s   c a n   b e   f o u n d  
us ing   t he   t ab le   be low  taken  from Reference (14).  

YEAR A I RPLAN E TYPE b S W "POWER" u cD 
(ft) (ft') ( I b s )  (hp l  (k ts)  

I I 
1903 Wr igh t -B ro fhe rs   b ip lane  40: 5.10 750 12 26 0.074 
1945 P i  per  "Cub" persona I 35 5 79 1500 1 35 110 0.032 
1950 Cessna rr170rf persona I 36 175 2200 140 122 0.032 
1942 Messe , rschmi t f - I 09   f i gh te r  32 172 6700 1200 330 0.036 
1943 N. A .  P-51 "Mustang" f i g h t e r  37 23.5 10000 1380 38,O 0.020 

Table 7.  D r a g   c o e f f i c i e n t s   f o r   s e l e c t e d   l i g h t   a i r p l a n e s  

I t  should  be  noted  that   Reference (15)  g ives   another  method o f   e s t i m a t i n g  
d r a g   c o e f f i c i e n t   w h i c h  sums f r i c t i o n   d r a g  and t h e   p r o f i l e   d r a g  for each o f   t h e  
components. 

* e = 1 / ( 1  + 6 1  and a g r a p h   f o r   e s t i m a t i n g  ( 1  + 6 )  can  be  found i n   t h e  
d i s c u s s i o n   o f   t h e  CL, s e c t i o n .  
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The  aerodynamic  p i tching moment abou t   t he  c.g. i s   d e f i n e d   a s  Cm. I n  
e q u i l i b r i u m   f l i g h t ,   t h e   a e r o d y n a m i c   p i t c h i n g  moment must   ba lance  the moment 
c o e f f i c i e n t   r e s u l t i n g  from th rus t .   A l though  Cm appears i n   t h e   l i s t  of  dimen- 
s i o n a l   s t a b i l i t y   d e r i v a t i v e s   i n   A p p e n d i x  B of t he   p resen t   s tudy ,  it i s  n o t  
u s u a l l y   r e f e r r e d  t o  as a s t a b i l i t y   d e r i v a t i v e .  The p r i n c i p a l   e f f e c t   o f  Cm i s  
t o   c o n t r i b u t e   t o   t h e   p e r i o d   o f   t h e   p h u g o i d  mode. 

Several   forces  and moments, such  as t a i l ,  wing,  and  fuselage l i f t  and 
drag, and moments abou t   t he   ae rodynamic   cen te rs   o f   t he   w ing   and   t a i i ,   con t r i bu te  
t o   t h e   p i t c h i n g  moment c o e f f i c i e n t ;  however, f o r  e q u i l i b r i u m ,   p o w e r - o f f   f l i g h t ,  
t h e   e l e v a t o r   i s   p o s i t i o n e d  so t h q t  Cm i s   ze ro .   Fo r   powered   f l i gh t ,  Cm i s   t h e  
negat ive  of  t h e  Cm r e q u i r e d  t o  b a l a n c e   t h e   t h r u s t   f o r c e  moment, CmT.  CmT 
can  be w r i t t e n   a s  

T ZT 

where 
- 
" 

',T q S i  

ZT = pe rpend icu la r   d i s tance  from t h r u s t   l i n e  
t o  c.g., p o s l t l v e   f o r   t h r u s t   l i n e  below 
the   c .g .  

T = t h r u s t  

The p a r t i c u l a r   a i r p l a n e   d i s c u s s e d   l a t e r  was examined w i th   power -o f f ;   thus ,  
Cm = 0. From t h e   e q u a t i o n  above, i t  i s   a l s o   a p p a r e n t   t h a t  C, i s   z e r o  when t h e  
t h r u s t   l i n e  passed   th rough   the   cen te r   o f   g rav i t y  (ZT  = 0 ) .  

An equat ion  
The equat ion  can 
v a r i o u s   a i   r c r a f t  
f i c a t i o n  of t h a t  
t i v e  moment, t h e  
are  based  on  the 

f o r  Cr? i s   a l s o   v e r y   h e l p f u l   i n   d e s i g n i n g  or s i z i n g   a n   a i r p l a n e .  
be w r i t t e n   s i m p l y   b y  summing the  aerodynamic moments o f   t h e  
components  about  the  c.g. The equa t ion   g i ven   be low  i s  a modi- 
c o n t a i n e d   i n  TR-927 (Ref. 16).  D e f i n i n g  "nose-up"  as a p o s i -  
moments can  be summed us ing   F igu re  2. The fo l l ow ing   equa t ions  
assumpt ion   tha t   cos  a = 1 and s i n  a = 0. 

L 

\ i' 

F i g u r e  2. Forces  and moments i n   t h e   p l a n e  of  symmetry. 
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Mc.g. = Lxa + Dza + Ma.c. - L t R t  + D t h t +  

where 
I x, i s   p o s i t i v e   f 0 r . a . c .   o f -   w i n g  ahead of  c.g. 

Za i s  p o s i t i v e  f o r  a.c. of  wing  above  c.g. 
h t   i s   p o s i t i v e  f o r  t a i l  a.c.  above c.g. 

= d i s t a n c e  from c.g. t o  t a  i I q u a r t e r   c h o r d  

Thus, t h e   e q u a t i o n   f o r   t h e  moment c o e f f i c i e n t   c a n  be w r i t t e n  as 

S i n c e   t h e   t a i l   i s   u s u a l l y  a symmetr ica l   sect ion,  

where 
at = (aw - iw - E + i t) 

Thus, 

I t  shou ld   be   no ted   tha t   the   above  equat ion  does n o t   c o n s i d e r   t h e   f u s e l a g e  
or p r o p e l l e r   p i t c h i n g  moment. The f u s e l a g e   p i t c h i n g  moment can  be  approximated 
by 

(Cma) f  se  age 
The e fyec  s o f   t h e   p r o p e  I l e r   a r e   d i s c u s s e d   i n   t h e   s e c t   I o n  dea I i ng w i t h  power 
e f f e c t s   o n   s t a b i l i t y   d e r i v a t i v e s .  

4 i s   e v a l u a t e d   i n   t h e   d i s c u s s i o n   o f   t h e  Cma i n   t h e   p r e s e n t   s t u d y .  
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The t h r u s t   c o e f f i c i e n t , . C ~ ,   l i k e  CL i s   n o t   s t r i c t l y  a s t a b i l i t y   d e r i v a t i v e  
b u t   i s . n e c e s s a r y   i n  a dynamic  ana,lysis. . The c o e f f i c i e n t  i s  non-dimensional 
and i s   d e f i n e d   , a s  . 

. .  . .  , .. 

For  the,Cessna 182 d iscussed  la te r ,  CT = 0.0 s i n c e   t h e   a n a l y s i s  was  made w i t h  
power-off;  tiowever, f o r  power-on c r u i s e  CT = .04. 
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C C and Cm 
L"' D" U 

The s t a b l l i t y   d e r i v a t i v e s  C L ~ ,  C D ~ ,  and Cmu a r e   t h e  changes i n  l i f t ,  drag, 
and p i t c h i n g  moment c o e f f i c i e n t s ,   r e s p e c t i v e l y ,   w i t h   a i r s p e e d .  These  changes 
a t  low speeds a r e   r e a l l y   R e y n o l d s  number e f f e c t s  and  can u s u a l l y  be  considered 
t o  be  zero.  The f a c t   t h a t   t h e y   a r e   v e r y   s m a l l  f o r  low Mach numbers i s   p o i n t e d  
o u t   b y   t h e   f i g u r e   b e l o w   t a k e n  from Reference (18). 

0.3 0.5 0.7 0.9 
Mach number 

F i g u r e  3. V a r i a t i o n   o f  Cg 

0.3 0.5 0.7 
Mach number 

and Cdowith Mach number. 

S i n c e   f o r   t h e   c r u i s e   c o n d i t i o n  CT CD and C T ~  N CD, and  i'n t h e  same manner 
as  above CT i s   n e g l e c t e d  fo r  c r u i s i n g   f l i g h t .   I t   s h o u l d  b e   n o t e d   t h a t   f o r  
approach an8 I and i ng maneuvers, CT, and CD" may become s i g n i f i c a n t  and t h e r e f o r e  
shou ld   no t  be  neglected. 

C L ~ ,  CDu, Cmu, and C T ~  were  chosen t o  be zero fo r  t h e  Cessna 182 i n v e s t i g a t e d  
l a t e r   i n   t h i s   r e p o r t .  
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The s t a b i l i t y   d e r i v a t i v e  C b  i s  t h e  change i n  l i f t  c o e f f i c i e n t   w i t h   a n g l e  
of  a t t a c k  and i s  commonly  known a s   t h e  l i f t  c u r v e   s l o p e .   T h i s   d e r i v a t i v e   i s  
a l w a y s   p o s i t i v e  for  ang les  o f  a t t a c k   b e l o w   t h e   s t a l l .   O r d i n a r i l y ,   t h e   w i n g  
accounts f o r  85% t o  90% of t h e   t o t a l  C b .  T h i s   d e r i v a t i v e   i s   v e r y   i m p o r t a n t  
i n   e q u i l i b r i u m   f l i g h t  and i n  dynamic   cond i t i ons .   S ince   an   a i rp lane   w i th  a 
h i g h e r   v a l u e  o f  CLC, u s u a l l y  has a lower  drag, a h i g h   v a l u e  o f  C b  i s   d e s i r a b l e  
f o r  opt imum  performance.  Higher  values of  C a r e   n e c e s s a r i l y   a s s o c i a t e d   w i t h  
h igh   aspec t   ra t io ,   unswept   w ings .   The  der iva  % i v e   a l s o  makes an  impor tant  
c o n t r i b u t i o n  t o  t h e  damping of t h e   l o n g i t u d i n a l   s h o r t   p e r i o d  mode. 

T h a t   p o r t i o n   o f   t h e   e f f e c t i v e   w i n g   a n g l e   o f   a t t a c k   i n d u c e d   b y   w i n g  l i f t  
can  be w r i t t e n  from Reference (19) :  

where 
el = l+.r' = induced-ang le   span   e f f i c i ency   f ac to r  
T = c o r r e c t i o n   f a c t o r   f o r   i n d u c e d   a n g l e   ( s e e   F i g u r e  4 )  
AR = w i n g   a s p e c t   r a t i o  

I 

Since   t he   ang le  o f  a t t a c k   f o r   z e r o   l i f t  does n o t   v a r y   w i t h   a s p e c t   r a t i o ,   t h e  
geometr ic   angles of a t t a c k  f o r  t h e  same a i r f o i l   w i n g   o p e r a t i n g   a t   t h e  same CL 
b u t   w i t h   t w o   d i f f e r e n t   a s p e c t   r a t i o s   a r e   r e l a t e d   b y  

Thus, t he   exp ress ion  fo r  t h e  l i f t  c u r v e   s l o p e   o f  a w i n g   w i t h   o n e   a s p e c t   r a t i o  
i n   t e r m s   o f   t h e   l i f t   c u r v e   s l o p e  a t  a n o t h e r   a s p e c t   r a t i o  becomes 

where 
dCL/da = change i n  ' l i f t  c o e f f i c l e n t   p e r   d e g r e e  

The e q u a t i o n   a b o v e   i m p l i e s   t h a t   t h e  l i f t  curve   s lope i s  a constant ,   which i s  
a f a i r l y   a c c u r a t e   a s s u m p t i o n  fo r  angles of a t t a c k  up t o  10 or  12 degrees. 
However, once  the   l inear   range of  t h e  2-D l i f t  c u r v e   s l o p e   i s  exceeded, t h e  
l i f t  cu rve   s lope   can   on l y   be   eva lua ted   f o r  a p a r t i c u l a r   v a l u e  of a. I f  cond i -  
t i o n  "2" i s   t h a t   o f   i n f i n i t e   a s p e c t   r a t i o ,   t h e  l i f t  cu rve   s lope   pe r   deg ree  o f  
a f i n i t e   a s p e c t   r a t i o  c a n   b e   w r i t t e n   i n   t e r m s   o f   t h e  2-D a i r f o i l  l i f t  curve  
slope, (dCL/da), as 
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Typ ica l   va lues  f o r  CCk), per  degree  range from a,bout 0.110 f o r  t h i n   a i r f o i l s  
t o  about  0.115 f o r   t h i c k   a i r f o i l s   a t  Reynolds  Numbers  greater  than  about lo6.  
The s l o p e   i s  somewhat less   a t   lower   Reyno lds  Numbers  and a t   t h e   h i g h e r   ( n e a r  
1.0) l i f t  c o e f f i c i e n t s .   F o r   e x a c t i n g  use, re fe rence  shou ld  be made t o  c a r e f u l  
w ind   t unne l   t es ts  of t h e   a i r f o i l   b e i n g  examined. 

A r a p i d   a p p r o x i m a t i o n   t o   t h e   e x a c t   v a l u e  of  e l  may be  achieved  by  using 
e i t h e r   o r   b o t h  of the   f i gu res   be low.   F igu re  4, taken  f rom  Reference (19) 
has  both 'I and 6 p l o t t e d   f o r   v a r i o u s   t a p e r   r a t i o s   a t   a n   a s p e c t   r a t i o   o f  6.28 
(6  i s  used i n   t h e   d i s c u s s i o n   o f  C o a l .  F i g u r e  5 i s  a p l o t   o f  1 + T and 1 + 6 
f o r   v a r i o u s   a s p e c t   r a t i o s   a t  a t a p e r   r a t i o   o f  1.0 f rom  Reference (20). Thus, 
i f  a g iven  des ign  has  an  aspect r a t i o  6 ,  F igu re  4 may be  used; i f  t h e  
des ign  has a t a p e r   r a t i o   o f  1.0, F igu re  5 may be  used.  For  most l i g h t   a i r p l a n e s ,  
F igu re  4 s h o u l d   g i v e   a c c e p t a b l e   r e s u l t s .  

Tip chod'Root chord 

F igu re  4. V a r i a t i o n   o f  T and 6 
w i t h   t a p e r   r a t i o s   a t  
a s p e c t   r a t i o  of  6.28 .  
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AR 

F igu re  5. V a r i a t i o n   o f  1 + T 
and 1 + 6 w i t h   a s p e c t  
r a t i o s   a t   t a p e r   r a t i o  
o f  1.0. 

The l i f t  c u r v e   s l o p e   o f   p a r t i a l   o r   f u l l  span f lapped  w ings   can   o f ten  be 
a p p r o x i m a t e d   s a t i s f a c t o r i l y   o r   d i r e c t l y   f o u n d  by c o n s u l t i n g   t h e  NACA l i t e r a t u r e .  
Many repor ts   have been w r i t t e n   c o n c e r n i n g   v a r i o u s   f l a p   c o n f i g u r a t i o n s   o n   s e v e r a l  
a i r f o i l s   o r  wings.  Thus, NASA CR-1485 (Ref .  2 )  should be very   va luab le ,  
because it l i s t s  NACA r e p o r t s   d e a l i n g   w i t h   s p e c i f i c   f l a p   c o n f i g u r a t i o n s .   I n  
the  usual   case, CL i s   l a r g e r   f o r   f l a p s   d e f l e c t e d   t h a n   f o r   f l a p s   r e t r a c t e d .  
F o r   t h e   c r u i s e   c o d i t   i o n ,  an   undef   lec ted   f lap   can   usua l   l y  be c o n s i d e r e d   p a r t  
o f   t h e   a i r f o i l   s e c t i o n ,   t h u s   r e q u i r i n g  no a d d i t i o n a l   c a l c u l a t i o n .   F o r   o t h e r  
f l i g h t  modes, however, it may be  necessary t o   f i n d  C L ~  f o r  a g i v e n   f l a p   d e f l e c -  
t i o n .  The l i f t   c u r v e   s l o p e   o f   t h e   w i n g   i s   p r o b a b l y  known f o r   a l l   f l i g h t  
c o n d i t i o n s   b y   t h e   t i m e  a dynamic   ana lys i s   i s  made, b u t  i f  no t ,  NASA CR-1485 
should be used  as a major   re fe rence fo r  i n fo rma t ion   on   p red ic t i on   o f   ae rodynamic  
c h a r a c t e r i s t i c s   o f   f l a p s .   I f   t h e   a i r p l a n e   a n a l y z e d  has p a r t i a l  span f l a p s  
ins tead o f  f u l l  span  f laps,   the  approx imate l i f t  curve  s lope  can  be  obta ined 
f rom 

where 

S = wing  area 

f = s u b s c r i p t   d e n o t i n g  f lap 

- = mean s e c t i o n   v a l u e  o f  t h e   l i f t   c u r v e  
da s I ope  between t h e   r o o t  and t i  p s e c t   i o n  

E L  

L. 
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Although ~ L C ,  f o r   t h e   c o m p l e t e   a i r p l a n e ,   i n  many cases, i s  assumed equal 
t o   t h e  C b .  of the   w ing   a lone,  a  method o f   p r e d i c t i n g   t h e  body  and t a i l  C b  
should  be  avai lab le.  The  method  presented  here  for   approx imat ing  the body 
c o n t r i b u t i o n   i s   t a k e n   f r o m   R e f e r e n c e  (10). 

where 
k2 - k, = apparent mass f a c t o r   w h i c h   i s  a f u n c t i o n   o f  

f i neness   ra t i o   ( l eng th /max imum  th i ckness )  

vb = t o t a l  body  volume 

So = c r o s s   s e c t i o n a l   a r e a   a t  x. 

x. = body s t a t i o n  where f l o w   c e a s e s   t o  be 
p o t e n t i a l ,   t h i s   i s  a f u n c t i o n   o f  x i ,  
t h e  body s t a t i o n  where the  parameter 
dSx/dx f i r s t  reaches i t s  minimum value. 
( T h i s   s t a t i o n  where t h e  change i n   a r e a  
w i t h   r e s p e c t   t o  x f i r s t  reaches i t s  lowest 
value  can be est imated  f rom a s k e t c h   o f  
t h e  body. 1 

Sx = body c r o s s   s e c t i o n a l   a r e a   a t  any  body 
s t a t i o n  

R b  = body  length. 

F igures  6 and 7 rep resen t   g raphs   f o r   es t ima t ing   bo th   k2  - k l  and xo/Rb. 

FINENESS RATIO 

F i g u r e  6 .  Reduced mass f a c t o r .  
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The d e r i v a t i v e  of t h e  above e x p r e s s i o n   i s   t a k e n  t o  y i e l d  

F igu re  7 .  Body s t a t i o n  where f l o w  
becomes v iscous .  

Fo r   an   es t ima te   o f  some v a l u e s   o f  (C~,)Body, Tab le  1 from TR-540 (Ref. 9 )  
i n   t h e   d i s c u s s i o n   o f  CL can  be  considered. The t a b l e   i s  a t a b u l a r   f o r m  of  CL 
versus a fo r   var ious   fuse lage,   w ing   combina t ions .  The v a l u e   o f  C L  i s  based  on 
w ing   a rea ,   and  a l though  the   fuse lages   g iven   do   no t   rea l l y   represent   the   fuse-  
lage o f  a l i g h t   a i r p l a n e ,   t h e y   s e r v e   a s  an i n d i c a t o r   f o r   t h e   d e g r e e   o f   f u s e l a g e  
c o n t r i b u t i o n   t o   ( C b ) T o t a l .  

The t a i l  as   we l l   as   t he   f use lage  may make  a s i g n i f i c a n t   c o n t r i b u t i o n   t o  
CL,. For   the  usual   aerodynamic  analys is ,   the  wing C L ~  i s   u s u a l l y   c o n s i d e r e d  
t o  be t h e   t o t a l  C o f  t h e   a i r f r a m e ;  however, f o r  a dynamic s t a b i l i t y   a n a l y s i s ,  
t h e   t o t a l  CLO, i s  t % e change i n   t o t a l  CL r e s u l t i n g   f r o m  a change i n   a n g l e   o f  
a t t a c k   o n l y .  An a i r p l a n e   i n   f l i g h t  must  be  trimmed a f t e r   t h e   a n g l e   o f   a t t a c k  
i s  changed i f  t h e  new a n g l e   o f   a t t a c k   i s   t o  be  maintained. Thus, t h e  trim 
forces   change  over   the   ang le   o f   a t tack   range,   mak ing  it i m p o s s i b l e   t o  measure 
CL, i n   f l i g h t   w i t h   e v e r y t h i n g   e l s e   ( i n c l u d i n g  trim forces)   cons tan t . *  Wind 
t u n n e l   t e s t s   c a n  be used t o   o b t a i n   t h e   t o t a l  C , s i n c e   t h e  model  can  be 
r e s t r a i n e d .   S i n c e   t h e   t a i l   c o n t r i b u t i o n   i s  sma 9 I compared t o  the  wing  con-  
t r i b u t i o n   ( u s u a l l y   l e s s   t h a n  l o % ) ,  i n  many cases, CL o f   t h e   w i n g   a l o n e   c a n  
be  used.  For t h e   a i   r p  I ane t o  be  ana l y z e d   l a t e r  i n t a i s   s t u d y ,   t h e  w i ng 

cLa 
(4.61 I i s  used. 

The t a i l   c o n t r i b u t i o n   t o  C b  can be est imated  as,  

T o t a l   L i f t  = L i f t w i n g  + L i f t f u s e l a g e  + L i f t t a ;  I 

Thus, 

* A l though  imposs ib le  t o  measure exac t l y ,  C L ~  can  be  approximated  wi th a 
good  degree of accuracy from f l i g h t   t e s t   r e c o r d s .  
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S i nce 

thus,  

at =a, - i, + i t  - E , 

The t a i l   c o n t r i b u t i o n   c a n   t h e r e f o r e  be w r i t t e n   a s  

T y p i c a l   v a l u e s   o f  C L  f o r  l i g h t   a i r p l a n e s   f a l l   i n   t h e   r a n g e  o f  4.0 t o  7.0  per 
rad ian,   depending  chyef   ly  on t h e   t y p e  o f  wing  used. 
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The s t a b i l i t y   d e r i v a t i v e  C D ~  i s  t h e . c h a n g e   i n   d r a g   C o e f f i c i e n t   w i t h   v a r y i n g  
ang le  of 'a t tack. :   -Above  . the  an 'g le  of  a t t a c k   f o r  minimum drag - t h e . d r a g   c o e f f i c i e n t  
increases as t h e , a n g I e  o f  a t t a c k   i n c r e a s e s ;   t h u s , ' C d   i s p o ' s i t t i v e   i n   s i g n .  ' 8  

CDai,isua I I y Has .I i t t l e   e f f e c t  o n   t h e   s h o r t   p e r i o d  mo%e and has   on l y   a .  sma I I 
' , e f f e c t   o n   t h e   p h u g o i d  mode i n   t h a t  a d e c r e a s e ' i n  C D ~  u s u a l l y   i n c r e a s e s   s t a b i l i t y .  

C o ,  i s  made up o f   c o n t r i b u t i o n s   f r o m   t h e  wing,  fuselage,  and t a i l   s e c t i o n ,  
w i t h   t h e   w i n g   b e i n g   b y   f a r   t h e   l a r g e s t .  The w i n g   d r a g   c o e f f i c i e n t   c a n  be 
w r i t t e n   a s  

CD = cdo + (CL*/.rreAR) 

where 
Cdo = p r o f i l e   d r a g   c o e f f i c i e n t  

e = 1 / ( 1  + 6 )  = Oswa ld ' s   span   e f f i c i ency   f ac to r  * 
Thus, C I J ~  i s  

wing 
dCdo ~ C L  
" + -  

CDawing d a  TeAR 'h 
- 

For  smal l   angles o f  attack,  (dCdo/da) i s   u s u a l l y   s m a l l ;  however, for  f l i g h t  
modes other  than  cruise,   (dCdo/da)  could  have a s i g n i f i c a n t   v a l u e .  The wing 
C D ~ ,  in  most  cases,  serves  as a good  approximation o f  t h e   t o t a l  C D ~ .  

For   fuse lage  angles o f  a t t -ack  less  than loo,  t he   f use lage  C I J ~  can be 
i gno red ,   as   can   t he   t a i l  C D ~ ,  w i t h  good  accuracy. Wind t u n n e l   t e s t s   s h o u l d  
a c t u a l l y  be  used t o  measure a i r p l a n e  C D ~ ,  but  because  the  wing CD dominates 
and s i n c e   t h e   e q u a t i o n s   a r e   r e l a t i v e l y   i n s e n s i t i v e   t o  changes i n  i t  i s  
f e l t   t h a t  C D ~  can be approximated  by  the  wing  contr ibut ion.   Thus, 

The v a l u e   o f  C D ~  c a l c u l a t e d  fo r  t h e  Cessna 182 i s  0.126 per   rad ian .  

* A g r a p h   f o r   e s t i m a t i n g  ( 1  + 8 )  can be f o u n d   i n   t h e   d i s c u s s i o n  of CL,. 
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i s  p e r h a p s   t h e   m o s t   i m p o r t a n t   d e r i v a t i v e   r e l a t e d   t o   l o n g i t u d i n a l  
y  and c o n t r o l ,   s i n c e  it p r i m a r i l y   e s t a b l i s h e s   t h e   n a t u r a l   f r e q u e n c y   o f  

t h e   s h o r t   p e r i o d  mode and i s  a m a j o r   f a c t o r   i n   d e t e r m i n i n g   t h e   r e s p o n s e   o f  
t h e   a i r f r a m e   t o   e l e v a t o r   m o t i o n s  and gus ts .   Usua l ly ,  a l a rge   nega t i ve   va lue  
o f  C% i s   d e s i r e d  (-0.5 t o  -1.0 f o r   l i g h t   a i r p l a n e s ) ,   b u t  i f  C i s   t o o   l a r g e ,  
t h e   r e q u i r e d   e l e v a t o r   e f f e c t i v e n e s s  may become unreasonab ly   h ig  ? . 

F i g u r e  8 ,  taken  from  Reference ( 1  11, shows t h a t  

N = L cos (a  - i,) + D s i n ( a  - i,) 

C = D cos (a  - i,) - L s i n ( a  - iw) 

where 
i = inc idence  ang le  
t = s u b s c r i p t   w h i c h   r e f e r s   t o   t h e   t a i l  
w = s u b s c r i p t   w h i c h   r e f e r s   t o   t h e   w i n g  

-Airplane  reference  line 

Wind 
Direc 

-. 
$& t it 

F i g u r e  8.  Forces  and moments in   p lane  o f   symmet ry .  

Neg lec t i ng  Cct, the d e r i v a t i v e   o f   t h e   p i t c h i n g  moment w i t h   r e s p e c t  t o  CL can 
be w r i t t e n   a s  

C o n t r i b u t i o n   o f   w i n g   C o n t r i b u t i o n   C o n t r i b u t i o n  
o f  o f   fuse lage 

h o r i z o n t a l  & nacel  les 
t a i  I 
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- 

where 

Eva I u a t  
s i n ( a  - 
w i t h  ( a  

where 

CmaaC, = moment c o e f f i c i e n t  abou 
R t  = length  from c.g. t o  hor  
rlt = st/sw 

t aerodyanmi c c e n t e r  
i zonta I t a i  I q u a r t e r   c h o r d  

i n g  some o f   t h e   d e r i v a t i v e s  shows t h a t ,  i f  a - i, i s   s m a l l   t h e n  

, - iwl, and dCdo/dCL = 0 then 
i,) y ( a  - i,) and  cos(a - i,) 1.0, C D ( ~  - iw l /CLa   i s   sma l l  compared 

e = span e f f i c i e n c y   f a c t o r   o b t a i n e d   f r o m  C L ~  
AR = w i n g   a s p e c t   r a t i o  

Using  the  above  equat ions,  

where C L ~  i s   p e r   r a d i a n .   I f   t h e  c.g. i s  ahead o f   the   aerodynamic   cen ter ,  X, 

i s   p e g a t l v e  (Xa = d is tance  f rom  c .g .   to   a .c .1 .  I f   t h e   c . g .   p o s i t i o n   i s   u n d e r  
the  wing  a.c.,  Za i s   p o s i t i v e   ( z a  = v e r t i c a l   d i s t a n c e   f r o m   c . g .   t o   a . c . 1 .  

The a n g l e   o f   a t t a c k   o f   t h e   t a i l   i s  a f u n c t i o n   o f   t h e   w i n g   a n g l e  of a t t a c k ,  
aownwash, t a i l   i n c i d e n c e ,  and  wing  incidence.  Thus, 

a t = a w - ~ + i t - i W .  

The f i r s t   t e r m  of  a Tay lo r   expans ion  of  CNt g i v e s  

Therefore,  
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The  above  equation  can  be  used t o  w r i t e  (dCm/dCL)t  as: 

Reference (19 )  g i ves   t he   change   i n  downwash w i t h   r e s p e c t   t o  a as 

where 
X = t i p   c h o r d / r o o t   c h o r d   ( u s e   0 . 6 7 f o r   e l l i p t i c a l   w i n g )  

AR = w i n g   a s p e c t   r a t i o  
R’ = d i s t a n c e   f r o m   w i n g   q u a r t e r   c h o r d   t o   h o r i z o n t a l  

t a i  I qua r te r   cho rd .  

I f   t h e   h o r i z o n t a l   t a i l   i s   l o c a t e d   k 0 . 5 ~   o r  more v e r t i c a l l y   f r o m   t h e   c e n t e r l i n e  
o f   t h e  wake,  a cons tan t  o f  18 i n s t e a d   o f  20 should  be  used. 

Two methods, explained  below, may be  used t o   e s t i m a t e   t h e   e f f e c t s  of  t h e  
fuselage  on Cb. The l a t t e r  method i s  cons ide red   t he  more a c c u r a t e   o f   t h e  two 
b u t   r e q u i r e s  more c a l c u l a t i o n s .  The f i r s t  method r e q u i r e s   t h e   e v a l u a t i o n   o f  
t h e   e q u a t i o n  

Nacel  les 

where 
kf = e m p i r i c a l   f a c t o r  shown i n   F i g u r e  9 
w f  = maximum w i d t h  o f  t h e   f u s e l a g e  o r  n a c e l l e  
E,, = l e n g t h   o f   f u s e l a g e   o r   n a c e l l e  
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3.2 

2.8 

2 A 

2 -0 

I . . ,  kf 
1-6 

. .  

1.2 

-8 

-4 

0 20 40 60 

Position of wing 114 root 
chord  on  body, 

F igu re  9 .  E m p i r i c a l   f a c t o r  fo r  fuse lage o r  
n a c e l l e   c o n t r i b u t i o n s  t o  C%. 

The  above  formula,  taken  from TR-711 (Ref.  21), i s  a s imp le  method f o r   e s t i m a t i n g  
t h e   e f f e c t   o f   t h e   f u s e l a g e   o r   n a c e l l e s   o n  CYa. 

The  second  method,  taken  from  Perkins  and Hage (Re f .111 ,   cons ide rs   t he   f ac t  
t h a t   t h e   v a r i a t i o n   o f   t h e   f u s e l a g e   l o n g i t u d i n a l   p i t c h i n g  moment w i t h   a n g l e  of 
a t t a c k   i s   g r e a t l y   a f f e c t e d  by t h e  upwash i n   f r o n t   o f   t h e   w i n g  and t h e  downwash 
behind  the  wing.   The  wing 's   induced  f low has a heavy d e s t a b i l i z i n g   i n f l u e n c e  
on   the   fuse lage o r  n a c e l l e   s e c t i o n s  ahead of the   w ing  and a s t a b i l i z i n g   i n f l u e n c e  
beh ind   the   w ing .  Thus, t h e   l o c a t i o n   o f   t h e   w i n g   w i t h   r e s p e c t   t o   t h e   l o n g i t u d i n a l  
ax i s   i s   o f   cons ide rab le   impor tance .   Mu l thopp   (Re f .   22 )   p roposes   t he   f o l l ow ing  
fo rmula  t o  a c c o u n t   f o r   t h i s  phenomenon: 

where 
B = ang le  of l o c a l   f l o w   ( f r e e s t r e a m   a n g l e  of  

a t t a c k   p l u s   t h e   a n g l e   o f   t h e   i n d u c e d   f l o w  
ahead o f  or  beh ind   t he   w ing )  

w f  = fuse lage   w id th  
= length  of  fuse lage 
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The  equat ion  can be in tegrated  nurner ica I l y   i n   t h e  manner i l l u s t r a t e d   i n   F i g u r e  10. 

Segments 1-5 da/da 
Segment 6 dB/da 

" 

from 
from 

curve a 
curve b 

b - 4  I 

F igu re  10. Typ ica l   l ayou t  for  
comput ing  fuselage 
moments. 

The i n t e g r a t i o n   r e q u i r e s   t h a t   t h e   a v e r a g e   v a l u e   o f  w f 2  (dB/da)Ax  be  found f o r  
each  segment  and t h a t   t h e   i n d i v i d u a l  segment p a r t s  be summed. The c u r v e   f o r  
dB/da v e r s u s   p o s i t i o n s  ahead o f   t h e   w i n g   l e a d i n g  edge i n   p e r c e n t   w i n g   c h o r d   a r e  
g i v e n   i n   c u r v e   ( a )  of  t h e   f o l l o w i n g   f i g u r e .  For t he   sec t i on   immed ia te l y  ahead 
o f   t h e   w i n g   l e a d i n g  edge,  dB/da r i s e s  so a b r u p t l y   t h a t   i n t e g r a t e d   v a l u e s   a r e  
g i v e n  based  on t h e   l e n g t h  of t h i s  segment a f t  of  the   w ing   cho rd   ( cu rve   b ) .  
Fo r   t he  segment a f t   o f   t h e   w i n g ,  it i s  assumed t h a t  dB/da r i s e s   l i n e a r l y   f r o m  
z e r o   a t   t h e   r o o t   t r a i l i n g  edge t o  ( 1  - de/da) a t   t h e   h o r i z o n t a l   t a i l   a . c .  I n  
the   reg ion   be tween  the   w ing   lead ing  and t r a i l i n g  edge,  dB/da i s   c o n s i d e r e d  
zero. I t  shou ld  be  remembered tha t   us ing   t he   p rocedure   above   g i ves  cm per  
rad  i an. a. 
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0 -4 .8 1.2 1.6 2.0 - 
X 1   X 1  - and - 
C C 

F i g u r e  11 .  Fuse lage  p i tch ing  moment 
c o n t r i b u t i o n   t o  Cm,. 

I t  may be d e s i r a b l e   t o   i n c l u d e  a fac to r   wh ich   t akes   i n to   accoun t   t he  
i n t e r f e r e n c e   e f f e c t   o f   t h e   f u s e l a g e   o r   n a c e l l e  on  the  wing Cm. T h i s   a d d i t i o n -  
a l   c o n t r i b u t i o n   c a n  be  approximated  by  the  formula  below and  added t o   t h e  C h  
o f  the  wing.  

dCm - 
da ( 2 9 0 )  ( S I  
" 

C ( W ~ . ~ .  + WMid. - WT.E.) 

where 
W L . ~ . ,  W M ~ ~ . ,  and WT.E. = w i d t h s   o f   t h e   f u s e l a g e  a t  

the  wing  leading edge, mid- 
chord,  and t r a i l i n g  edge, 
r e s p e c t i v e l y .  

Thus, t h e   t o t a l   a i r p l a n e  Cm c a n   b e   w r i t t e n   a s   t h e  sum o f  t h e   w i n g   c o n t r i b u -  
t i o n ,   t h e   f u s e l a g e   c o n t r i b u t i o n ,  and t h e   t a i l   c o n t r i b u t i o n :  

A t y p i c a l   v a l u e  for  C,, i s   t h e  o n e   a s s o c i a t e d   w i t h   t h e  Cessna  182. For 
t h e   c . g .   a t  26% o f   t h e  mean aerodynamic  chord Cmcl = -0.885.  Moving t h e  c.g. 
f o rward   p roduces   h ighe r   nega t i ve   va lues   f o r  Cb; moving it a f t  achieves  less 
nega t i ve   va lues .   Fo r   mos t   l i gh t   a i rp lanes ,  Cm p r o b a b l y   f a l l s   i n   t h e   r a n g e  
o f  -0.5 t o  -1.0. 
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C 
La 

The s t a b i l i t y   d e r i v a t i v e  C i s   t h e  change i n  l i f t  c o e f f i c i e n t   w i t h   t h e  
r a t e   o f  change of  angle of a t t a c  ? . T h i s   d e r i v a t i v e   a r i s e s  from a t y p e   o f  
"p lung ing"   mot ion   a long  the   z -ax is ,   dur ing   wh ich   the   ang le  of  p i t c h ,  8, remains 
zero.  For low speed f l i g h t ,   t h e   d e r i v a t i v e   r e s u l t s   p r i m a r i l y   f r o m   t h e   a e r o d y -  
namic t i m e   l a g   e f f e c t   a t   t h e   h o r i z o n t a l   t a i l ,  and i t s   s i g n   i s   p o s i t i v e .  For 
t h e   c o n v e n t i o n a l   l i g h t   a i r p l a n e ,   t h e   h o r i z o n t a l   t a i l   i s  immersed i n   t h e  down- 
wash f i e l d   o f   t h e  wing some d is tance  beh ind   the   w ing .  When the  wing  angle  o f  
a t t a c k   i s  changed, t h e  downwash f i e l d   i s   a l s o   a l t e r e d ;  however, it takes  a 
f i n i t e   l e n g t h   o f   t i m e   f o r   t h e  downwash a l t e r a t i o n s  t o  r e a c h   t h e   t a i l ,   r e s u l t i n g  
i n  a t a i l   l i f t  w h i c h   l a g s   t h e   m o t i o n   o f   t h e   a i r c r a f t .  C@ c a n   a l s o   a r i s e  
f r o m   a e r o e l a s t i c   e f f e c t s   a t   h i g h  speed, b u t   t h e s e   a e r o e l a s t i c   c o n t r i b u t i o n s  
a r e   n e g l i g i b l e   f o r   l i g h t  a i r c r a f t .  

T h i s   d e r i v a t i v e   i s   u n i m p o r t a n t   i n  a dynamic l o n g i t u d i n a l   s t a b i l i t y  
a n a l y s i s   f o r   l i g h t   a i r p l a n e s ,   s i n c e   i t s   e f f e c t   i s   e s s e n t i a l l y   t h e  same as i f  
t h e   a i r p l a n e ' s  mass o r   i n e r t i a  were  changed  about  the  z-axis. Many s t u d i e s  
e i t h e r   n e g l e c t  CG by c a l l i n g   I t s   e f f e c t s   s m a l l  or f a i l  t o  ment ion i t  a t   a l l  
because o f   t h e   n e g l i g i b l e   e f f e c t s .  

An e m p i r i c a l   m e t h o d   f o r   c a l c u l a t i n g  C b  can  be  found  using  the same 
a p p r o a c h   t h a t   i s  used f o r  C . Cm& i s   m e r e l y   t h e  moment r e s u l t i n g  from t h e  
t i m e   l a g  of t h e   t a i l  l i f t ;  t 2 u s ,  C u  can  be  thought o f  as CG d i v i d e d   b y   t h e  
non-dimensional moment arm *. Thus, 

-C% -c C~ 

c G = R t / c =  Rt 

The 
t a  i 
t h e  

n e g a t i v e   s i g n   i s  
i ng 

included  because a p o s i t i v e   p i t c h i n g  moment from t h e  
I r e q u i r e s  a negat ive  l i f t  (nose-up i s  a p o s i t i v e   p i t c h i n g  moment). Us 
e q u a t i o n   d e r i v e d   f o r  C ~ ,  CG can be w r i t t e n  as, 

CG = 

where 
kt' = d is tance  between  the  wing  quar ter   chord 

and t h e   h o r i z o n t a l   t a i l   q u a r t e r   c h o r d .  

A t y p i c a l   r a n g e  of  v a l u e s   o f  C f o r   l i g h t   a i r p l a n e s   i s  1.5 t o  3.0. For 
t h e  Cessna 182, CG was found t o   b e q . 7 4 .  

* t h e   l e n g t h  from t h e   c . g .   t o   t h e   t a i l   q u a r t e r   c h o r d   d i v i d e d   b y   t h e  mean 
aerodynamic  wing  chord, ( Q / c ) .  

54 



C 
Da 

The s t a b i l i t y   d e r i v a t i v e  CDG i s   t h e  change i n   d r a g   c o e f f i c i e n t   w i t h   r a t e  
of change o f   a n g l e   o f   a t t a c k .  

L 'ke e f f e c t  and va r ious   "dead-we igh t "   ae roe   as t i c   e f fec ts .   Fo r   a i rp lanes   i n   t he  
speed  and we igh t   range   o f   l i gh t   a i rp lanes ,   however ,   t he   d rag   va r ia t i on  due t o  
b o t h   t h e s e   e f f e c t s   i s   n e g l i g i b l e .   C o n s e q u e n t l y ,  C D ~  i s  taken t o  be  zero. 

, (3% ar ises   f rom  the   aerodynamic   lag  
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The d e r i v a t i v e  Cm6 i s   t h e  change i n   p i t c h i n g  moment c o e f f i c i e n t   w i t h  
r e s p e c t  t o  b ,  t h e  t ime r a t e  of  change of  t h e   a n g l e  o f  a t t a c k .  I t  i s   q u i t e  
i m p o r t a n t   i n   l o n g i t u d i n a l  dynamics,  since it i s   i n v o l v e d   i n   t h e  damping o f  
t h e   s h o r t   p e r i o d  mode. A nega t i ve   va lue  of  Cm& i nc reases   sho r t   pe r iod  
damping; t h u s ,   h i g h   n e g a t i v e   v a l u e s   a r e   d e s i r a b l e .   T h i s   d e r i v a t i v e   i s   a c t u a ! l y  
caused  by a l a g   e f f e c t   o f   t h e  downwash a t   t h e   h o r i z o n t a l   t a i l   o f   t h e   a i r c r a f t .  

War Report  WR L-430 (Ref. 23) i s   c o n s i d e r e d   t o   g i v e   t h e   b e s t   d e r i v a t i o n  
o f  an e m p i r i c a l   f o r m u l a   f o r  C a  based  on t h e   l a g   o f   t h e  downwash between t h e  
t r a i l i n g  edge o f  t h e   w i n g   a n d   t h e   h o r i z o n t a l   t a i l .  The downwash a t   t h e   t a i l  
a t   t h e   t i m e  t depends  on t h e   a n g l e   o f   a t t a c k   o f   t h e   w i n g   a t   t h e   t i m e  

a; t "  
U 

where 
Ri = length  from t h e   q u a r t e r   c h o r d  of t he   w ing  

U 
" = l a g   t i m e   o f   t h e  downwash 
c t o   t h e   q u a r t e r   c h o r d  of t h e   h o r i z o n t a l   t a i l  - 

The ang le  of a t t a c k  of t h e   " a i  I, at, can  be w r i t t e n   a s  

For a g i v e n  maneuver, t h e   a n g l e   o f   a t t a c k   c a n  be w r i t t e n   a s  a f u n c t i o n   o f   t i m e ,  
a = f ( t ) .  Thus,  expanding t h e  downwash i n  a T a y l o r   s e r i e s  and i g n o r i n g  
second o r d e r   t e r m s ,   t h e  downwash can  be w r i t t e n   a s  a f u n c t i o n   o f  (t - A t )  as 

E = -  " f ( t  - A t )  
aa 

where 
A t  = - 

U 

As a simp1 

f 

Thus, 

i f y i n g   t e c h n i q u e ,  f ( t  - A t )  can  be  expanded i n  a T a y l o r   s e r i e s   a s  

A q u a n t i t y  

( A t  1 A t  f ' ( t )  + - f " ( t )  - - (At)3 f " ' ( t )  + ... 2 6 

s i s  now in t roduced t o  non-dimensional ize 6 ,  where 



Therefore,  can  be  expressed  as 

a = " = -  * 2U da 2U da 
c ds c d(- t) 2u 

C 

and  can  be  expressed  as 

The downwash can now be w r i t t e n   i n   t e r m s  o f  ,s as 

da + ( 2  g)' 
E = Ea {a - 2 -  

2u 
d(- t) d(- 

C C 

d2a - ... 3 
c 2u 

The e q u a t i o n   f o r  CY+ can now be w r i t t e n ,   w i t h   t h e   a b o v e   e q u a t i o n   s u b s t i t u t e d  
f o r  t h e  downwash, as 

2% da 2 q  d2a at - a,  - i, + i t  - { a  - -- 
c ds 

- + (-1 z- ... 1 
C 

Since a and a, r e f e r   t o   t h e  same a n g l e   o f   a t t a c k ,  

da 
c ds 

2a-i 2 ( T I  
at = a ( l  - + it - iw + -- - 

Ea 2 
9 - ... 

Since Cm- r e s u l t s  from t h e   l a g   o f   t h e  downwash a t   t h e   t a i l ,   o n l y   t h e   t a i l  
c o n t r  i buy  ion t o   t h e   p i t c h  i ng moment must  be  considered when Cm& i s   d e r i v e d  . 
The p a r t   o f   t h e   p i t c h i n g  moment c o e f f i c i e n t   c o n t r i b u t e d  by t h e   t a i l  can  be 
w r i t t e n   a s  

where 
fit = d i s t a n c e   f r o m   c . g .   t o  & c h o r d   o f   t a  i I 

S ince  Cm i s  a f u n c t i o n  of  t a i l   a n g l e   o f   a t t a c k ,   t h e   e x p r e s s i o n   d e r i v e d   a b o v e  
f o r  % can be s u b s t i t u t e d   i n t o   t h e  Cm f o r m u l a   t o   y i e l d  

fit st da 
2% 2 

Cm = - cbt O t  c sw 
" {a(l - E a )  + Ea - - - c tis Ea 2 z ( T - )  d 2 a  + ...} 

The . p a r t i a l   d e r i v a t i v e  of Cm w i t h   r e s p e c t   t o  da/ds  can now be  expressed  as 

S t  2 a i  
- ( 7 1  rlt 
SW 
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or 

I t  shou ld   be   no ted   tha t   the   above  fo rmula   agrees   w i th   the   one  deve loped  in  
Pe rk ins  and Hage (Ref. 111, except  f o r  t h e  manner i n   wh ich  & i s  non- 
d imens iona l i zed .  I t  s h o u l d   a l s o  be p o i n t e d   o u t   t h a t  C m i  can  be  found from 
t h e  a b o v e   e q u a t i o n   b y   m e r e l y   d i f f e r e n t i a t i n g   w i t h   r e s p e c t   t o   d 2 a / d s 2 .   I n  
genera l ,   however ,   angular   accelerat ions  are  cons idered  smal l  when l i n e a r i z e d  
equat ions  of mot ion  are  used and the re   a re   on l y   sma l l   d i s tu rbances   f rom 
e q u i l i b r i u m .  Thus, f o r  I i g h t   a i r p l a n e s ,  CmE would n o t  be o f  great   impor tance.  

A t y p i c a l   r a n g e   o f  Cm& f o r  a l i g h t   a i r p l a n e  i s  -3.0 t o  -7.0. F o r   t h e  
Cessna 182, Cm& was c a l c u l a t e d   a t  -5.24. 
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The s t a b i l i t y   d e r i v a t i v e  CL,q r e p r e s e n t s   t h e   c h a n g e   i n   a i r p l a n e  l i f t  w i t h  
v a r y i n g   p i t c h i n g   v e l o c i t y   w h i l e  The ang le  of  a t t a c k  of  t h e   a i r p l a n e   a s  a whole 
rema ins   cons tan t .   Con t r i bu t i ons   a re  made by  both  the  wing and h o r i z o n t a l  
t a i l ,   b u t   t h e   t a i l  Is by f a r   t h e  more  important. The general  concensus i s  
t h a t  CL p l a y s   o n l y  a m i n o r   p a r t   i n   e s t i m a t i n g   t h e   l o n g i t u d i n a l   r e s p o n s e  o f  t h e  
a i r c r a f ? .  

Volume V o f  Aerodynamic  Theory  by  Durand  (Ref. 24) e x p l a i n s   t h e   p h y s i c a l  
phenomena a s s o c i a t e d   w i t h  C L ~ .  F i g u r e  1'2 shows t h a t  an a i r p l a n e   f l y i n g   w i t h  
v e l o c i t y  U i n  a c i r c u l a r   f l i g h t   p a t h   o f   r a d i u s  R and c e n t e r  0 has  an  angular 
v e l o c i t y ,  de,  such t h a t  U = R(de/dt l   and a i s  constant .  

0 

F i g u r e  12. P i t c h i n g   a t   c o n s t a n t  a. 

For   smal l   per tu rba t ions ,   (dO/d t )  = q (Appendix A ) .  I f   t h e   a i r p l a n e   c . g .   i s  
t r a v e l i n g   w i t h   v e l o c i t y  u w h i l e   t h e   a i r p l a n e   i s   r o t a t i n g   w i t h   a n g u l a r   v e l o c i t y  
q, t h e   d i r e c t i o n  o f  mot ion o f  any p o i n t   o n   t h e   t a i l ,   d i s t a n c e  Rt beh ind   t he  
c.g., makes a n   a n g l e   t a n - l ( q R t / U )   w i t h   t h e   d i r e c t i o n   o f   m o t i o n   o f   t h e   c . g .  
Provided qkt i s   n o t   t o o   l a r g e  compared t o  u ,  t h e   e f f e c t i v e   i n c i d e n c e  of  t h e  
t a i  I i s   i n c r e a s e d  by  approximately qRJu rad ians.  

The w i n g   c o n t r i b u t i o n   t o  CL can be e x p l a i n e d   i n  much t h e  same way. The 
change i n   a n g l e  of  a t t a c k   o f   t h e   w i n g  (measured a t   t h e  ae rodynamic   cen te r )   i s  9 

xc.g. ACX = - q (  - Xa.c. 
U 

I 

where 
xcag.  = d i s t a n c e   t o   t h e  c.g. 
xaac .  = d i s t a n c e   t o   t h e  a.c. 

T h i s   e x p r e s s i o n   i n d i c a t e s   t h a t   t h e r e  i s  a r e d u c t i o n   i n  l i f t  i f  t h e   c . g .  is 
behind  the  a.c.   and  an  increase i f  t h e   c . g .   i s   i n   f r o n t   o f   t h e  a.c.  For a 
c .g.   very   near   the a.c., t h e   w i n g   c o n t r i b u t i o n   i s   n e g l i g i b l e ;  however, t h e  
w ing   con t r ibu t ion   inc reases   as   the   d is tance  be tween  the   c .g .  and a.c. 
increases. I t  i s   f e l t   t h a t ,   f o r   l i g h t   a i r p l a n e s ,   t h e   f u s e l a g e   c o n t r i b u t i o n  
t o  C L ~  i s   s m a l l e r   t h a n   t h a t   o f   t h e  wing;  thus, it i s   neg lec ted   he re .  



I . , -.. .. . 

A t h e o r e t i c a l   d e r i v a t i o n   o f  CLq can  be  obtained  f rom WR L-430 (Ref. 231 
b y   m o d i f y i n g   t h e  Cmq d e r i v a t i o n  t o  be d isGussed  la ter .  A t  t h e   h o r i z o n t a l  
t a i l ,   t h e   a n g l e  of  a t t a c k   i s   i n c r e a s e d  R t e / U  by   p i t ch ing .  The t o t a l   l i f t  
c o e f f i c i e n t   i s ,   t h e r e f o r e ,   i n c r e a s e d   b y   t h e  amount 

where 
= t a i l  I i f t  cu rve   s lope  

The f o l l o w i n g   e x p r e s s i o n   i s  used  as  a non-d imensional iz ing  technique.  

Thus, 

D i f f e r e n t i a t i n g   w i t h   r e s p e c t   t o  (ci)/2U) 

o r  

The w i  ng cc m t  r i b u t i o  n can be o b t a i n e d   s i m i l a r l y  by s u b  ‘ s t  i t u t  i ng t h e  d i  
f rom  the   c .g .   to   the   w ing   quar te r   chord  * fo r  t h e   d i s t a n c e  R t .  Thus, 

where 
x’ = distance  f rom  c.g.  t o  wing  quarter  chord 

( p o s i t i v e   f o r   c . g .  ahead o f   qua r te r   cho rd ,  
n e g a t i v e   f o r  c.g.   behind  quarter  chord) 

CLC, = wing l i f t  cu rve   s lope  

stance 

* A t  t h i s   p o i n t  it is assumed t h a t   t h e   a . c .   o f   t h e   w i n g   i s   v e r y   n e a r   t h e  
w i n g   q u a r t e r   c h o r d ;   t h e r e f o r e ,   t h e   q u a r t e r   c h o r d   i s  used  as  the  reference. 
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The airplane C becomes 
Lq 

8CL 
cLq a(c9-j 

- - -  

2u 

For the Cessna 182 aircraft investigated  later in the paper, the c.g.  is 
located  very  near the quarter chord and the wing contribution is therefore 
neglected. The value of aircraft CL was  calculated to be 3.9. 4 
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The s t a b i l i t y   d e r i v a t i v e  CD i s   t h e  change i n   d r a g  of t h e   a i r p l a n e   w i t h  
v a r y i n g   p i t c h i n g   v e l o c i t y   w h i l e  ?he a n g l e   o f   a t t a c k   o f   t h e   a i r p l a n e   a s  a whole 
rema ins   cons tan t .   Th i s   de r i va t i ve   has   con t r i bu t i ons  from both  the  wing  and 
t h e   f u s e l a g e   b u t   b o t h   c o n t r i b u t i o n s   a r e   v e r y   s m a l l .   I n   a l l   o f   t h e   l i t e r a t u r e  
fo r  s u b s o n i c   f l i g h t ,  CD i s   i g n o r e d  because it i s   r e a l l y   u n i m p o r t a n t   i n  
a n a l y z i n g   f l i g h t  dynami2s  and  very  small i n   magn i tude .  Qq fo r  t h e  Cessna 
182 i s   t a k e n   t o  be 0. 
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The change i n   p i t c h i n g  moment c o e f f i c i e n t  due t o  a change i n   p i t c h i n g  
v e l o c i t y   c o n s t i t u t e s   t h e   s t a b i l i t y   d e r i v a t i v e  Cm . If  an  a i rp lane  has  a pos i -  
t i v e   p i t c h   r a t e   w i t h  a cons tan t   ang le  of a t t a c k   ? f l y i n g  a curved f I-,igh't pa th )  , t h e  
a n g l e   o f   a t t a c k   a t   t h e   t a i l   i s   i n c r e a s e d ,   t h e r e b y   a d d i n g  more p o s i t i v e  l i f t  
t o   t h e   t a i l  and c r e a t i n g  a moment t o  oppose t h e   p i t c h i n g   m o t i o n .   F o r   t h i s  
reason, t h e   d e r i v a t i v e   i s  sometimes r e f e r r e d   t o  as t h e   " p i t c h  damping" de r i va -  
t i v e  and i s   u s u a l l y   n e g a t i v e .  The w i n g   c o n t r i b u t i o n   t o  Cm e i t h e r  opposes 
o r   i nc reases   t he   p i t ch ing   mo t ion   depend ing   on   t he   c .g .   l o2a t i on   ( see   d i scuss ion  
o f  C L ~ ) ;  however, t h i s   i s   r e l a t i v e l y   i n s i g n i f i c a n t  compared t o   t h e   t a i l  
c o n t r i b u t i o n .  The f u s e l a g e   c o n t r i b u t i o n   i s   a l w a y s   n e g l e c t e d   f o r   l i g h t   a i r -  
planes. 

T h i s   p a r t i c u l a r   d e r i v a t i v e   i s   v e r y   i m p o r t a n t   i n   l o n g i t u d i n a l   d y n a m i c s  
because it p l a y s  a m a j o r   r o l e   i n   t h e  damping o f   t h e   s h o r t   p e r i o d  mode and  a 
m i n o r   r o l e   i n   p h u g o i d  damping.  High  negat ive  values  of  Cm (-10.0 t o  -15.0) 
u s u a l l y   i n s u r e  good s h o r t   p e r i o d  damping f o r   l i g h t   a i r p l a n e s .  9 

' Cmq can be considered a sum o f  moments  due t o   t h e  component p a r t s   o f  
C L ~ .  Consequently, 

- a cm 

a(:) I a(%, 
fit ac, 

" 
- - -" 

t a i  I t a i  I 

(The negative  sign  appears  because  Cmqtai l  i s  a lways  negat ive,   whi le CL 
i s   a l w a y s   p o s i t i v e )  and 9 ta  i I 

2% 

a a(%) 
l x c l  acL 

'mqw i ng 
" - 

" 

wing  wing 
where 

L U  

1x.l = d i s tance  
chord  (a 

f rom  c.g 
I ways pos 

. t o  wing  quar ter  
i t i v e ) .  

The s i g n   o f  Cmqwing i s   o p p o s i t e   t h a t   o f  CLqwing; thus ,  / x c /  i s  used instead o f  
X * .  When t h e  a.c. i n   f r o n t   o f   t h e  c.g. C L ~ ~ ~ ~ ~  i s   n e g a t i v e   b u t  Cmqwing i s  
p o s i t i v e .  The t o t a l  Cmq i s  

2x * S t  
C 2  c"q 

- - "  "r) 

where 
x c  = d i s tance   f rom  c .g .   t o   w ing   qua r te r   cho rd  

( p o s i t i v e   f o r   c . g .  ahead o f   qua r te r   cho rd ,  
n e g a t i v e   f o r  c.g.  behind  quarter  chord. 

/ x c /  = magni tude  o f  x* 

The v a l u e   o f  Cm c a l c u l a t e d   f o r   t h e  Cessna 182 i s  -12.43. 4 
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The  change i n  l i f t  c o e f f i c i e n t  due t o  e l e v a t o r   d e f l e c t i o n   i s   t h e   s t a b i l i t y  
d e r i v a t i v e  C L ~ ~ .  S ince downward d e f l e c t i o n  of  t h e   e l e v a t o r   i s   d e f i n e d   a s  
pos i t i ve ,   p roduc lng  a p o s i t i v e  l i f t ,  C L ~  i s   n o r m a l l y   p o s i t i v e   i n   s i g n .  Many 
e r r o n e o u s l y   c o n s i d e r   t h i s   d e r i v a t i v e   t o  Ee t h e  same a s   t h e   c h a n g e   i n   e q u i l i b r i u m  
l i f t  c o e f f i c i e n t   w i t h   r e s p e c t   t o   e l e v a t o r   d e f l e c t i o n ,   i n   w h i c h   t h e   e l e v a t o r  
de f l ec t i on   causes  a change i n   t h e   a n g l e  of  a t t a c k ,   r e s u l t i n g   i n   w i n g  and t a i l  
l i f t  changes .   Fo r   t he   de r i va t i ve  C L ~ ~ ,  t h e   e l e v a t o r   a n g l e   i s   t h e   o n l y   q u a n t i t y  
which  can  change;  thus,  the  angle o f  a t t a c k   a s  we I I as a I I o ther   ang les   must  
remain   the  same. CL6E d o e s   n o t   a p p e a r   i n   t h e   c h a r a c t e r i s t i c   e q u a t i o n  of t h e  
a i r c r a f t ,   b u t  it does  appear i n   t he   numera to r  o f  t h e   t r a n s f e r   f u n c t i o n s ;  it 
t h e r e f o r e   a f f e c t s   t h e   g a i n   o f  a p a r t i c u l a r   t r a n s f e r   f u n c t i o n .  

For a c o n v e n t i o n a l   a i r c r a f t   w i t h   t h e   h o r i z o n t a l   t a i l  mounted  an a p p r e c i a b l e  
d i s t a n c e   a f t   o f   t h e   c e n t e r  of  g r a v i t y ,  CL6E i s   sma l l ,   app rox ima te l y  0.1 t o  
0.2 p e r   r a d i a n .   F o r   l i g h t   a i r p l a n e s   w i t h   r e l a t i v e l y   l a r g e   t a i l s ,  C L ~ ~  may 
take  on  values  between 0.3 and 0.5 pe r   rad ian .  

NACA TR-791 (.Ref. 25)  m e n t i o n s   t h a t  C L ~  i s  usua I l y  obtained  f rom  wind 
tunne l   da ta ;   however ,   an   empi r i ca l   re la t ion   f rom  Reference ( 1 1 )  can  be  used 
t o  approximate C L ~ ~ :  

dCLt  dat 

dat d6E 
CLQ = - - 

where 
(dCLt) / (dat l  = l i f t  cu rve   s lope  o f  t h e   t a i l  

and dat/d6E i s   p lo t - tedas  a f u n c t i o n   o f   e l e v a t o r   a r e a   d i v i d e d  by t a i l  area 
( F i g u r e  131, where S E / S ~  = 1.0 f o r   a l  I-movable t a i  I .  

.8 

.6 

.4 

.2 

0 .l .2 .3 .4 .S .6 .7 

‘E”t 

F i g u r e  13 .  E l e v a t o r   e f f e c t i v e n e s s .  

The d e r i v a t i v e   c a n  be  est imated  more  exact ly   by  us ing  the  two-d imensional  
da ta   ava i l ab le   i n   Re fe rence   (19 )  a n d   m e r e l y   c o r r e c t i n g   f o r   a s p e c t   r a t i o .  The 
d a t a   p r e s e n t e d   a r e   f o r   t h e  0009 a i r f o i l  and a r e   u s e f u l ,   t h e r e f o r e ,   f o r   m o s t  
l i g h t   a i r p l a n e s   ( F i g u r e s  14 and 1 5 ) .  Dommash (Ref. 19) m e n t i o n s   t h a t   t h e   d a t a  
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g iven  f o r  t h e  NACA 0009 a i r f o i l   w i t h  a p l a i n   f l a p   i l l u s t r a t e   t h e   p r i n c i p l e s  
invo lved and are   no t   in tended  as   exac t   eng ineer ing   des ign   da ta ;  however, t h e  
d a t a   s h o u l d   g i v e   r e s u l t s   w e l l   w i t h i n   t h e   s a t i s f a c t o r y   r e q u i r e m e n t s .  

L 
V 
Y 

V 
r 
r 

-Test data 
0) Extrapolated 
0 .02 
e+ 
m 

0 -2 .4 .6 .8 1.0 

Flap-airfoil chord ratio,  cf/c 

c h o r d   r a t i o   f o r  NACA 0009 a i r f o i l   w i t h   p l a i n ,  
unsea led   f laD and O..OO5c gap. 

F igu re  14 .  F l a p   e f f e c t i v e n e s s   p a r a m e t e r   v e r s u s   f l a p - a i r f o i l  

0- 1.0 
a - 
.w '0 -8 .- 
r 
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.- 
v -6 
0 
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c1 z - -4 .- c 
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c M .2 
a a 
0 

0 
0 5 10 1s 20 25 30 

Flap  deflection cf ,  deg 
F i g u r e  15 Change i n  l i f t  c o e f f i c i e n t   ( w i t h   c o n s t a n t  

a n g l e   o f   a t t a c k )   v e r s u s   f l a p   d e f l e c t i o n  
fo r   seve ra l   va lues  o f  f l a p - a i r f o i l   c h o r d  
r a t i o s .  NACA 0009 a i r f o i l   w i t h   p l a i n ,  
unsea led   f l ap  and 0 . 0 0 5 ~  gap. 
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The two-dimensional   values of  C L ~  found  above  can  be  changed t o  CQ c o r r e c t e d  
fo r  aspec t   ra t i o   us ing   t he   co r recF ion   p rocedure   g i ven   i n   Re fe rence  ( f 0 )  fo r  
f lapped  wings: 

s e c t i o n   l i f t   c u r v e   i n c r e m e n t  due t o  f l a p   ( e l e v a t o r )  
d e f l e c t i o n   ( t h i s   d e r i v a t i v e   s h o u l d   n o t  be  confused 
w i t h   t h e   r o l l i n g  moment c o e f f i c i e n t   a p p e a r i n g   i n  
t h e  I a t e r a  I dynamics 1. 
l i f t  cu rve   s lope  of  t a i l   w i t h o u t   f l a p   d e f l e c t e d  

s e c t i o n   l i f t   c u r v e   s l o p e   o f   b a s i c   a i r f o i l  
(3-D 1 

r a t i o   o f  3-D f l a p   e f f e c t i v e   p a r a m e t e r  t o  t h e  2-D 
f l ap   e f fec t i veness   pa ramete r   ob ta ined   f rom  the  
f igure   be low  as  a f u n c t i o n   o f   w i n g   ( t a i l )   a s p e c t  
r a t i o  and t h e   t h e o r e t i c a  I va I ue o f  (a6 )c2. The 
t h e o r e t i c a l   v a l u e   i s   a l s o   g i v e n   a s  a f u n c t i o n  of  
f l a p   c h o r d   t o   a i r f o i l   c h o r d .  
f lap-span  factor   which i s  = 1.0 f o r   e l e v a t o r  
h o r i z o n t a l   t a i l   s u r f a c e   f o r   l i g h t   a i r p l a n e s .  
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For most l i g h t   a i r p l a n e s ,  ( a & ) ~  /(a&) N 1.0 t o  1 . 1 ;  C L ~ ~  and C k t  can  be 
es t imated   us ing   the   p rocedures  knumer%'ed fo r  C k ,  and Cg6 can  be  est imated 
us ing the   g raphs  f o r  t h e  0009 a i r f o i  I. The f o r m u l a   f o r  CLgE based on wing 
area  can  then  be wri "ten  as 

o r ,   s i nce  (a&) /(cl&)cR i s  approx imate ly  1.05 for  most l i g h t   a i r c r a f t ,  
CL 

The v a l u e  of  c a l c u l a t e d  for t h e  Cessna 182 is 0.427. 

67 

"""__"..__._~."."""..._.I .._.".."_... * ""-..."""- ---..... .... --..-.-------. 



The  change i n   d r a g   c o e f f i c i e n t  due t o  a change i n   e l e v a t o r   a n g l e   i s   t h e  
c o n t r o l   s u r f a c e   s t a b i l i t y   d e r i v a t i v e  C D ~  . For   an  e levator  o f  reasonable 
s i z e ,   t h e   t o t a l   a i r p l a n e   d r a g  does n o t  c Fi ange a p p r e c i a b l y   w i t h   e l e v a t o r  
d e f l e c t i o n .   F o r   t h i s   r e a s o n ,  C D ~ ~  i s   o f t e n   n e g l e c t e d .  The c h a r a c t e r i s t i c  
e q u a t i o n   o f   t h e   a i r c r a f t   i s   n o t  a f u n c t i o n   o f  CD~,-; t h u s ,   a f f e c t s   o n l y  
t h e   g a i n   o f   t h e   p a r t i c u l a r   t r a n s f e r  such  as u / ~ E .  

Probably +he bes t  method o f   e s t i m a t i n g  CD~,  i s   t o   p e r f o r m   w i n d   t u n n e l  
t e s t s  on a p a r t i c u l a r   a i r c r a f t  model;  however, i f  w i n d   t u n n e l   t e s t i n g   i s   n o t  
f e a s i b l e ,  CD6 can be approx imated  by  us ing  data  f rom  wind  tunnel   tests   which 
have  a I ready Eeen performed. NACA TR-688 (Ref. 26) discussed  the  aerodynamic 
c h a r a c t e r i s t i c s  of s e v e r a l   h o r i z o n t a l   t a i l s .  Using t h e  figures beluw and t h e  
appropr iate  graphs,  can  be  est imated.  Five t a i l  shapes from NACA TR-688 
were  chosen f o r   i n c l u s i o n   i n   t h i s   a n a l y s i s .  To estimate CD”, the t a i l  
sur face  which is m o s t   l i k e   t h e   o n e   i n   q u e s t i o n  s h o u l d  6.e use . Th,e numerical 
va lue  of CD6 can   be   t aken   f rom  p lo t s   o f  CD versus CY f o r   d i f f e r e n t   e l e v a t o r  
d e f l e c t i o n s   F o r   e a c h   t a i  I surface;  however,  the va I ues o f  CQ must be 
m u l f i p l i e d  by S t / S  so t h a t   w i l l  be based  on  wing  area. 

I 

(5 )  
F igu re  17. F i v e   t a i l   s u r f a c e s   s e l e c t e d   f r o m  NACA TR-688 (Ref. 2 6 ) .  
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T a i  I Span S t  Se Ct Test  u Tes t  
Sur face AR ( i n . )  ( s q .  ( s q .  ( i n . )   ( f p s )  RN 

i n . )  i n .  1 

1 3.4 155 701  5  2450  45.25  88.0 1 ,960,000 
2 3.1 23.6 181  68 7.68 110.0 448,000 
3  4.3 39.4  361  81 9.15 ----- 
4 4.3 39.4  361 117 9.15 ----- 
5 4.3 39.3  356 1 62  9.06 ----- 

""""- """"_ 
""""- 

I I 

Tab le  8. D i m e n s i o n a l   c h a r a c t e r i s t i c s   f o r   h o r i z o n t a l   t a i l s .  
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Angle of attack (deg) 

F i g u r e  18. Drag c o e f f i c i e n t  
aga i   ns t   ang le  of  
a t t a c k  a t  var i ,ous 
e l e v a t o r   d e f l e c -  
t i o n s  for  t a i  I 
s u r f a c e  1. 

-4 0 4 8 12  16 20 24 
24 Angle of attack (deg) 

F i g u r e  19. Drag c o e f f i c i e n t  
a g a i n s t   a n g l e  o f  
a t t a c k   a t   v a r i o u s  
e l e v a t o r   d e f l e c -  
t i o n s  fo r  t a i  t 
s u r f a c e  2. 
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Figure  20. Drag c o e f f i c i e n t  

aga ins t   ang le  of 
a t t a c k  a t  v a r i o u s  
e l e v a t o r   d e f l e c -  
t i o n s   f o r  t a i  I 
s u r f a c e  3. 
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Angle of attack (deg) 

F i g u r e  21. Drag c o e f f i c i e n t  
aga i n s t   a n g l e   o f  
a t t a c k   a t   v a r i o u s  
e l e v a t o r   d e f l e c -  
t i o n s  for t a i  I 
sur face  4. 

- 4  0 4 8 12  16 20 24 

Angle of at tack (deg) 

Figure  22. Drag c o e f f i c i e n t  
aga ins t   ang le  of  
a t t a c k   a t   v a r i o u s  
e leva to r   de f   l ec -  
t i o n s   f o r   t a i l  
sur face  5. 
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The s t a b i l i t y   d e r i v a t i v e  Cm6E i s   t h e  change i n   p i t c h i n g  moment c o e f f i c i e n t  
w i t h  changes i n   e l e v a t o r   d e f l e c t i o n ,   u s u a l l y   r e f e r r e d  t o  as   "e leva tor   power" ,  
o r  "e leva to r   e f fec t i veness . "  I f  Cm6E and t h e  maximum d e f l e c t i o n  o f  t h e   e l e v a t o r  
a r e  known, t h e  maximum r o t a t i o n  moment w h i c h   t h e   t a i l   c a n   e x e r t   c a n   b e   e s t i -  
mated. I t  must  be remembered t h a t  Cm6 i s   e v a l u a t e d   w i t h o u t   a l l o w i n g   t h e  
a i r p l a n e  t o  r o t a t e  or  any   o the r  parame F e r s  t o  change; thus,  Cm6E i s   r e a l l y  
t h e  moment produced  by C L ~ ~ .  \ 

The p r i m a r y   f u n c t i o n  of t h e   e l e v a t o r  i s  t o  c o n t r o l   t h e   a n g l e   o f   a t t a c k  
o f  t h e   a i r p l a n e   i n   e q u i l i b r i u m   f l i g h t  o r  i n  maneuvering f l i g h t .  Depending 
o n   t h e  maximum a l l owab le   f o rward   cen te r  of  g r a v i t y   t r a v e l ,   t h e   h o r i z o n t a l   t a i l   i s  
designed t o  g i v e  enough t a i l  power i n   a l l   f l i g h t   c o n d i t i o n s   t o   c o n t r o l   t h e   a i r -  
c r a f t .  I f  t h e  needed t a i l  o r  e l e v a t o r   s i z e   i s   e n t i r e l y   u n r e a s o n a b l e ,   t h e   d e s i r e d  
c.g. t r a v e l  may have t o  be l i m i t e d .   F o r   a l l   p r a c t i c a l   p u r p o s e s   t h e  maximum 
p r a c t i c a l  Cm6E de te rm ines   t he  maximum forward   cen ter  of g r a v i t y   t r a v e l .  

S ince a p o s i t i v e   e l e v a t o r   d e f l e c t i o n   i s   d e f i n e d   a s  down,  a p o s i t i v e   e l e v a t o r  
d e f l e c t i o n   g i v e s  a n e g a t i v e   p i t c h i n g  moment c o n t r i b u t i o n ,   m a k i n g   t h e   s i g n   o f  
C!sE negat ive .  A d e s i r a b l e   v a l u e  of  Cm6E cannot  be s t a t e d   i n   g e n e r a l   f o r   a l l  
a t r c r a f t  because  each  case  must be ana lyzed   separa te l y .   Fo r   mos t   l i gh t   a i r -  
c r a f t ,  however,  should  have a value  between-0.75  and-2.0. 

The numerical   value of CmBE can be ob ta ined by m u l t i p l y i n g  C L ~ ~  by   t he  
d i s tance   f rom  the   c .g .  t o  t h e   t a i l   q u a r t e r   c h o r d   d i v i d e d   b y   t h e   w i n g  mean 
aerodynamic  chord : 

The negat ive  s ign  appears  because C L ~  i s   p o s i t i v e  and Cm6E must be negat ive ,  
as  d iscussed  above.  For  the Cessna 162, Cm6E was c a l c u l a t e d   t o  be-1.26. I n  
t h e   e x p e r i m e n t a l   c a s e   u s e d   f o r   t h i s   s t u d y ,   t h e r e   i s  a c o n t r i b u t i o n   t o  Cm6E 
due t o   t h e  moments a b o u t   t h e   a . c .   o f   t h e   h o r i z o n t a l   t a i l ;  however, t h i s  
c o n t r i b u t i o n   i s  so smal l  i t  i s   u s u a l l y   n e g l e c t e d .  
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The s t a b i l i t y   d e r i v a t i v e  C B i s   t h e  change i n   s i d e   f o r c e  caused  by a 
v a r i a t i o n   i n   s i d e s 1   i p   a n g l e .   d e n   t h e   a i r f r a m e   h a s  a p o s i t i v e   s i d e s l i p ,  f3, 
t h e   r e l a t i v e   w i n d   s t r i k e s   t h e  w i n g ,   f u s e l a g e ,   a n d   v e r t i c a l   t a i l   o b l i q u e l y  
from t h e   r i g h t ,   r e s u l t i n g   i n  a nega t i ve   s ide   f o rce .  The m a j o r   c o n t r i b u t i o n  
t o  C comes f r o m   t h e   v e r t i c a l   t a i l ,   w i t h  a s m a l l e r   c o n t r i b u t i o n   f r o m   t h e  
fuseyage  and a n e a r l y   n e g l i g i b l e   c o n t r i b u t i o n   f r o m   t h e   w i n g .   T h i s   d e r i v a t i v e  
c o n t r i b u t e s   t o   t h e  damping o f  t h e   D u t c h   R o l l  mode; thus ,   l a rge   nega t i ve  
va lues  of  CY@ m i g h t  seem d e s i r a b l e .   L a r g e   n e g a t i v e   v a l u e s   o f  CYB, however, 
may c r e a t e  a l a r g e   t i m e   l a g   i n   t h e   a i r p l a n e ' s   r e s p o n s e  and cause it t o  r e a c t  
s l u g g i s h l y  to t h e   p i l o t ' s  commands. 

I n   e s t i m a t i n g   v a l u e s   f o r  CyB, f o r c e - t e s t   d a t a  fo r  t h e   d e s i g n   i n   q u e s t i o n  
should  be  used, i f  p o s s i b l e .   A c c o r d i n g   t o  TR-1098 (Ref. 271, i n t e r f e r e n c e  
e f f e c t s   a r e  so l a r g e   t h a t  a genera l ized  formula  would  not   be  complete ly  
s a t i s f a c t o r y .   I n s t e a d ,  a method o f   c o r r e c t i n g   d a t a  of a s i m i l a r   d e s i g n  fo r  
use i n   a n a l y z i n g   t h e   d e s i g n   i n   q u e s t i o n   i s  recommended. A more r e c e n t  
p u b l i c a t i o n ,  Datcom (Ref. 101, p robab ly   g i ves   t he   mos t   accu ra te  method, 
s i n c e   i n t e r f e r e n c e   e f f e c t s  based  on   exper imenta l   resu l ts   a re   inc luded.  

The w i n g   c o n t r i b u t i o n   t o  CyB i s  sma I I ,  o n   t h e   o r d e r   o f  a2 ( a n g l e   o f  
a t t a c k   i n   r a d i a n s ) ,  so i t s   a c c u r a t e   e s t i m a t i o n  i s  n o t   v i t a l   t o   t h e   t o t a l  Cyb. 
For  swept  wings, TN-1581 (Ref.  2 8 )  g i v e s   t h e   f o l l o w i n g   f o r m u l a   f o r  CYB o f  
t he   w ing :  

- 6 t a n  A s i n  A 
(Cyg)wing - cL2 T A R ( A R  + 4 cos A )  . ( p e r   r a d i a n )  

For zero  sweep ( A  = 0'1, (C )w ing   i s   equa l   to   zero .   TR- l098(Ref .  2 7 )  s t a t e s  
t h a t   t h e  above  formula i s   n 8   s a t l s f a c t o r y   i n   p r a c t i c e  and t h a t  no c o r r e c t i o n  
of (Cyglwing i s  n e c e s s a r y   f o r   s i m i l a r   d e s i g n s   s i n c e   t h i s   c o n t r i b u t i o n  i s  so 
smal l .  The  method i n  Datcom (Ref. 10) g i v e s   t h e   e f f e c t  of  wing  d ihedra l   on 

6 as   f o l   l ows :  

(CygIwing = -.0001 I I ' l  per  degree, 

where r i s   i n  degrees. 

The f u s e l a g e   c o n t r i b u t i o n   i s   g r e a t e r   t h a n   t h a t   o f   t h e   w i n g  and may be 
est imated  by a method  adapted  from Datcom (Ref. 10). The b a s i c   r e l a t i o n   i s  

where 
Body Reference  Area = ( f u s e l a g e   ~ o l u m e ) ~ ' ~ ,  

K i  = w ing - fuse lage   i n te r fe rence   f ac to r  
obta ined  f rom  the  graph  be low,  
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zw = d i s tance   f rom body c e n t e r l i n e  t o  
quar te r - cho rd   po i   n t   o f   exposed  
w i n g   r o o t   c h o r d   ( p o s i t i v e  fo r  
t h e   q u a r t e r - c h o r d   p o i n t   b e  I ow 
t h e  body c e n t e r l i n e ) ,  

d = maximum body h e i g h t   a t  wing-body 
i n t e r s e c t i o n .  

0 -1.0 

F i g u r e  23. Values f o r  w ing - fuse lage   i n te r fe rence   f ac to r .  

TR-540 (Ref. 9 )  g i v e s   v a l u e s  of  ( C b I f u s   a s  .0525 p e r   r a d i a n  fo r  round  fuse- 
lages  and .1243 p e r   r a d i a n   f o r   r e c t a n g u l a r   f u s e l a g e s .   O b s e r v a t i o n  o f  these  

7 3  



d a t a   i n d i c a t e s   t h a t ,  for  m o s t   c o n v e n t i o n a l   l i g h t   a i r c r a f t ,   t h e   v a l u e  o f  (CyB)fus 
i s  smal l .  

The v e r t i c a l   t a i l   i s   t h e  mos t   impor tan t   con t r i bu to r  t o  CyB, and ( C y g l t a i l  
i s  used i n   t h e   c a l c u l a t i o n  of  t a i l   e f f e c t s  on many o f   t h e   o t h e r   l a t e r a l   s t a b i l -  
i t y  d e r i v a t i v e s .  TR-1098 (Ref. 27) g i v e s   t h e   f o l l o w i n g   f o r m u l a  fo r  adapt ing  

i 

i 

l a r  model t o  the   des ign   under   cons ide ra t i on :  

qn" r e f e r s  t o  t h e  new C o n f i g u r a t i o n ,  and t h e   s u b s c r i p t   " d a t a "  
r e f e r s   t o   t h e   c o n f i g u r a t i o n   f o r   w h i c h  ( C y g ) t a i ;  i s   a l r e a d y  known. Datcom (Ref.10) 
presents  probably  the  most  comprehensive  method o f  o b t a i n i n g   ( C y B ) t a i  I y e t  
d e v e l o p e d .   I n   t h i s   m e t h o d ,   t h e   f o l l o w i n g   f o r m u l a   i s  shown: 

i- 

The v a l u e  o f  ( C L ~ ) ~  mus t   be   de te rm ined ,   us ing   t he   e f fec t i ve   aspec t   ra t i o  
o f   t h e   v e r t i c a l   t a i l ,   t o   c o n v e r t   t h e   t w o - d i m e n s i o n a l   l i f t - c u r v e   s l o p e  t o  t h e  
three-dimensional   value. The i m p o r t a n c e   o f   t h i s   a p p r o a c h   i s   s t r e s s e d   i n  WR 
L-487 (Ref. 291, i n  w h i c h   d a t a   o f   f r e e - f l i g h t   t e s t s  show t h a t ,  for  v e r t i c a l  
t a i l s  o f  t h e  same a r e a ,   w i t h   t h e   a s p e c t  r a t i o  increased from 1.0 t o  2.28, 
e f fec t i veness   i nc reases  67%. The v a l u e   o f  k,  an e m p i r i c a l   f a c t o r ,  may be 
ob ta ined   f rom  the   f o l l ow ing   g raph  as a f u n c t i o n   o f   t h e   r a t i o  o f  v e r t i c a l   t a i l  
span t o  f u s e l a g e   d i a m e t e r   i n   t h e   t a i l   r e g i o n ,   ( b v / Z r l ) .  

K 

0 1 2 3 4 5 6 

Figure  2'4. Values f o r  k as a f u n c t i o n   o f   t h e   r a t i o   o f   v e r t i c a l  
t a i l  span t o   f u s e l a g e   d i a m e t e r   i n   t h e   t a i l   r e g i o n .  
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The v a l u e  of  the  combinat ion  s idewash  and  dynamic  pressure  ra t io   parameter  for  
zero sweep is t h e   e m p i r i c a l l y - d e r i v e d   e x p r e s s i o n ,  

qv - .724 + 1.53 + .4 a- + .009 ( A R ) ,  ( 1  +"I" 
9 W 

SV ZW 

where 
zw = d i s t a n c e ,   p a r a l l e l  t o  z-axis,  from wing 

r o o t   q u a r t e r - c h o r d   p o i n t   t o   f u s e l a g e  
c e n t e r l i n e ,  

d = maximum diameter  o f  fuselage. 

w i t h   t e s t e d  va I ues   ind ica tes  
P u t t i n g   t o g e t h e r   e a c h   o f   t h e  
(Ref. 10) f o r   t o t a l  $6 resu 

(cy6 )tots I = - K i  

A comDarison of c a l c u l a t e d   v a l u e s   o f   t h i s   p a r a m e t e r   ( u s i n g   t h e  above  formula) 
t h a t   t h e   a v e r a g e   e r r o r   i s   l e s s   t h a n   f i v e   p e r c e n t .  
components, t h e   f o l l o w i n g   f o r m u l a  from Datcom 

I t s :  

(CLJfus ( S W 

Body Reference  Area 1 - .OOOI Irl 

I n c o r p o r a t i n g   t h e  above  formula and t h e   c h a r a c t e r i s t i c s  o f  a t y p i c a l   l i g h t  
a i r p l a n e   y i e l d s  CyB = -.31 per  radian,  which seems t o  be a t y p i c a l   v a l u e .  
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The s t a b i l i t y  d e r i v a t i v e  Cg normally r e f e r r e d  t o  as t h e  " e f f e c t i v e  
d ihedra l  der ivat ive, "  is t h e  cha E'  ge i n  r o l l i n g  moment c o e f f i c i e n t  caused by 
v a r i a t i o n  i n  s i d e s l i p  angle. I n  popular usage, a " p o s i t i v e  d ihedra l  e f f e c t "  
means a negat ive va lue o f  CQ . During a i r c r a f t  s ides l ipp ing ,  t h e  r o l l i n g  
moment produced i s  t h e  r e s u l f  o f  wing d ihedra l  e f f e c t  and t h e  moment r e s u l t i n g  
from t h e  v e r t i c a l  t a i l  center  of pressure located above t h e  e q u i l i b r i u m  x-axis. 
For most conventional con f igura t ions ,  t h e  value o f  CAB is negative; however, 
t h i s  value can e a s i l y  be adjusted by changing t h e  amount o f  b u i l t - i n  wing 
d i hedra 1 . 

CgB i s  q u i t e  important t o  l a t e r a l  s t a b i l i t y ,  s ince it a ids  i n  damping 
both t h e  Dutch RoI I mode and t h e  s p i r a l  mode. For favorable Dutch Ro l l  damping 
cha rac te r i s t i cs ,  small negative values o f  CQB are  desired, bu t  f o r  improved 
s p i r a l  s t a b i l i t y ,  la rge  negat ive values are  necessary. A compromise i s  thus 
i n  order, as ind ica ted  i n  TN-1094 (Ref. 301, which shows t h a t  best  general 
f l i g h t  behavior i s  obtained when t h e  e f f e c t i v e  d ihedra l  angle i s  approximately 
2O. * 

I n  ac tua l  p rac t ice ,  C Q ~  is usua l l y  not  determined a n a l y t i c a l l y  because o f  
t h e  large e r r o r s  invo lved as compared w i t h  f o rce - tes t  d a t a  on t h e  design i n  
question. I f  poss ib le ,  f o rce - tes t  data should be used t o  determine t h e  amount 
o f  wing d ihedra l ,  thus determining t h e  value o f  CgB. 
f o r  s t r a i g h t  and leve l  f l i g h t  ( B  = -9 )  i s  g iven i n  Perkins and Hage (Ref. 1 1 )  
f o r  c a l c u l a t i n g  C Q ~  o f  t h e  t o t a l  a i r c r a f t .  
fol lowed by a d iscuss ion o f  methods f o r  ob ta in ing  each component: 

An a n a l y t i c a l  approach 

Th is  formula i s  g iven below, 

From Perk ins and Hage, fhe wing d ihedra l  c o n t r i b u t i o n  fo CQ i s  P 

(cQB)w = (-1 CQB r -4- ( A C R g ) t i p  shape 
r 

The e f f e c t  o f  wing t i p  shape on t h e  va lue o f  ACQ i s  shown below. B 
Maximum Ordinates 
On Upper Surface 
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AC"= --0°02 

*%= O-O 

Maximum Ordinates 

Maximum Ordinates 
On Lower Surfaces 

1-p Aclp= -0002 

Figure  25. E f f e c t  o f  winq t i p  shape on CgB 
per  radian. 



- 
~~ 

The v a l u e  of ((2% / r )  for  a p a r t i c u l a r   a s p e c t   r a t i o  and t a p e r   r a t i o  may be 
obta ined from t h e   f o l l o w i n g   g r a p h .  B 

0 2 4 6 8 10 

Aspect  Ratio, AR 

F lgu re  26. Values f o r  (Cg / r )  f o r   v a r i o u s   a s p e c t  and t a p e r   r a t i o s .  6 
A t h e o r e t i c a l   s t u d y   f o r   u n s w e p t ,   e l l i p t i c a l   w i n g s   w i t h   z e r o   d i h e d r a l   i s  

p r e s e n t e d   i n  TR-1269 (Ref. 311, p r o d u c i n g   t h e   f o l l o w i n g   e q u a t i o n   f o r   w i n g  
c o n t r  i b u t   i o n   t o  CgB : 

( c ~ ~ ) ~ , =  CL[- -- 16 + .05] per   rad ian  
r=o   IT AR 

A lso   p resen ted   i s  a rev i sed   f o rmu la ,   wh ich   cons ide rs   changes   i n   t ape r   ra t i o :  

(CRg)  w, = CL [- k ( ' 7 1  x + + .05] per   rad ian  
r=o AR A 

where 
k = 1.0 f o r   s t r a i g h t  wing t i p s  
k = 1.5 f o r   r o u n d   w i n g   t i p s  

I f   t h e   v e r t i c a l   t a i l   i s   l o c a t e d  a b o v e   t h e   l o n g i t u d i n a l   a x i s ,   t h e   v e r t i c a l  
t a i l   c o n t r i b u t i o n   i s   e a s i l y   c a l c u l a t e d   f r o m   c o m p u t a t i o n   o f   t h e   n o r m a l   f o r c e  
caused by s i d e s l i p .  Thus, 

where 
zv = d i s t a n c e   f r o m   t h e   c e n t e r  o f  p ressure  of  t h e  

v e r t i c a l   t a i l   t o   t h e   a i r p l a n e ' s   x - a x i s   ( p o s i t i v e  
f o r  v e r t i c a l   t a i l  above t h e   x - a x i s ) .  

77 



Most  studies  on  this  subject  consider  two 
tail--wing-fuselage and wing-vertical  tail 
wing's  location.  These  effects  are  tabula 
in Table 9. 

interference  effects  on  the  vertical 

ted in Perki  ns and Hage,  as  shown 
interference--both  influenced by the 

Wing-fuselage  Wing-vertical  Tail 
( m g  1 ( ACRg 12 

High Wing -. 0006 .00016 
Mid Wing 0 0 
Low Wing .0008 -. 0001 6 

Table 9. Values  for  interference  effects  on  the  vertical fail 
per rad i an. 

Typi.cal  yalues of CR range  from -.03 to -.12 per radian. 8 
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The s t a b i l i t y   d e r i v a t i v e  Cn , o f t e n   c a l l e d   t h e   " w e a t h e r c o c k "  or s t a t i c  
d i r e c t i o n a l   d e r i v a t i v e ,   i s   t h e  c E ange i n  yawing moment c o e f f i c i e n t   r e s u l t i n g  
from a change i n   s i d e s l i p   a n g l e .   P h y s l c a l l y ,  CnB i s   t h e   r e s u l t  of t h e   a i r f r a m e  
s i d e s l i p p i n g ,   w i t h   t h e   r e l a t i v e   w i n d   s t r i k i n g  it ob l i que ly ,   caus ing  a yawing 
moment a b o u t   t h e   c e n t e r  o f  g r a v i t y .  The v e r t i c a l   t a i l ,   f u s e l a g e ,  and  wing 
c o n t r i b u t e  t o  CnB, w i t h   t h e   v e r t i c a l   t a i l   t h e   d o m i n a n t   f a c t o r .   F o r   p o s i t i v e  
s i d e s l i p ,   t h e   v e r t i c a l   t a i l   c a u s e s  a p o s i t i v e   y a w i n g  moment; thus,  CnB i s  
u s u a l l y   p o s i t i v e ,   e v e n   t h o u g h   t h e   f u s e l a g e   c o n t r i b u t i o n   i s   n o r m a l l y   n e g a t i v e .  
The w i n g   c o n t r i b u t i o n   i s   u s u a l l y   p o s i t i v e ,   b u t   q u i t e   s m a l l  compared t o   t h a t  
o f   t h e   v e r t i c a l   t a i l  and  fuselage. 

The v a l u e  o f  CnB de te rm ines   p r imar i l y   t he   Du tch  Roll  na tura l   f requency  
and a f f e c t s   t h e   s p i r a l   s t a b i l i t y  o f  t h e   a i r c r a f t .  I t  i s   g e n e r a l l y   a g r e e d   t h a t  
va lues o f  Cn a s   h i g h   a s   p r a c t i c a l l y   p o s s i b l e   a r e   d e s i r a b l e   f o r  good f l y i n g  
q u a l   i t i e s .   I a t u e s   f o r  CnB should  be  obta ined  f rom  force- test   data f o r  t h e  model 
i n   q u e s t i o n  where  possible. 

obta 

Perk 

A t  present ,  two a n a l y t i c a l  methods o f   c a l c u l a t i n g   t o t a l  Cne appear  most 
complete. The f i r s t   i s   t h a t   p r e s e n t e d   i n   P e r k i n s  and Hage (Ref. 1 1 )  f o r  
s t r a i g h t ,   l e v e l   f l i g h t  ( 6  = -$I.  The va lue  of CnB f o r   t h e   t o t a l  plane  can be 

ined  f rom  the  composi te   formula,  

i n s  and Hage a l s o   g i v e  a va lue  for  (CnglW  as 

(Cng Iw  = ,00006 ( A 0 1  1'2 per  degree 

For  unswept  wings, TM-906 (Ref. 3 2 )  g i v e s  

C,. 
(CnBB)W = - per  rad ian  

  TAR 

T h i s   f o r m u l a   i s   m o d i f i e d   i n  TN-1581 (Ref .   28)   fo r  sweep, by t h e   f o l l o w i n g  
r e l a t i o n :  

1 t a n  A AR A R ~  
(CngIw = C L ~  [" 

4rAR T AR(AR + 4 cos A )  
(COS A - 2 - 8 cos A 

+ 6 C T I  x sin p e r   r a d i a n  

where - x = long i t u d  i na I d is tance.   rearward  f rom 
c.g. t o  wing  aerodynamic  center 
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A va lue  o f  (CngIfus  can  be  obtained  from  Perkins  and Hage by use of 

The v a l u e   o f  KB, an  empir ica l   constant ,   can  be  obta ined from t h e   f o l l o w i n g  
graph  as a f u n c t i o n  of f i n e n e s s   r a t i o  and C.Q. l o c a t i o n .  The d i s t a n c e  from 
t h e  nose t o  t h e  c.g. i s  d; S, i s   t h e  body s ide   a rea .  The o t h e r   v a r i a b l e s   a r e  
shown below. 

F i g u r e  27. Empi r i ca l   cons tan t  KB as a f u n c t i o n  
o f   f i n e n e s s   r a t i o  and C.Q. l o c a t i o n .  

Perkins  and Hage a l s o   p r e s e n t   t h e   f o l l o w i n g   f o r m u l a   f o r   v e r t i c a l   t a i l  
c o n t r i b u t i o n   t o  CnB:  

The v a l u e  of  a,, l i f t - c u r v e   s l o p e  o f  v e r t i c a l   + a i l ,   i s   d e t e r m i n e d  by u s i n g   t h e  
e f f e c t i v e   a s p e c t   r a t i o ,   w h i c h   i s   c a l c u l a t e d  

bV 

S V  

Ae = 1.55 - 

The va lue  o f  a, can now be ob ta ined   f rom  the   f o l l ow ing   g raph  
va lue   o f  Ae. T h i s   v a l u e   i s  based  on a convent ional ,  low hor 
c o n f i g u r a t i o n ;   t h e r e f o r e ,   f o r   d e s i g n s   s i g n i f i c a n t l y   d i f f e r e n  
t o  Datcom (Ref. 10) for  an a l t e r n a t e  method of f i n d i n g  Ae. 

f o r  a 
i zon t a  
t, one 

p a r t i c u l a r  

i s r e f   e r r e d  
I t a i l  
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The v e r t  
ques t   ion  

i c a  I t a  . Two 
l a t i o n   o f   t o t a l  
f e rence   f ac to r ,  

0 1  2 3 4  5 6 1  

Effective aspect ratio  vertical 
tail ,  Ae 

F i g u r e  2 8 .  Values o f   a v  as a f u n c t i o n  
o f   v e r t i c a l   t a i l   a s p e c t   r a t i o .  

i I   e f f i c i e n c y   f a c t o r ,  vv, i s   a l s o  needed fo r  t h e   d e s i g n   i n  
i n te r fe rence   f ac to rs   mus t  be  determined t o  comple te   the   ca lcu-  
Cn . The f i r s t   o f   t h e s e ,  A1Cn , i s   t h e   w i n g - f u s e l a g e   i n t e r -  
a p u n c t i o n   o f   w i n g   l o c a t i o n .  7 he f o l l o w i n g   c h a r t   i s  used t o  

determine i t s   v a l u e .  

WING POSITION AICnB PER DEGREE 

High Wing 

Mid Wing 

Low Wing 

.0002 

,000 1 

0 

Tab le  10. Values fo r  A1CnB as a f u n c t i o n   o f   w i n g   l o c a t i o n .  

The  second i n t e r f e r e n c e   f a c t o r ,  A2CnB, i s  t h e   r e s u l t   o f   s i d e w a s h   a t   t h e   v e r t i c a l  
t a i l  caused  by   w ing- fuse lage  in te r fe rence.   I t s   va lue  may be  determined  f rom 
t h e   f o l l o w i n g   g r a p h   a s  a f u n c t i o n   o f   w i n g   p o s i t i o n  and maximum fuse lage   he igh t .  

81 



F igu re  2 9 .  Va lues   f o r  A2CnB as a f u n c t i o n  
o f  w i n g   p o s i t i o n  and maximum 
fuse lage   he igh t .  

Now t h a t  each o f   t h e  components  has  been  determined, t h e   v a l u e   f o r   t o t a l  
CnB, u s i n g   t h e  method o f   P e r k i n s  and Hage, can  be  evaluated. They i n d i c a t e  
t h a t  a CnB 1 .0005 t J " / b )  i s  necessary f o r  adequate d i r e c t   i o n a  I s tab  i I i t y .  

The second  method o f  o b t a i n i n g   t o t a l  C i s   p r e s e n t e d   i n  Datcom (Ref. 10) nB where a w i n g - f u s e l a g e   c o r r e c t i o n  i s  added t o   t h e   v e r t i c a l   t a i l   c o n t r i b u t i o n ,  
r e s u l t i n g   i n  

The i n t e r f e r e n c e   f a c t o r ,  K, (per  degree),  may be   de termined  f rom  the   fo l low ing  
graph  as a f u n c t i o n   o f   a i r c r a f t   g e o m e t r y  and  Reynolds Number. 



SB, = Body Side Area 
w = Maximum Body Width 

0.001 0.002 0.003 0-004 

F i g u r e  30. E m p i r i c a l   i n t e r f e r e n c e   f a c t o r ,  Kn, as a f u n c t i o n  
of a i r c r a f t  geometry  and  Reynolds Number. 
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The va lue  of (C ltai I may be ob ta ined from t h e   d i s c u s s i o n  of t h e   s t a b i l i t y  
d e r i v a t i v e  Cvs t he   p resen t   s tudy .  

F o r   l i g h t   a i r c r a f t ,   t y p i c a l   v a l u e s  of C seem t o  range  from 0.03 t o  
0.12 pe r   rad ian .  "6 
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The s t a b i l i t y   d e r i v a t i v e  Cyp i s  t h e  change i n   s i d e   f o r c e   r e s u l t i n g  from 
r o l l i n g   v e l o c i t y ,   w i t h   t h e   v e r t l c a l   t a i l   t h e   m a i n   c o n t r i b u t o r ,  even  though, 
f o r  some c o n f i g u r a t i o n s ,   t h e   w i n g  may make a significant c o n t r i b u t i o n .  The 
r o l l i n g   v e l o c i t y ,  p, c r e a t e s   a n   e f f e c t i v e   a n g l e  of a t t a c k  on t h e   t a i l ,  which, 
i n   t u rn ,   p roduces  a s i d e - f o r c e .  The s i g n  o f  C may be  e i t h e r   p o s i t i v e   o r  
negat ive .  I t  i s  r e l a t i v e l y   i n s i g n i f i c a n t  and  %nmonly  neglected. 

I n  TN-1581 (Ref. 281, a c o m p l e t e l y   t h e o r e f i c a l   a p p r o a c h ,   t h e   f o l l o w i n g  
fo rmula  for  C of the   w ing   i s   p resented :  

YP 
AR + cos A tan A 

'YP = cL AR + 4 cos A 

€or  zero sweepback, t h i s   f o r m u l a   g i v e s  C = 0.0, wh ich   agrees   w i th   o ther  
t h e o r e t i c a l   t r e a t m e n t s .  From wind   tunne l   tes  Yp s on  wings  alone, TR-968 (Ref.  33) 
adds CL/AR t o   t h e  above f o r m u l a   t o   a c c o u n t   f o r   w i n g   t i p   s u c t i o n ,   r e s u l t i n g   i n  

T h i s   r e d u c e s   t o  Cy = CL/AR f o r   z e r o  sweepback,  which  does not   appear  sma I I 
enough t o  be cons i Hered  neg I i g  i b I e. 

The w i n g   c o n t r i b u t i o n   i s   u s u a l l y   m i n o r  compared t o   t h e   v e r t i c a l   t a i l  
c o n t r i b u t i o n .  From NASA MEMO 4-1-59t  (Ref. 341, us ing  a t h e o r e t i c a l  method 
o f  discrete-horseshoe-vortices, with t h e   h o r i z o n t a l   t a i l   i n   t h e   m i d - p o s i t i o n ,  
a v a l u e   o f  ( C  ) t a i l   i s   ( - . 8 ) [ b v / ( b w / 2 ) ]   f o r   t h e   v e r t i c a l   t a i  1 c o n t r i b u t i o n .  
Also, i n  TR-1&6 (Ref. 351, a f o r m u l a   f o r   t a i  I c o n t r i b u t i o n   i s  

where 
zv = h e i g h t  of v e r t i c a l   t a i l   c e n t e r  of 

p ressu re   above   t he   l ong i tud ina l   ax i s  
(J = s i d e w a s h   a n g l e   a t   t h e   v e r t i c a l   t a i l  

The r a t i o  (acs/[a(pb/2U)]),, i s   t h e  ave rage   e f fec t   o f   s i dewash  on t h e   v e r t i c a l  
t a i l  and  can  be  obta ined  f rom  the  fo l lowing  graph  as a f u n c t i o n  of a n g l e   o f  
a t t a c k  and v e r t i c a l   t a i l  t o  semispan r a t i o  for a w i n g   w i t h   a s p e c t   r a t i o   i n   t h e  
v i c i n i t y  of 6. 
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Figure  31. i s t i m a t i o n   o f   a v e r a g e   s i d e w a s h   a n g l e   a t  
t h e   v e r t i c a l   t a i l   w i t h   w i n g   a s p e c t   r a t i o  
equal t o  6. 

I n  TR-1098 (Ref. 271, t h e   r e l a t i o n   f o r   t a i l   c o n t r i b u t i o n   i s  
Z 

(Cyp)ta i 1 = 2 e - ( ~ ) a  = 01 (CyB)ta i I 
w bw 

which seems q u i t e   s m a l l  f o r  c r u i s e   a t  an ang le   o f   a t tack   nea r   ze ro .  

Datcom (Ref. 101 a I so presents  a method for  c a l c u l a t i n g  Cyp, b u t ,   f o r  
c o n v e n t i o n a l   l i g h t   a i r c r a f t   w i t h   z e r o   w i n g  sweep, lt appears   tha t  C i s   v e r y  
near  zero. The f o l l o w i n g   f o r m u l a   i s   t a k e n  from t h i s  work: YP 

The fol lowing  graphs,  which  have  been  adapted  from Datcom f o r   l i g h t   a i r c r a f t ,  
show ( C  /CL) as a f u n c t i o n   o f   w i n g  sweep and t a p e r   r a t i o ,  and [ ( A C y p ) r / ( C ~ p ) r = o ]  
as a f u n  yg t i o n   o f   d i h e d r a l   a n g l e .  
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F i g u r e  3 2 .  Values fo r  ( C  / C L )  as a f u n c t i o n   o f  
wing sweep and YP t a p e r   r a t i o .  

r, Dihedral Angle [deg] 

TN-40.66 (Ref. 361, which  uses f l i g h t  measurements t o  d e t e r m i n e   s t a b i l i t y  
d e r i v a t i v e s ,   s t a t e s   t h a t ,   i n   p r a c t i c e ,  Cyp may l i e  between 0.3 and -0.3. Using 
t h i s   r a n g e   o f  Cyp, t h e   o t h e r   s t a b i l i t y   d e r i v a t i v e s  were   ca l cu la ted ,   w i th  CY 
showing a s m a l l   e f f e c t   o n l y   o n  CYB and C Thus, it appears t h a t  Cyp = 0.6 
i s  p robab ly   as   accura te  an es t ima te   as  i s  necessary. "P'  
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The s t a b i l i t y   d e r i v a t i v e  Cg, t h e   r o l l  damping d e r i v a t i v e ,   i s   t h e  change 
i n   r o l l i n g  moment c o e f f i c i e n t  due t o   v a r i a t i o n   i n   r o l l i n g   v e l o c i t y .   F o r  a 
p o s i t i v e  ro l  I ,  i s   t h e   r e s u l t ,   p r i m a r i l y ,   o f  a n   i n c r e a s e   i n   l i f t  on t h e  
down moving  wing nd a d e c r e a s e   i n   l i f t  on t h e  up moving  wing,   thus  creat ing 
a moment which  opposes  the  mot ion o f  t h e  r o l l .  T h i s  moment i s  negat ive,  
making CfiP n e g a t i v e   i n   s i g n .  The  wing, h o r i z o n t a l   t a i l ,  and v e r t i c a l   t a i l  
c o n t r i b u t e  t o  CgP, w i t h   t h e   w i n g   t h e   d o m i n a n t   f a c t o r   f o r   a i r f r a m e s   w i t h  
c o n v e n t i o n a l - s i z e   t a i l s .  Cgp i s   t h e   p r i n c i p a l   d e t e r m i n a n t  o f  the  damping- in-  
r o l l   c h a r a c t e r i s t i c s   o f   t h e   a i r c r a f t .  

P’ 

Cg% 

The b a s i c   w i n g   c o n t r i b u t i o n   t o  Cgp may be found  f rom  the  graph  below  as 
a f u n c t i o n  o f  a s p e c t   a n d   t a p e r   r a t i o   f o r  a w ing   w i th   zero  o r  smal l  sweep, a 
l i f t   c o e f f i c i e n t   o f   z e r o ,  and l i f t  c u r v e   s l o p e   o f  2 ~ .  For  swept  wings,  the 
r e a d e r   i s   r e f e r r e d   t o  TR-1098 (Ref. 271, from  which t h i s   f i g u r e  was adapted. 

2 4 6 8 10 

Aspect Ratio,  AR 

F i g u r e  

0 

34. Wing c o n t r i b u t i o n  t o  Cg f o r   w i n g  
w i t h   z e r o   o r  sma I I sweeg. 

The present   s tudy assumes a l i n e a r  l i f t  c u r v e   s l o p e   w i t h  no c o r r e c t i o n  
for  n o n - l i n e a r i t i e s   i n   l i f t   c o e f f i c i e n t .   I n   o r d e r   t o  u s e   F i g u r e   3 4   t o   c a l c u l a t e  
wing Cgp f o r   l i f t   c u r v e   s l o p e s   o t h e r   t h a n  ZIT, severa l  means o f   c o r r e c t i n g   t h e  
data  must  be  considered. TN-1839 (Re f .   37 )   p resen ts   t he   f o l l ow ing   me thod :  

which, f o r   z e r o  sweep, reduces t o  
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The e f f e c t   o f   w i n g   d i h e d r a l   o n  Cg i s  cons 
a c o r r e c t i o n  f o r  wi ng Cg ; however, s i k e  most 
seven  degrees o r  I ess, tR i s   c o r r e c t i o n   a p p e a r s  
b u t i o n  t o  wing Cg i s   g i v e n   i n  TN-1924 (Ref. 39 
c h o r d   d i s t r i b u t i o R ,  by t h e   f o l l o w i n g   f o r m u l a :  

idered  by TN-1732 (Ref.  38) i n  
l i g h t   a i r c r a f t  have  d ihedra l  o f  
q u i t e   s m a l l .  The d r a g   c o n t r i -  
1, fo r  s w e p t   w i n g s   w i t h   e l l i p t i c -  

which  reduces, f o r   z e r o  sweep, t o  t h e   f o l l o w i n g   r e l a t i o n :  

where 
CD = e x p e r i m e n t a l l y   d e t e r m i n e d   d r a g   c o e f f i c i e n t .  

Thus, f o r  an a i r c r a f t   w i t h  a l i n e a r  l i f t  curve  s lope,   smal l   d ihedra l ,  and 
zero  sweep, t h e   f o l l o w i n g   f o r m u l a   f o r   w i n g  Cg r e s u l t s :  

P 

(cEp)w i ng = [(Cgp)ao = 27r1 [( 27r A - 
AR + 4 

( a o ) w ) A R  + 

By c o n s i d e r i n g   t h e   h o r i z o n t a l   t a i l   a s   a n   i s o l a t e d   a i r f o i l ,   t h e   b a s i c   v a l u e  
f o r  (Cg ) h  may a l s o  be  determined from F igu re  34 as a f u n c t i o n   o f   h o r i z o n t a l  
t a i  I a s F e c t   r a t i o ,   t a p e r   r a t i o ,  and  amount o f  sweep. T h i s   p r o c e d u r e   i s   t h e  
same as t h a t   f o r   c a l c u l a t i n g   t h e   w i n g   c o n t r i b u t i o n ;   t h u s ,  (Cg )h  must be 
c o r r e c t e d   f o r   l i f t   c u r v e   s l o p e   o t h e r   t h a n  27r. The v a l u e   o b t a l n e d   i s   s c a l e d  
down by t h e  method o f  TR-1098 (Ref. 2 7 ) :  

P 

t a i l   i s  assumed t o  have n e g l i g i b  

The v e r t i c a  I t a i  I c o n t r i b u t  

( C R p ) V  

Ot- 

The f a c t o r  0.5 i s   i n c l u d e d  t o  a c c o u n t   f o r   t h e   f l o w   r o t a t i o n   a t   t h e   t a i l  caused 
by the  winq; A i s   t h e  amount o f  sweep o f   t h e   h o r i z o n t a l   t a i l .  The h o r i z o n t a l  

l e   d i h e d r a l .  

i o n   t o  C t  i s   a l s o   g i v e n  i n  TR-1098 (Ref. 2 7 ) :  
- p  

where 
zv = h e i g h t  o f  c e n t e r   o f   p r e s s u r e   o f   v e r t i c a l   t a i l   a b o v e  

t h e   x - a x i s   ( d i f f e r e n t   f o r   e a c h   a n g l e  o f  a t t a c k ) .  
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From  these  formulas,  it  is  obvious  that  the  vertical  tail  contribution  is 
negligible  at low angles  of  attack. A much  more  elaborate  formula  for 
estimating  vertical  tail  contribution  is  given in TN-2587 (Ref. 401, but 
because  of  the  relative  unimportance  of  this  contribution  to  total Cgp, that 
method  is  not  included. 

In summary,  for an aircraft  with  zero  sweep a va I ue f o r  tota I Cg may 
be  obtained by simply adding the  various  contributions  as  follows: P 

(Ctp)tota I = [(Cgp)ao = ZT] 
AR + 4 1 

[(-AR + 
- 8 CD 

An adaptation  from TN-1309 (Ref. 41)  for  various  sideslip  angles  is 

(CRp)tota I = [(cgp)+ota I J B = 00 cos2 B * 

Typical val ues  of  Cg  range  from -.25 per radian to -.60 per radian. P 
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_The  stab 
rol I ing, with 

ility  derivative C?p 
the wing and vertlca 

positive  roll,  the  produced yawing 

C" P 
is  the  change in yawing moment  caused by 
I tai I the main contributors.  For a 
moment  is a result  of  the  unsymmetrical 

lift distribution  causing  increased drag on the  left wing and decreased drag 
on  the right wing and is,  therefore,  negative.  The  vertical  tail  contri- 
bution may be  either  positive or negative,  depending  on tail geometry, 
angle  of  attack, and sidewash  from  the wing. Dutch  Roll damping is  influenced 
by Cnp in that  the  larger  its  negative  value,  the  less  Dutch Roll damping. 
therefore, a positive  C is desired. "P 

Using an elliptical  lift  distribution,  Perkins and Hage  (Ref. 1 1 )  give 
the  following  formula  for Cnp: 

The  results  of wind tunnel  testing  on a wing with AR = 5.16, h = 1.0, and 
00,wing sweep  is  reported in TR-968  (Ref. 3 3 ) .  The  resulting  formula  for 
(Cn Iw, by a curve  fit, is P 

(CnpIw = -.043 CL - .0044 

for 0 < CL < 1.05.  This  report  shows  that,  for large CL (in the  stall  region), 
Cnp reverses  signs, and large  positive  values  are  obtained.  This  same  trend 
occurs  at  smaller CL when  sweepback  is  encountered.  Below  is a formula  for 
use with sweepback,  from  TN-1581  (Ref.  28). 

AR + 4 
AR + 4 cos A (Cnp)w = CL 1 + 6(1  + -  AR 12 

The  ratio  (Cnp/CL)A = 00 as a function o f  aspect  ratio and taper  ratio may 
be  obtained  from  the  following  figure. 

2 4 6 8 10 12 14  16 
- 

Aspect   Rat io ,   AR 

Figure 35.  Values of (Cn  /CL)  for  zero  sweep. 
P 
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TN-2587 (Ref. 401 explains,  through  the  following  formula,  how  the  vertical 
tail  contribution  to C is  influenced by sidewash  variations: "P 

Values  for  ao7/[3(pb/2U)],  effect  of wing sidewash,  as a function  of (h /b 1, 
may be  obtained  from  the  fol  lowing  graph,  reproduced  from TN-2332 (Ref. t42r!2for 
wings  with  aspect  ratios in the  vicinity  of  six,  where he is  the  distance  from 
the wing centerline to the  center  of  pressure  of  the  vertical  tail  (positive 
above  the wing centerline). 

"0 .1 .2 .3 .4 .5 

92 
Figure 3 6 .  Effect  of wing sidewash  on  vertical  tail. 



The e f f e c t  o f  fuselage  sidewash,  ao2/[a(pb/2U)], may be de termined  f rom  the  
fo l l ow ing   f o rmu la   adap ted  from TN-2587 (Ref. 40): 

where 

F o r   z e r o   a n g l e   o f  
sma I I fo r  low  ang 
be determined and 

Ah zv - (zv  cos a - R, s i n  a) 
” - 

bW b W  

a t t a c k ,   t h i s  s idewash f a c t o r   r e d u c e s   t o   z e r o  and i s   q u i t e  
l e s  o f  a t t a c k .   W i t h   t h e s e   f a c t o r s ,  a va lue  of  (Cn Iv can 
added t o   t h e   w i n g   c o n t r i b u t i o n   t o   y i e l d   t o t a l  Cn P 

P ’  

(Cnp)tot- 1 = (Cn ) W  + (Cn ) V  
P P 

T y p i c a l   v a l u e s   f o r  Cn range  from -.01 p e r   r a d i a n   t o  - . l o  per   rad ian .  
P 



The s t a b i l i t y   d e r i v a t i v e  Cyr i s   t h e  change i n   s i d e   f o r c e   r e s u l t i n g   f r o m  
a change i n  y a w i n g   v e l o c i t y .  As the   a i r f rame  undergoes  a p o s i t i v e  yaw, an 
e f f e c t i v e   p o s i t i v e   s i d e   f o r c e   d e v e l o p s   o n   t h e   v e r t i c a l   t a i l ,   w h i c h   i s   t h e  
dominan t   con t r i bu to r  t o  Cyr. S i n c e   t h i s   f o r c e   i s   n o r m a l l y   s m a l l ,  Cyr 
u s u a l l y  has a s m a l l   p o s i t l v e   v a l u e .  

The w i n g   c o n t r i b u t i o n   i s   n o r m a l l y   n e g l i g i b l e ,   a s   i n d i c a t e d  by TN-1669 
(Ref. 431, which i s   t h e   r e s u l t  o f  w ind   t unne l   t es ts   on   rec tangu la r   w ings   w i th  
zero  sweep and a s p e c t   r a t i o   o f  5.16. The fo l l ow ing   f o rmu la   i s   p roduced   by  
c u r v e - f i t t i n g   t h e   d a t a   o f   t h i s   r e p o r t ,   w h i c h   g i v e s  (CyrIwing as a f u n c t i o n  
of l i f t   c o e f f i c i e n t   f o r  an a n g l e   o f   a t t a c k   b e l o w   t h e   s t a l l   r e g i o n :  

( C  1 = ,143 CL - .05. 
Y r  

The t a i l   c o n t r i b u t i o n  may be est imated  by  the  formula  be low  f rom TR-1098 
(Ref. 2 7 )  which  g ives  (Cyr) ta i1   as a f u n c t i o n   o f   t h e   v a l u e s   f o r   ( C Y b ) t a i l  
o r  (Cng) ta i  I d i s c u s s e d   i n   c o n n e c t i o n   w i t h   t h e   s t a b i l i t y   d e r i v a t i v e  Cyg I n  
the   p resen t   s tudy :  

For   w ind   tunne l   tes ts  o f  a model o s c i l l a t i n g   i n  yaw, TR-1130 (Ref. 44) 
i n d i c a t e s   t h a t  much l a r g e r   v a l u e s   f o r  Cyr a r e   o b t a i n e d   t h a n   f r o m   o t h e r   t e s t i n g  
methods.  These r e s u l t s   a r e   p r e s e n t e d   g r a p h i c a l l y   i n   F i g u r e  37, i n c l u d i n g  
fuselage,  wing,  and t a i l   e f f e c t s .  The f u s e f a g e   e f f e c t s   a r e   r e l a t i v e l y   l a r g e  
and n e g a t i v e   i n   s i g n .  
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-0- Fuselage 
"C+ Fuselage +Tai l  
"0- f r s t l a l t  + Wing +Tail 

0 2 4 6 8 

Angle o f   A t t a c k ,  a , deg 

F i g u r e  37. Values for   fuse lage,   wing,  
and t a i l   c o n t r i b u t i o n s   t o  Cy,. 

TN-4066 ( R e f .   3 6 1 ,   w h i c h   u t i l i z e s   f l i g h t   t e s t   d a t a   t o   c a l c u l a t e   s t a b  
d e r i v a t i v e s ,   i n d i c a t e s   t h a t  Cy, could  range  f rom  -0.3 t o  0.3  w i t h o u t  show 
any s i g n i f i c a n t   e f f e c t s   o n   t h e   o t h e r   s f a b i l i t y   d e r i v a t i v e s .   T h i s   h e l p s  
demons t ra te   t he   i ns ign i f i cance  of Cy, t o   t h e   l a t e r a l   s t a b i l i t y   o f   l i g h t  a 

i I i t y  
i ng 

i r c r a f t .  , 
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Roll damping, 
it Is d e s i r a b  

The w i ng 
of  l i f t  c o e f f  

The change i n   r o l l i n g  moment due t o  v a r i a t i o n   i n  y a w i n g   v e l o c i t y   c o n s t i -  
t u t e s   t h e   s t a b i l i t y   d e r i v a t i v e  Cgr. The w i n g   p r o v i d e s   t h e   m a j o r   c o n t r i b u t i o n ,  
w i t h   t h e   v e r t i c a l   t a i l   h a v i n g  a m l n o r   e f f e c t .  When t h e r e  i s  a p o s i t i v e  yaw 
r a t e ,   t h e   l e f t   w i n g  moves f a s t e r   t h a n   t h e   r i g h t  wing,  producing  more l i f t  on 
t h e   l e f t   w i n g  and, consequently, a p o s i t i v e   r o l l i n g  moment. The t a i l   c o n t r i -  
b u t i o n  may be e i t h e r   p o s i t i v e   o r   n e g a t i v e ,   d e p e n d i n g   o n   t a i l   g e o m e t r y  and 
ang le  o f  a t t a c k  o f  t h e   a i r p l a n e .   A l t h o u g h  C t r  has l i t t l e   e f f e c t   o n   D u t c h  

it i s   q u i t e   i m p o r t a n t  t o  t h e   s p i r a l  mode. F o r   s p i r a l   s t a b i l i t y ,  
l e   t h a t  Ckr be  as  small a p o s i t i v e  number as   poss ib le .  

c o n t r i b u t i o n  t o  Ckr i s   p r e s e n t e d   i n  TR-589 (Ref. 45)  as a f u n c t i o n  
i c i e n t  b y   t h e   f o l l o w i n g   f o r m u l a s :  

(Ckr’w i ng = C L / ~  fo r  r e c t a n g u l a r  l i f t  d i s t r i b u t i o n ,  

o r  
(Cgr)wing = CL/4 fo r  an e l l i p t i c a l  l i f t  d i s t r i b u t i o n .  

I n  TN-1669 (Ref. 431, t h e   r e s u l t s  of  w i n d   t u n n e l   t e s t s   o f  a NACA 0012 a i r f o i l  
o f  a s p e c t   r a t i o  5.16 and zero  sweep i n d i c a t e   t h a t  (Ckr),,,ing = C L / ~  ag rees   w i th  
e x p e r i m e n t a l   d a t a   f o r   l i f t   c o e f f i c i e n t s   b e l o w   t h e   s t a l l   r e g i m e .  The wing 
c o n t r i b u t i o n   t o  Cgr as a f u n c t i o n   o f   a s p e c t   r a t i o ,   t a p e r   r a t i o ,  and sweep 
a n g l e   i s   p r e s e n t e d   i n   F i g u r e  38, adapted from Datcom (Ref.  10).  

.1 .2 .3 .4 

F i g u r e  38. Wing c o n t r i b u t i o n   t o  Cgr as a f u n c t i o n   o f   a s p e c t  
r a t i o ,   t a p e r   r a t i o ,  and sweep angle.  
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The   m ino r   con t r i bu t i on  of  t h e   v e r t i c a l   t a i l   t o  Cgr may be c a l c u l a t e d  
f rom  the   f o rmu   l a   be low from TN-I 984 (Ref.  46) : 

By a d d i n g   t h e   w i n g   a n d   v e r t i c a l   t a i l   c o n t r i b u t i o n s ,   t o t a l  Cgr may be 
determined. 

Typ.ical  values o f  Ck, range from .04 p e r   r a d i a n   t o  .12 pe r   rad ian .  
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Cnr, commonly  known a s   t h e  yaw damping d e r i v a t i v e ,  i s  the  change  in   yawing 
moment due t o  v a r i a t i o n   i n   y a w i n g   v e l o c i t y .  As the   a i r f rame  undergoes  a pos i -  
t i v e  r, a yawing moment wh ich   opposes   the   mot ion   i s   p roduced.   Th is  moment 
c o n s i s t s   o f   c o n t r i b u t i o n s  from the  wing,   fuse lage,  and v e r t i c a l   t a i l ,   a l l   o f  
w h i c h   a r e   n e g a t i v e   i n   s i g n .  TN-1080 (Ref. 47) s t a t e s   t h a t   t h e   v e r t i c a l   t a i l  
c o n t r i b u t e s   a b o u t  70% t o  90% o f  Cnr fo r   conven t iona l   des igns .  The d e r i v a t i v e  
Cnr i s   t h e   m a i n   c o n t r i b u t o r   t o   t h e  damping o f   t he   Du tch  Rol l  mode and a l s o  
p l a y s  a s i g n i f i c a n t   r o l e   i n   d e t e r m i n i n g   s p i r a l   s t a b i l i t y ,   m a k i n g  i t  v i t a l  t o  
l a t e r a l   s t a b i l i t y .   F o r   b e s t   e f f e c t s   i n  each of  these modes, l a rge   nega t i ve  
va lues  o f  Cnr a re   des i red .  

The  wing c o n t r i b u t i o n  t o  Cnr  as a f u n c t i o n  o f  l i f t  and d r a g   c o e f f i c i e n t s  
i s   g i v e n   i n  TR-1098 (Re f .   27 )   by   t he   f o l l ow ing   re la t i on :  

O r i g i n a l l y   p r e s e n t e d   i n  TN-1581 (Ref. 281, t h i s   f o r m u l a   i s   t h e   r e s u l t   o f   s i m p l e  
sweep t h e o r y   w i t h   s t r i p   i n t e g r a t i o n ;   c o n s e q u e n t l y ,  [(ACnr),/CL2]  and 
[ ( A C ~ , ) ~ / C D ~ ]  a r e   f u n c t i o n s  of  sweep, t a p e r   r a t i o ,  and aspec t   ra t i o .   Fo r   w ings  
w i t h   z e r o  sweep a n d   a s p e c t   r a t i o   g r e a t e r   t h a n   f i v e ,  however, these  terms  are 
c o n s t a n t   a t   t h e   f o l l o w i n g   a p p r o x i m a t e   v a l u e s :  

(ACrlr) 1 

CL2 
= -0.020 , 

and 
(AC, 12 

r = -0.30 . 
co, 

W i t h   t h e s e   r e s t r i c t i o n s ,   t h e  above  formula  reduces t o  

The g r a p h   t h a t   f o l l o w s   f r o m  TN-1669 (Ref. 43) shows, for a r e c t a n g u l a r  wing, 
the  c lose  agreement  between  the  above  theory and exper imenta l   da ta   fo r   w ing  
c o n t r i b u t i o n  t o  Cn,-. 
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Lift   Coefficient,  CL 

F igu re  39. Resu l ts   o f   exper imenta l   da ta   on  
w i n g   c o n t r i b u t i o n   t o  Cnr. 

T h i s   g r a p h   p o i n t s   o u t   t h e   r e l a t i v e   i n s i g n i f i c a n c e   o f   w i n g   c o n t r i b u t i o n  t o  Cnr. 

The t a i l   c o n t r i b u t i o n  t o  Cnr i s   p r e s e n t e d   i n  TR-1098 (Ref. 271, as 
f o l  lows: 

B lakelock  (Ref .  18) t r e a t s   t h i s   c o n t r i b u t i o n  as, 

The v e r t i c a l   t a i l   e f f i c i e n c y   f a c t o r ,  qv, compensates f o r   t h e   i n t e r f e r e n c e  
between t h e   f u s e l a g e  and t h e   v e r t i c a l   t a i l .  When t h e r e   i s  no i n te r fe rence ,  
nv i s  equal t o  one.  Total  Cnr i s   t hen   de te rm ined   by   add ing   t he   w ing  and ver -  
t i c a l   t a i l   c o n t r i b u t i o n s ,   s i n c e   t h e   f u s e l a g e   c o n t r i b u t i o n   i s   n e g l i g i b l e .  

Another  approach t o   c a l c u l a t i n g   t o t a l  Cnr i s   f r e e - o s c i l l a t i o n   t e s t s ,   a s  
presented i n  WR L-387 (Ref. 48). These t e s t s  on a m id -w ing   a i rp lane   i nc lude  
e f f e c t s  o f  w ing ,   f use lage ,   and   ve r t i ca l   t a i l   on  Cnr. The w i n g   c o n t r i b u t i o n  
i s  c a l c u l a t e d   a s  

which, f o r  a n   a s p e c t   r a t i o   o f   s i x  and t a p e r   r a t i o  of  ope, seems t o  a g r e e   c l o s e l y  
w i t h   t h e   p r e v i o u s   f o r m u l a   f o r   w i n g   c o n t r i b u t i o n .  WR L-387 (Ref. 48) also 
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s ta tes   t ha t   t he   f use lage   con t r i bu t i on   o f ten   ranges  frorrc -.003 t o  -.006, small 
enough t o  be neglected. The v e r t i c a l   t a i l   c o n t r i b u t i o n   f r o m   R e f e r e n c e  (48) 
i s  

Combining  these  two  formulas,   the  resul t   is   the  empir ical   expression  below, 
showing Cnr f o r  a convent ional ,   mid-wing  airplane: 

Typ ica l   va lues   o f  Cnr for  g e n e r a l   a v i a t i o n   a i r c r a f t  range from  -.05  per 
r a d i a n   t o  - .14 per   rad ian.  
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The s t a b i l i t y   d e r i v a t i v e   CY^^ i s   t h e  change i n   s i d e   f o r c e   c o e f f i c l e n t   w i t h  
v a r i a t i o n   i n   a i l e r o n   d e f l e c t i o n .   F o r   m o s t   c o n v e n t i o n a l   l i g h t   a i r c r a f t ,   t h i s  
d e r i v a t i v e  i s  zero;  however, f o r  an a i r f r a m e   w i t h  low a s p e c t   r a t i o  and h i g h l y  
swept  wings, it may have a Ja lue   o ther   than  zero .  
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The s t a b i l i t y   d e r i v a t i v e  C Q ~  known a s   t h e   a i l e r o n   e f f e c t i v e n e s s   o r  
" a i l e r o n  power", i s   t h e   v a r i a t i o n   i n   r o l l i n g  moment c o e f f i c i e n t   w i t h  change 
i n   a i l e r o n   d e f l e c t i o n .   S i n c e   l e f t   a i l e r o n  down i s   d e f i n e d   a s   p o s i t i v e ,  a 
p o s i t i v e   d e f l e c t i o n   p r o d u c e s  a r o l l i n g  moment t o  t h e   r i g h t ,   w h i c h  i s  a l s o  
pos i t i ve ,   mak ing  Cg6 p o s i t i v e .   D e s i r a b l e   v a l u e s   o f  C Q ~ ~  a r e   g i v e n   i n   t e r m s  
o f   t h e   w i n g   t i p  he1 18  angle  (pb/2U) for  a f u l  I a i l e r o n   d e f l e c t i o n .   F o r  I i g h t  
a i r c r a f t ,   t h i s   r a n g e   i s   n o r m a l l y   f r o m  0.07 t o  0.08 r a d i a n s .   I n   P e r k i n s  and 
Hage (Ref. 111,  s t r i p   i n t e g r a t i o n   c a n  be  used t o   e v a l u a t e  C Q ~ ~  as, 

A' 

i2 
b 4 

F igu re  40. I l l u s t r a t i o n   o f   s t r i p   i n t e g r a t i o n .  

I n   o r d e r  t o  in teg ra te ,   t he   cho rd ,  c, as a func t i on   o f   t he   spanw ise   d i s tance ,  
y, must  be known. F o r   s t r a i g h t ,   t a p e r e d   w i n g s ,   t h i s   r e l a t i o n s h i p   i s  

where 

The va lue  o f  T may be ob ta  
chord t o  w i n g   c h o r d   r a t i o .  

C R  = roo t   cho rd .  

i ned   f rom  the   f o l l ow ing   g raph   as  a f u n c t  i o n   o f   a i l e r o n  
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F igu re  41 .  Va lues   f o r  T as a f u n c t i o n   o f   a i l e r o n  
chord t o  w i ng c h o r d   r a t   i o .  

The  method o f   s t r i p   i n t e g r a t i o n   p r e s e n t e d  above i s  seldom  used i n   p r a c t i c e  
because o f  l a r g e   e r r o r s   i n c u r r e d   i n   a s s u m i n g  a d i scon t inuous  l i f t  d i s t r i b u t i o n .  
I n   r e a l i t y ,   t h e   l i f t   d i s t r i b u t i o n   a d j u s t s b   t h e   a i l e r o n   d e f l e c t i o n   q u i c k l y   b u t  
smoo th l y .   Th i s   be ing   t he   case ,   t he   va lue   o f  CQ i s  normal ly   found  f rom  the  
spanwise  load d i s t r i b u t i o n   d a t a   a s   p r e s e n t e d   i n  ?R-635 (Ref. 49). These 
data  are  reproduced  below f o r  ( C J ? , ~ ~ / T )  as a f u n c t i o n   o f   t h e   e x t e n t   o f   t h e   u n i t  
an t i symmet r i ca l   ang le   o f   a t tack .  

.2 .4 . -6 1.0 
Extent of unit  antisymmetrical 

angle of attack; %b/2 

F igu re  42. Va lues   f o r  ( C Q ~ / T )  as a f u n c t i o n  o f  t h e  
e x t e n t  of u n i t   a n t i s y m m e t r i c a l   a n g l e   o f  
a t t a c k .  103 
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A v a l u e   o f  ( C Q ~ / T )  i s   o b t a i n e d   f r o m   F i g u r e  42 by f i r s t   u s i n g   t h e   d i s t a n c e  
f rom  the  body c e n t e r l i n e   t o   t h e   o u t b o a r d  edge of  t h e   a i l e r o n   d i v i d e d   b y   t h e  
wing  semispan t o   g e t  a va lue ,   f rom  wh ich   i s   sub t rac ted  a va lue   ob ta ined by 
u s i n g   t h e   d i s t a n c e   f r o m   t h e  body c e n t e r l i n e   t o   t h e   i n b o a r d  edge o f   t h e   a i l e r o n  
div ided  by  the  wing  semispan.  The  value of ( C R ~ ~ / T )  from t h e   g r a p h   i s  
m u l t i p l i e d  by a v a l u e   o f  T f rom  the  preceding  graph t o   g i v e  C!?,6A per   rad ian .  

Typ ica l   va lues   o f  C J ? , ~ ~  range  from 0.1 t o  0.25 per   rad ian .  
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The s t a b i l i t y   d e r i v a t i v e  Cn6A, t h e  change i n  yawing moment c o e f f i c i e n t  
w i t h   v a r i a t i o n  in a i l e r o n   d e f l e c t i o n ,   r e s u l t s  from t h e   d i f f e r e n c e  between  drag 
o n   t h e  up  and down a i l e r o n s .   S i n c e  a p o s i t i v e   d e f l e c t i o n  i s  w i t h   t h e   a i l e r o n  
on  the. l e f t  wing down,  Cn6A i s   usua l l y   nega t i ve ,   even   t hough  it i s   h e a v i l y  
dependent   on   the   pos i t ion   and  s ize  o f  t h e   a i l e r o n s  and t h e   a n g l e  o f  a t t a c k  
o f  t h e   a i r f r a m e .  A nega t i ve   va lue  f o r  Cn6A i s  known as  "adverse yaw c o e f f i -  
c i e n t  due t o   a i l e r o n s "  because it i s  t h e   r e s u l t  o f  i n i t i a l  yawing o f  t h e   a i r -  
frame i n  a d i r e c t i o n   o p p o s i t e   t h a t   d e s i r e d  for  a t u r n .  Thus, t h e   d e s i r e d  
v a l u e  o f  C i s  e i t h e r   z e r o  or a ve ry   sma l l   pos i t i ve   va lue .  

"A 
To  compute a v a l u e   f o r  Cn6A,  a f o r m u l a ,   a d a p t e d   p a r t i a l l y  from Datcom 

(Ref. 101, i s  

Here, 6~ i s   a g a i n   p o s i t i v e   f o r   l e f t   a i l e r o n  down and r i g h t   a i l e r o n  up, w i t h  
K be ing  an e m p i r i c a l   f a c t o r   o b t a i n e d   f r o m   t h e   f o l l o w i n g   g r a p h .  

'i 
bw/2 

s p a n w i s e   d i s t a n c e   f r o m   c e n t e r l i n e   t o   t h e   i n b o a r d  
edge o f   t h e   c o n t r o l   s u r f a c e  

semi  span 
="- - 

K 

-25 -75 1.0 

F i g u r e  43. E m p i r i c a l   f a c t o r  K as a f u n c t i o n  of TI 
f o r   t a p e r   r a t i o  = 0.5. 
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-.1 

K 

"1 

.25 .5 1 .o 

F igu re  44. E m p i r i c a l   f a c t o r  K as a f u n c t i o n   o f  Q 
f o r   t a p e r   r a t i o  = 1.0. 

T y p i c a l   v a l u e s   o f  Cn6A range from -0.004 t o  -0.09 per   rad ian .  
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The s t a b i l i t y   d e r i v a t i v e  CysR i s   t h e  change i n   s i d e   f o r c e   r e s u l t i n g   f r o m  
rudder   def  I ec t   i on .   Fo r  a p o s i t  I ve  rudder   def  I e c t  ion, o r  rudder   toward   the  
l e f t  wing, a p o s i t i v e   s i d e   f o r c e   r e s u l t s ;  hence, t h e   v a l u e  of  CysR i s   p o s i t i v e .  

For  an 
p o r t a n t  t o  

I n   E t k  

a i r p l a n e . w i t h o u t   a u t o p i l o - f ,   t h e   e f f e c t  of  CYsR i s  r e l a t  
l a t e r a l   s t a b i l i t y  and o f t e n   i s  assumed equal  t o  zero.  

i n  (Ref. 501, t h e   f o l l o w i n g   f o r m u l a  fo r  e s t i m a t i n g  

where 
a, = l i f t  c u r v e   s l o p e   o f   t h e   v e r t i c a l   t a i l  

T = a f u n c t i o n   o f   r u d d e r   a r e a   t o   v e r t i c a l  
( c a l c u l a t e d   a s  shown i n   d i s c u s s i o n   o f  Cng), 

t a i l   a r e a   r a t i o   a s   f o u n d   f r o m   t h e   g r a p h  
below. 

F igure  45.   Values  for  T as a f u n c t i o n  
o f   r u d d e r   a r e a   t o   v e r t i c a l  
t a i l  a r e a   r a t i o .  

i v e l y  unim- 

i s   s e t   f o r t h :  

Typ ica l   va lues  of  CYsR range  from .12 p e r   r a d i a n   t o  .24 per   rad ian .  
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The s t a b i l i t y   d e r i v a t i v e  Cg,6R i s   t h e   v a r i a t i o n   i n   r o l l i n g  moment c o e f f i c i e n t  
w i t h  change i n   r u d d e r   d e f l e c t i o n .  Because t h e   r u d d e r   i s   n o r m a l l y   l o c a t e d   a b o v e  
the   x -ax i s ,  a p o s i t i v e   r u d d e r   d e f l e c t i o n   ( r u d d e r   t o   t h e   l e f t )   c a u s e s  a p o s i t i v e  
r o l l i n g  moment, making C Q ~  p o s i t i v e .   T h i s   v a l u e  may p o s s i b l y  be n e g a t i v e   f o r  
an u n u s u a l   a i r f r a m e   c o n f i g u r a t i o n   o r  an  abnormal  angle of at tack.   For  conven- 
t i o n a l   l i g h t   a i r c r a f t ,   t h i s   d e r i v a t i v e   i s   o f   o n l y   m i n o r   i m p o r t a n c e  and i s  
usua l ly   neg lec ted .  

The fo l low ing   fo rmula   adapted   f rom  E tk in   (Ref .  50) may be used t o  determine 
CQR : 

where 
zv = d i s tance   f rom  the   x -ax i s   t o   ae rodyanmic  

c e n t e r   o f   t h e   v e r t i c a  I t a  i I 

The v a l u e   o f  T may be obtained  f rom  the  graph  below  as a f u n c t i o n   o f  
r u d d e r   a r e a   t o   v e r t i c a  I t a  i I a r e a   r a t i o .  

.6 

I- -4  

.2 

0 .1 .2 .3 .4 .5 .6 .7 

F i g u r e  46 Va lues   f o r  T as a f u n c t i o n  
o f   r u d d e r   a r e a   t o   v e r t i c a  I 
t a i  I a r e a   r a t i o .  
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The s t a b i l i t y   d e r i v a t i v e  Cn6R i s   t h e   v a r i a t i o n   i n  yawing moment c o e f f i c i e n t  
w i t h  a change i n   r u d d e r   d e f l e c t i o n .   A l s o  known as   t he   " rudder  power," t h i s  
d e r i v a t i v e   i s   n e g a t i v e ,   s i n c e  a p o s i t i v e   r u d d e r   d e f l e c t i o n   t o w a r d   t h e   l e f t  
w ing  creates a negat ive  yawing moment. 

Perk ins  and Hage (Ref. 1 1  1 g i v e  

s v  Rv 
"6R sw bw 

C = - a v ~ - -  n V  

The v a l u e  of  T may be o b t a i n e d   f r o m   t h e   f o l l o w i n g   g r a p h   f o r  a p a r t i c u l a r   r u d d e r  
area t o   v e r t i c a l   t a i  I a r e a   r a t i o .  

F i g u r e  47 .  Values fo r  T as a f u n c t i o n   o f  
rudder  area t o   v e r t i c a l   t a i  I 
a r e a   r a t i o .  

The v a l u e   o f  Cn6R i s   n o r m a l l y   o n   t h e   o r d e r   o f  - .06  p e r   r a d i a n   b u t  may 
va ry   g rea t l y ,   depend ing   on   t he   a i r f rame  con f igu ra t i on .  Power  has a g r e a t   e f f e c t  
on Cn6R, as  seen i n   t h e   f o l l o w i n g   g r a p h  from TR-781 (Ref. 51)  f o r  a s i n g l e  
e n g i n e   p l a n e   w i t h   p r o p e l l e r   r o t a t i n g  t o  t h e   r i g h t ,   f l y i n g   a t  a speed o f  1 1 1  
m i les   pe r   hou r .  
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F i g u r e  48 . E f f e c t  o f  a i r c r a f t  power  on Cn6R. 
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POWER EFFECTS 

A l t h o u g h   t h e   p r i m a r y   f u n c t i o n  of  a p ropu ls ion   sys tem i s  t o  overcome  a i rp lane 
d r a g ,   t h e   l o c a t i o n  of  t h e   s y s t e m   w i t h   r e s p e c t  t o  aerodynamic  surfaces may in -  
f l u e n c e  some aerodynamic  parameters and, u l t i m a t e l y ,   a i r c r a f t   s t a b i l i t y .  Thus, 
as  wing  loadings  increase,  more  pronounced  power  effects  are t o  be  expected. 
The l i t e r a t u r e   i n d i c a t e s   t h a t   a n a l y t i c a l   d e t e r m i n a t i o n  of  power e f f e c t s  f o r  
l i g h t   a i r c r a f t   i s ,   a t   b e s t ,  an  approximat ion.  Many re fe rences   sugges t   on l y   t he  
o r i g i n  of  a p a r t i c u l a r   e f f e c t  and e s t i m a t e   o n l y   i t s   o r d e r  of  magnitude.  The 
f o l l o w i n g   k i l l   d i s c u s s   t h e   s i g n i f i c a n t   r e p o r t s   d e a l i n g   w i t h  power, t h e   c h a r a c t -  
e r i s t i c  changes t o  b e   e x p e c t e d   i n   l o n g i t u d i n a l   a n d   l a t e r a l   s t a b i l i t y  due t o  
power   app l i ca t i on ,  and t h e   a n a l y t i c a l   p r o c e d u r e   g i v e n   i n  Datcom  (Ref. IO) f o r  
e s t i m a t i n g   t h e   e f f e c t s  of  p o w e r   o n   l o n g i t u d i n a l   s t a b i l i t y .  

Power e f f e c t s  f o r  l i g h t   a i r c r a f t  c a n   u s u a l l y   b e   c l a s s i f i e d   a s  I )  d i r e c t   p r o -  
p e l l e r   e f f e c t s  and 2 )  s l i p s t r e a m   e f f e c t s ,   w i t h  more a c c u r a t e   e s t i m a t i o n   p o s s i b l e  
f o r  p r o p e l l e r   t h a n  f o r  s l i p s t r e a m   e f f e c t s .   S i n c e   t h e   e n g i n e   i s   d i r e c t l y   i n  
f r o n t   o f   t h e   h o r i z o n t a l  and v e r t i c a l   t a i l s ,   t h e   s l i p s t r e a m   e f f e c t s   o n   s i n g l e  
e n g i n e   a i r c r a f t  may be  more d i f f i c u l t   t o   p r e d i c t   t h a n   t h o s e   o n   t w i n  or m u l t i -  
e n g i n e   a i r c r a f t ,   e s p e c i a l l y   i n   t h e   l a t e r a l  mode. The l a c k  of documentation  on 
ways t o   p r e d i c t   a n a l y t i c a l l y   t h e   e f f e c t s   o f  power  on l a t e r a l   s t a b i l i t y   b e a r s  
o u t   t h i s   c o n c l u s i o n .  

The  need fo r  h ighe r -powered   a i r c ra f t   du r ing   Wor ld  War I I  l ed  t o  cons ider -  
a b l e   i n t e r e s t   i n   e f f e c t s  of power  on a i r c r a f t   s t a b i l i t y .  WR L-710 (Ref. 102) 
i n d i c a t e s   t h a t  power  has a s i g n i f i c a n t   i n f l u e n c e   o n   b o t h   t h e   l o n g i t u d i n a l  and 
l a t e r a l   s t a b i l i t y  and c o n t r o l   c h a r a c t e r i s t i c s .   U s i n g   t h i s   r e p o r t ,  one  concludes 
t h a t  power app l ied   to   s ing le -eng ine ,   low-wing   mode ls   decreases   long i tud ina l  
s t a b i l i t y  and e f f e c t i v e   d i h e d r a l .   D i r e c t i o n a l   s t a b i l i t y  and rudder  and e leva-  
t o r   e f f e c t i v e n e s s  were   usua l l y   i nc reased   by   app l i ca t i ons  of power. A t  t h e  
same t i m e ,   t h e   r e p o r t   w a r n s   t h a t  power-on  wind  tunnel   tests  should  be  used t o  
p r e d i c t   a c t u a l   f l i g h t   s t a b i l i t y  a n d   c o n t r o l ,   l e s t   t h e   r e s e a r c h e r  be mis led  by 
t h e o r e t i  ca I data. 

NACA TR-690 (Ref.  103) i s  a r e p o r t  of t h e   e f f e c t s  of p r o p e l l e r   o p e r a t i o n  
on   the   f low  about   e igh t   w ind   tunne l   mode ls .  A t a b u l a t i o n   o f  downwash angles, 
the  dynamic  pressures a t   t h e   t a i l ,  and t h e   p i t c h i n g - m o m e n t   c o n t r i b u t i o n   o f   t h e  
p r o p e l l e r  and the   w ing   i s   p resen ted .  TR-941 (Ref .   104)   cor re la tes  some p e r t i -  
nen t   expe r imen ta l   da ta   on   power   e f fec ts   ob ta ined   du r ing   t he  War Years. I t  
g ives   semiempi r i ca l   p rocedures  t o  p r e d i c t  power-on l o n g i t u d i n a l   s t a b i l i t y   c h a r -  
a c t e r i s t i c s   w i t h   f l a p s   u n d e f l e c t e d ,  and  agrees  wel l   w i th   exper imenta l   data.  

I n  two Technical   Notes,  1339 (Ref. 105) and 1379 (Ref .  1061,  Hagerman d i s -  
c u s s e s   t h e   e f f e c t s   o f   p o w e r   o n   t h e   l o n g i t u d i n a l  and l a t e r a l   s t a b i l i t y  of a 
s ing le-engine,   h igh-wing  a i rp lane  model .  He found   tha t ,  f o r  l o n g i t u d i n a l   s t a -  
b i l i t y ,  power g r e a t l y   i n c r e a s e d   t h e  l i f t  increments and t h e   t a i l - o f f  l i f t  
c u r v e   s l o p e   w h i l e ,   i n   g e n e r a l ,  i t  d e c r e a s e d   t h e   s t a b i l i t y   o f   t h e  model f o r   a l l  
t h r e e   f l a p   c o n f i g u r a t i o n s   t e s t e d .   F o r   l a t e r a l   s t a b i l i t y ,   a p p l i c a t i o n  of power 
had  no e f f e c t   o n   t h e   e f f e c t i v e   d i h e d r a l ,   w i t h   t h e   f l a p   n e u t r a l ;  however, w i t h  
b o t h   s i n g l e   a n d   d o u b l e   s l o t t e d   f l a p s   d e f l e c t e d ,   p o w e r   i n c r e a s e d   t h e   e f f e c t i v e  
d i h e d r a l .  The d i r e c t i o n a l   s t a b i l i t y  of  t h e   e n t i r e  model was increased  except  
w i t h   f l a p s   n e u t r a l   a t  low l i f t  coe f f i c i en ts .   Rudder   e f fec t i veness  was decreased 
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w i t h   f l a p s   n e u t r a l   a n d   d o u b l e   s l o t t e d   f l a p s   d e f l e c t e d  and i n c r e a s e d   w i t h   s i n g l e  
s lo t ted   f l aps   de f l ec ted .   T r im   changes   caused   by   power   were   sma l l ,   i nd i ca t i ng  
good c o n t r o l .  TN 1327 (Ref. 107) o n   l a t e r a l   s t a b i l i t y ,   w r i t t e n   a b o u t   t h e  same 
t ime   as  Hagerman's work, r e v e a l s   t h a t   p o w e r   d e c r e a s e d   t h e   d i h e d r a l   e f f e c t   r e -  
ga rd less  o f  t h e   f l a p   c o n d i t i o n ,   i n c r e a s e d   t h e   d i r e c t i o n a l   s t a b i l i t y ,   a n d   i n -  
c r e a s e d   o v e r a l l   l a t e r a l   s t a b i l i t y   a s  l i f t  c o e f f i c i e n t  was increased. 

The problem of power e f f e c t s   a l s o   j u s t i f i e d   t h e   i n v e s t i g a t i o n   u n d e r t a k e n   i n  
TN I474 (Ref. 1081, which  sought t o  o f f - s e t  power e f f e c t s  'by us ing  an unsymmet- 
r i c a l   t a i l  on   t he   s ing le -eng ine   a i rp lane .   A l though   the   t es ts   and   ana lyses  
showed t h a t   e x t r e m e  asymmetry i n t h e   h o r i   z o n t a  I t a  i I i nd i ca ted  a r e d u c t i o n  i n 
power e f f e c t s   o n   t h e   l o n g i t u d i n a l   s t a b i l i t y ,   t h e   " p r a c t i c a l "   a r r a n g e m e n t   t e s t e d  
d i d   n o t  show marked  improvement .   Three  years  a f ter   the  asymmetr ic   invest iga-  
t i o n ,  a d y n a m i c   f r e e - f l i g h t   s t u d y  o f  d y n a m i c   l o n g i t u d i n a l   s t a b i l i t y   a s   i n f l u -  
enced  by s t a t i c   s t a b i l i t y  measured i n   w i n d - t u n n e l   f o r c e   t e s t s   u n d e r   c o n d i t i o n s  
of cons tan t   t h rus t   and   cons tan t   power  was undertaken.  (Ref. 109) The r e s u l t s  
a g r e e d   w i t h   p r e v i o u s   s t u d i e s   t h a t   t h e   l o n g i t u d i n a l   " s t e a d i n e s s "  of  a i r p l a n e s   i s  
a f fec ted  t o  a  much g r e a t e r   e x t e n t  by  changes i n   c o n s t a n t - t h r u s t   s t a t i c   m a r g i n  
than by  changes in   cons tan t -power   s ta t i c   marg in .  

TN D-3726 (Ref. 1101, a r e c e n t   r e p o r t   d i r e c t l y   r e l a t e d   t o   l i g h t   a i r c r a f t ,  
d i scusses   t he   e f fec ts   o f   power  on t h e   l a n d i n g   c o n f i g u r a t i o n   s t i c k - f i x e d   a n d  
s t i ' c k - f r e e   s t a t i c   l o n g i t u d i n a l   s t a b i  I i  t y  f o r  t h e   a i r c r a f t   ( i n c l u d i n g   b o t h   t w i n  
and s i n g l e   e n g i n e   a i r c r a f t )   w i t h   t h e   m o s t   p r o n o u n c e d   p o w e r   e f f e c t s .  When t h e  
power was c y c l e d  from approach t o  maxi mum a t  an a i   r s p e e d   o f  80 k n o t s   t h e   p i   l o t  
had t o  push w i t h  a f o r c e   o f   a p p r o x i m a t e l y   e i g h t  pounds t o   c o u n t e r   t h e   r e s u l t i n g  
nose-up p i t c h .   T h i s   c h a r a c t e r i s t i c   a l s o   p r e s e n t e d  a problem when the  power was 
be ing   reduced   i n   t he   l and ing   phase .   Fo r   l i gh t   a i r c ra f t ,   power   e f fec ts   caused  
b y   p r o p e l   l e r  s I  ips t ream can become q u i t e   l a r g e .  A t  a speed o f  I IO knots, ap- 
p rox ima te l y  IO degrees of  rudder  and  90  pounds o f   f o r c e  was r e q u i r e d   t o   m a i n t a i n  
heading when changing  power  from maximum t o  i d l e .   T h i s  was considered  excess ive 
by t h e   p i  lo t .  

Another  recent  paper  (Ref.  I I I )  on l i g h t   a i r c r a f t   g i v e s  methods f o r   a n a l y z -  
i n g  power-on s t a t i c   l o n g i t u d i n a l   s t a b i l i t y .  The methods  are  s imi   lar  t o   t h o s e  
g i v e n   i n  Datcom (Ref. IO) ;  however, t he   paper   a l so   desc r ibes  how power e f f e c t s  
c a n   b e   a n a l y z e d   u s i n g   a i r p l a n e   s t i c k   f o r c e ,   e l e v a t o r   d e f l e c t i o n ,  and n e u t r a l  
p o i n t s .  The method u t i   l i z e s  a p o i n t - t o - p o i n t   c a l c u l a t i o n   t e c h n i q u e  fo r  each 
speed or l o a d   f a c t o r   v a r i a t i o n  from trim. 

I n  1969 and 1970, NASA i n v e s t i g a t e d   l o n g i t u d i n a l   a n d   l a t e r a l   s t a b i   l i t y   c h a r -  
a c t e r i s t i c s  of  bo th  a l i g h t   s i n g l e   e n g i n e  and a l i g h t   t w i n   e n g i n e   a i r c r a f t   i n  a 
f u l  I sca le   tunne l   (Refs .  112 and  113).  These i n v e s t i g a t i o n s   w e r e   c a r r i e d   o u t  
for  severa I c o n d i t i o n s  of  power,  as i nd i   ca ted   by   the   ex tens ive   da ta   in   each  re -  
p o r t .  These two r e p o r t s  may be  used e i t h e r   t o   o b t a i n  a rough   es t ima te   o r  t o  
h e l p   v e r i f y   t h e   e x a c t n e s s   o f   a n a l y t i c a l   p r o c e d u r e s   f o r   e s t i m a t i n g   p o w e r   e f f e c t s  
on a i   r c r a f t   s i m i   l a r  t o  those   i nves t i ga ted .  

A l though  the I i te ra tu re   men t ioned  above may g i v e   t h e   g e n e r a l   t r e n d s  fo r  power 
e f fec ts . ,   ana ly t i ca l   t echn iques   a re   o f ten   ha rd  t o  fi,nd, cumbersome t o  use,  and 
inaccura te .   For   the   p resent ,  Datcom  (Ref. IO> p r o b a b l y   g i v e s   t h e   b e s t   a n a l y t i -  
ca l   procedures f o r  p r e d i c t i n g  power   e f fec ts .  They a re   ex tens ions  from those of 
Perk ins  and Hage (Ref. I l l ,  among o the rs   (Re fs .  114 and 1151, w i t h  improvements 
added  where poss ib le .   Datcom's  methods  o f   est imat ing  power  e f fects   on l i f t  and 
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p i t c h i n g  moment va r ia t i on   w i th   ang le   o f   a t tack   a re   summar i zed   be low.   Curves   o f  
bo th  ACL and ACm versus a can   be   p lo t ted  f o r  s e v e r a l   f l i g h t   c o n d i t i o n s   u s i n g  
these  procedures;  thus, C L ~  and Cma due t o  power  can  be  evaluated.  Scrut iny of 
t h e   p r e s e n t   d i s c u s s i o n   p o i n t s   o u t   t h a t   t h e   e s t i m a t i o n   o f   p o w e r   e f f e c t s   d e a l s  
o n l y   w i t h   s t a t i c   l o n g i t u d i n a l   s t a b i l i t y .  I t  would seem t h a t  an approx imat ion  
o f  power e f f e c t s  for  the   dynamic   der iva t ives   cou ld  be  achieved  by  est imat ing 
t h e  change i n  TI& w i t h  power,  computed a n a l y t i c a l l y   i n  a s i m i   l a r  manner t o   t h a t  
g iven  below,  and u s i n g   t h i s   c o r r e c t e d   v a l u e .  Some o f   the   methods   g iven   can   a l -  
so be  used t o   e s t i m a t e   l a t e r a l   s t a b i  l i t y   d e r i v a t i v e  changes w i t h  power. For  
example,(C~,)p i s  analagous t o  (Cy Ip o r  ( - C y g I P   f o r   c r u i s i n g   f l i g h t  and cou ld  
be  used t o   e s t i m a t e   o r  (Cy6 Y p. When approached  f rom  the  engineer ing 
v i e w p o i n t ,   s i m i l a r  methods c o u l d   a l s o  be  used i n   d e t e r m i n i n g   s l i p s t r e a m   e f f e c t s  
on t h e   v e r t i c a l   t a i  1 .  

Again  the  reader   should remember t h a t ,   a t   b e s t ,   a n a l y t i c a l   p r e d i c t i o n   o f  
power e f f e c t s   i s   c r u d e .  

L i f t  Increment Due t o  Propel   let-   Thrust  

( A C L I T  = nCT s i n  a T 

where 
n = number o f  eng i nes 
ct = t h r u s t   a x i s   a n g l e   o f   a t t a c k   t o   f r e e   s t r e a m   i n   d e g r e e s  T 

L i f t  Increment Due t o  ProDe I f e r  Normal  Force 

nN S 
(acLlN = 2 cos a = n f ( c  1 ( a p ) (  $j cos a ( p e r   r a d i a n )  

P qsW N" p T T 
W 

where aP = angle  between  loca l   a i   rs t ream and t h r u s t   i n  degrees 
Sp = p r o p e l   I e r   d i s c   a r e a  
f = p r o p e l   l e r   i n f l o w   f a c t o r  
( C  1 = p r o p e l l e r   n o r m a l - f o r c e   d e r i v a t i v e   a t  T ' = 0 p e r   r a d i a n  

Na p C 

where a0 = wing  angle of a t t a c k   f o r   z e r o  I i f t  i n  degrees 

A= wing upwash d e r i v a t i v e   g i v e n   i n   F i g u r e  49. 
a €  

a" 
The f a c t o r  f a c c o u n t s   f o r   t h e   i n c r e a s e   i n  ve l o c i t y   a t   t h e   p r o p e  I l e r  p I ane due 
t o   t h e   i n d u c e d   f l o w   o f   t h e   p r o p e l l e r  and i s   g i v e n   i n   F i g u r e  50 as  a f u n c t i o n  of 

'w 'T 

8R 
P 

wherr R = p r o p e l   l e r   r a d i u s   i n   f e e t .  
P 
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( C  1 = [ ( C  1 3  [ 1 +0.8(- KN - 
Na p Na KN=80.7 80.7 

b  b 
where K,,, = 262 (8). 3Rp + 262 (8) + 

P 
. 6Rp 

P 

11 ( p e r   r a d i a n )  

b ( p e r  

35 (8). 9R b I ade) 
P P  

w i t h  b = b l a d e   w i d t h '   i n   f e e t  ' 

P 
C(C 3 = p r o p e l l e r   n o r m a l - f o r c e   d e r i v a t i v e   a t  CT 

Na K =80.7 a n d   g i v e n   i n   F i g u r e  51 as a f u n c t i o n  of 
B ,  the  nominal  b l a d e   a n g l e   a t  0.75 rad- 
i ans ;   t h i s   b lade   ang le   shou   I d   be  ob- 
ta ined   f rom a performance  engineer o r  
from a power p I an t   eng ineer .  

N 
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F igu re  50. P r o p e l l e r   i n f l o w   f a c t o r .  

0 Id 20- 30. 40. sd 60' 
Nominal Blade Angle-@ at.75 radius 

F igu re  5 I .  Prope l   le r   normal   fo rce   parameter .  

L i f t '  Increment Due t o  a Change i n  S I  i pstrearn'Dynarni c Pressure on the   W ing  

S.  
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where K1 = correct ion  parameter   for   addi t ional   wing 
l i f t  due t o  power  and g i ven   i n   F igu re  52, 
where ARi = e f f e c t i v e   a s p e c t   r a t i o  of wing 

immersed in   t he   s l i ps t ream,  
A i  = 2Rp/ci , 
c i = average  chord of w i ng immersed i n 

s I i pstream. 

- Ans - g = r a t  i o  of change i n  dynamic  pressure i n  
p r o p e l l e r   s l i p s t r e a m   t o   f r e e s t r e a m  
dynamic  pressure and g iven by 

SwcT Ans = 7 (per   engine) .  
*RP 

S i  = wing  area immersed i n   t h e   s l i p s t r e a m   i n   s q u a r e  
f e e t  . 

115 



F igu re  52. Cor re la t i on   pa ramete r  f o r  a d d i t i o n a l   w i n g   l i f t  
due t o  prope I l e r  power. 
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L j f t  Due -fo t h e  Change i n  Ang le of _Attack -l.ndu-qed by. the  Prope I l e r  Flow  Fie1 d 

S .  

“E 

where Aa = 

1- - 
aa 

aE 

a = aT - -(a -a 1 U 

P aa w o 

The p r o p e l l e r  downwash d e r i v a t i v e  i s  g iven by 

where C and C2 a r e   p r e s e n t e d   i n   t h e   f i g u r e   b e l o w  and 
( C  1 I S  g iven  i n  one o f   t h e   p r e v i o u s   s e c t i o n s .  1 

Na p 

0 2 4 6 8 10 12 14 16 18 20 

sw or/8 + 
F i g u r e  53. F a c t o r s   f o r   d e t e r m i n i n g  downwash due t o   p r o p e l l e r s .  



Lift  Increment  Due  to  the  Horizontal Tail 

(AC = -(ACmIt (~t C L t  

where  (ACm), = total  change in pitching  moment of the 
horizontal  tail  due  to  power and can  be 
calculated  using 

(ACmIt = (AC, 1 + (ACm IE 
t q  t 

given in the  next  section--pitching  moment 
variations  with  power. 

Total  Lift  Increment  Due  to  Power 

Pitching  Moment  Increment  Due  to  the  Offset  of  the  Thrust  Axis 
from  Oriain  of  Axis 

ZT (ACmIT = C - T c  
Pitching  Moment  Due  to  the  Propeller  Normai  Force 

(Acm)N = (*‘L)N c  cos a 
I h l  

P P T 
where  x = distance  from  the  intersection  of  the 

propel  ler  plane  with  the  thrust  axis  to 
the wing quarter  chord. 

(ACLIN is  evaluated in a previous  section. 
D 

Pitching  Moment  Due  to  the  Change in the  Lift  of  the Wing 
Caused bv Power  Effect 

X 
(AC m L  = - [,A, L Ans + (ACLlaw] $- 
where  x = distance  parallel  to  x-axis  from wing quarter- 

W chord  to  aerodynamic  center o f  wing area im- 
mersed in the sli~stream. in feet 

(AC 1 and (AC ) are  eva’luated in a previous  section. 
L Ans aw 
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P i t c h i n g  Moment ". ~ ~ Due t o  Change i n  Dynamic  Pressure  Act ing  on  the 

Hor i   zonta I Ta i I 

t t s a  
(AC I = -C - - - 

L t  9 sw = 
where 7 i s  p r e s e n t e d   i n   t h e   f i g u r e   b e l o w .  

F i g u r e  54. E f f e c t  of  p r o p e l l e r  power  on  dynamic 
a t   t h e   h o r i z o n t a l   t a i l .  

p r e s s u r e   r a t i o  
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P i t c h i n g  Moment Due t o  t h e  Change i n  Angle of A t t a c k  of t h e   H o r i z o n t a l   T a i  I 

St q t  (ACm 1 E = CL AE - -(-) 
t t Sw c q power a 

where A E  i s   g i v e n   i n   F i g u r e  55 f o r   s i n g l e   e n g i n e  
a i   r p   l a n e s  and F igu re  56 f o r  mu1 t i - e n g i n e  
a i rp lanes .  o f f  can  be  obtained  from 
a formu I a i n t h e  CL s e c t i o n .  

Aq t where -is eva l   ua ted  i n F i g u r e  54  above. 
q 

1 4 O  

12O 

10" 

y. 
8' f 

t 
6 O  

Y) 

4" 

e = Downwash 
20 

O0 

0 .4 .8 12 

F igu re  55. Inc rement   in  downwash due t o   p r o p e l l e r  power 
f o r   s i n g l e - e n g i n e   a i r p l a n e s .  
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Figure 56. Increment in downwash  due to propeller power 
for  multi-engine  airplanes. 

Total Change in Pitching  Moment  Due to the  Propeller  Power  Effects 

(ACm)power = (ACm.)T + (AC I + (ACmIL f (ACmtIq 
NP 

+ (ACmt)E 



CONTROL FORCES AND DEFLECTIONS 

P i t c h   C o n t r o l  

As i n d i c a t e d   p r e v i o u s l y ,   t h e   s t a t e  o f  know ledge   rega rd ing   des i rab le   a i r -  
c r a f t   h a n d l i n g   q u a l i t i e s  up t o  1948 i s  c o d i f i e d   i n  NACA TR-927 (Ref.  16)  and 
i n   t h e   t e x t  by Perk ins  and Hage (Ref. 1 1 ) .  These  works  have  served  those of  t h e  
present   genera t ion   o f   aeronaut ica l   eng ineers   w i thout   access  t o  la rge   research  
and  development  budgets v i r t u a l l y   a s   h o l y  writ, and t h e   h a n d l i n g   q u a l i t i e s   o f  
m o s t   a i r c r a f t   o f   l e s s   t h a n  10,000 pounds gross   we igh t  now f l y i n g   r e f l e c t   t h i s  
technology.  I t  i s   t h e r e f o r e   d e s i r a b l e   t o  examine t h e   p a r a m e t e r s   c i t e d   i n   t h e s e  
works, t h e i r   v a l u e s ,  and the   fac to rs   wh ich   p roduce  them  in  some d e t a i l   a s  a 
founda t ion   f o r   recen t   advances   i n   unders tand ing  and new r e s u l t s .  

For  an a i r c r a f t   w h i c h   e m p l o y s  a trim t a b   t o   s e t   l o n g i t u d i n a l   f l i g h t  
v e l o c i t y ,  it can be shown t h a t   a t  any  g iven  t r immed  speed  the i n c r e m e n t a l   s t i c k  
f o r c e   v a r i a t i o n   w i t h  speed i s   g i v e n  by Perk ins  and Hage (Ref. 1 1 )  as 

where 

and 

Since 

and 

then  

G = r a t i o   e l e v a t o r   d i s p l a c e m e n t   t o   t h e   p r o d u c t  
o f   s t i c k   l e n g t h  and s t i c k   a n g u l a r   d i s p l a c e m e n t ,  

A p u l l   f o r c e  
g r a d i e n t   a t  t 

i s   n e g a t i v e .  I t  i s  seen t h a t   f o r  a g i v e n   a i r c r a f t ,   t h e   s t i c k   f o r c e  
rim depends  upon t h e  trim speed, the   we igh t ,  and t h e  c .g.   locat ion.  

Shor t  of  ma jo r   geomet r i c   mod i f i ca t i ons ,   t he   f o rce   g rad ien ts  f o r  a g i ven  speed, 
weight, and  c.g. l o c a t i o n   c a n  be  changed  by mod i f y ing  G and t h e   h i n g e  moment 
parameters, Ch, and Chg. The e f f e c t   o f   e l e v a t o r   b a l a n c e   p o i n t ,   e l e v a t o r  nose 
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shape, e l e v a t o r   t r a i l i n g - e d g e  shape, mass ba lanc ing  and s e a l i n g   o n  Cha and Ch6 
a r e   t r e a t e d   e x t e n s i v e l ' y   I n  TR-868 (Ref, 521, F igures  57, 58,  59 ,  60 ,  and 61 
i l l u s t r a t i n g   t h e s e   e f f e c t s   a r e   t a k e n  from t h i s  work, A gu ide  f o r  us lng   t hese  
char ts   fo l . lows  F i .qure  61, 

A0 

.36 

.32 

.2a 

.24 

b Fl 4 
4, .2a 

.16 

.12 

.oa 

.w 

F i g u r e  57 .  C h a r t s   f o r   d e t e r m i n i n g   n u m e r i c a l   v a l u e s  
o f   o v e r h a r g   f a c t o r  F1 and o f  nose-shape 
f a c t o r  F2 f rom  geometr ic   constants  o f  
ba lanced  a i le rons .  
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Nose Section showing nose shape 
type I 

# 

Nose shape factor, F2 

k c b  -I 

Figure  58a.  Var ious  nose  shapes  considered  in c o r r e l a t i o n  o f  pIain,overhang,and 

1 24 
F r  i se ba I ances and correspond i ng exp ress   i ons   f o r  nose-shape f a c t o r .  
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F i g u r e  58b. Char ts  f o r  e s t i m a t i n g   t h e   r e q u i r e d   l e n g t h s  of overhangs  having 
v a r i o u s  nose  shapes. L e t t e r s  A,B,C, and D r e f e r   t o   t h e   c o r r e s -  
pond  ing nose  shapes o f  F i g u r e  58a. 125 



0 4 8 12 16 20 24  28 32 36 40 

Trailing-edge angle, 4, deg. 
Figure  5 9 .  Hinge moment parameters o f  p l a i n  2-0 a i l e r o n s   w i t h   v a r i o u s   c h o r d s  

and va lues  of 9. Gaps sea led ;   ca /c=a i l e ron   t o   w ing   cho rd   ra t i o .  
1 26 
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A I RPLANE  CONSTANTS 

Wing span, b,  f t .  . . . . . . . . . . . . . . . 43 
Wing area, S ,  sq f t  . . . . . . . . . . . . . 308 
A s p e c t   r a t i o ,  AR. . . . . . . . . . . . . . . 6.0 
Taper   ra t io ,  X . . . . . . . . . . . . . . . .5 
Root a i r f o i l   s e c t i o n .  . . . . . . . . . NACA 23015 
T i p   a i r f o i l   s e c t i o n  . . . . . . . . . . NACA 23009 
A i rp lane   we igh t ,  I b s .  . . . . . . . . . . . 12,000 
St ick  length,  f t .  . . . . . . . . . . . . . . 2.33 

F i g u r e  60, E f f e c t s  of aerodynamic  balances  on  aileron  hinge-moment  para- 
meters  est imated from c o r r e l a t i o n s .  c- = 0.25. 
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0 .002 .004 .006  .008 .010  .012  .014  .016  .018 .020 

0 .o 2 .04 .06 .OS .12 .14  .16 .lS .20 

A+2 

F igu re   61a .   E f fec t   o f   sea led   i n te rna l   ba lances  
on   t he  hinge-moment  parameters of 
con t ro l   su r faces .  M=0.2 or less. 
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4 8 12 16 20 24 28 32 

Trailing-edge  angle (deg) 

F igu re  61b. E f f e c t   o f  gap on  hinge-moment v a r i a t i o n   w i t h   t r a i l i n g  edge  angle. 
NACA 0009 a i r f o i l ;  2-D model, 2 =0.30. 

C 

The genera i   express ions   fo r   changes  in   the   h inge moment c h a r a c t e r i s t i c s  
which  resu I t  f rom geometric  changes a 

AC = & [O.O17F, 
ha AR+2 

and 

- 

Ach6 AR+2 
- - AR [o. loF1 F2 

The t r a i l i n g  edge ang le   da ta   a re  fo r  

r e  

+ 5.05 x A@] 9 

+ 5.7 X A@] . 
ba lances   w i th  a gap o f  .005E. 

One f i r s t   s e l e c t s  a nose  shape from F i g u r e  58 and secures  theref rom a 
v a l u e   o f   F 2 ' .   T h i s   i n v o l v e s ,   i n   a d d i t i o n ,  a s e l e c t i o n   o f   c b / c q .  The  symbols 
Mg, MB, Mc, MD, ME, and MF r e f e r  t o  moments a b o u t   t h e   h i n g e   a x t s   o f   t h e   p r o -  
f i l e  a r e a s   o f  exposed  overhang  balances of  t y p e s   c o r r e s p o n d i n g   t o   t h e  sub- 
s c r i p t s  0, 6, C, and so f o r t h .  T h e   b a l a n c e   p r o f i l e   a r e a   i s   d e f i n e d   a s   t h e  
t o t a l   p r o f i l e   a r e a  o f  t h e   a i r f o i l  ahead o f   t h e   h i n g e   a x i s .  F2=F2' fo r  nose 
shapes 0, A, 6, D, and G. F2  can a l s o  be  found from F i g u r e  57. The same 
f i g u r e   i s  used t o  determine F1. One t h e n   c a l c u l a t e s  F1F2'  and  uses F igu re  61b 
o r  the  equat ions  above to c h e c k   w h e t h e r   t h e   i n i t i a l   s e l e c t i o n   o f   n o s e  shape 
and  nose  overhang will g i v e   t h e   d e s i r e d   m o d i f i c a t i o n   i n   h i n g e  moment charac t -  
e r i s t i c s .   A d d i t i o n a l   m o d i f i c a t i o n s   i n   c h  and Cb can  then  be  obta ined from 
t r a i l i n g  e d g e   a n g l e   v a r i a t i o n s   a s   i n d i c a t g d   i n   F t a u r e s  59 and  61a o r  t h e  
equat ions  above. 

For   sealed  ba lances,   the  equat ions  are 
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and 

The  increments  represented  by  these  equat ions  are t o  be added t o  t h e  
h inge moment c o e f f i c i e n t s   p r o d u c e d  by c o n t r o l   s u r f a c e s   w i t h  no  area  forward 
of t h e   h i n g e   l i n e .   T h e   r e s u l t s  of  c a l c u l a t i o n s  f o r  t h e   b a s i c   h i n g e  moment 
c o e f f i c i e n t s  of th in ,   s imple  shapes shown i n  TR-868 (Ref.  5 2 )  can  be  repre- 
sented  by 

Ca  Ca Cha - ,0003 c - < 0.4 , 
C 

and 

I t  should  be  noted,  however, t h a t   t h e s e   v a l u e s   w i l l   b e   a l t e r e d  t o  some ex- 
t e n t  by t h e   c o n d i t i o n  of t h e  flow o v e r   t h e   b a s i c   w i n g   ( c o n d i t i o n  of boundary 
layer,  presence of  t i p   v o r t i c e s ,   e t c . )  and  by t h e   p a r t i c u l a r  shape of  t h e  
con t ro l   su r face .   Fo r   t h i s   reason ,   p rec i se   va lues   a re   usua l l y   ob ta ined   ex -  
p e r i m e n t a l l y .   F u r t h e r   d e t a i l s  may be  found i n   R e f e r e n c e  52. 

One f i n a l   c o n s i d e r a t i o n   s h o u l d  be  mentioned  here: To reduce  drag, 
i n e r t i a l l y - i n d u c e d   c o n t r o l   s u r f a c e   d e f l e c t i o n ,   t h e   p o s s i b i l i t y  of f l u t t e r ,  
and e f f e c t s  of  cont ro l   sur face   d roop,  and t h e   c o n t r o l   s u r f a c e   a c t u a t i o n  
f o r c e ,   t h e   c o n t r o l   s u r f a c e  i s  a l s o  mass ba lanced   abou t   t he   h inge   l i ne .   Th i s  
wi l l  o f t e n   r e q u i r e   t h a t   l e a d   w e i g h t s  be  placed i n   t h e  nose of  the   aero-  
dynamic  balance or a t tached by  long  arms t o  t h e   h i n g e   a x i s .  

Repor t  927 ( R e f .   1 6 )   i l l u s t r a t e s   s u i t a b l e   v a l u e s  fo r  Cha and Ch6 fo r  a 
t y p i c a l  example. Th is   i s   rep roduced   as   F igu re  62. I n   genera l ,   one   des i res  
t o  keep t h e   v a l u e s   o f  Cha and Ch6 sma l l .   Th i s  wil l a l s o  keep t h e   s t i c k  
fo rces  t o  reasonable  values fo r  h i g h  speeds o r  heavy  weights. 

Some of  t h e  means fo r  a l . t e r i n g   t h e   e f f e c t i v e  G mechan ica l l y   ( sp r ings  and 
bob weights)   are  d iscussed  by  Perk ins  and Hage (Ref.  1 1 ) .  F u l l y  powered  con- 
t r o l  systems, of  course,  can  use  other means i f  necessary t o  produce  the  
d e s i r e d   f e e l .  (See, f o r  example, TN D-632 (Ref.  531.1 

F o r m e r l y ,   c o n s i d e r a b l e   e f f o r t  was expended  toward  spec i fy ing  acceptable 
values fo r  dFs/dU, b u t   r e c e n t l y   s p e c i f i c a t i o n   w r i t e r s   ( b o t h   i n  FAR p a r t  23 
(Ref.  54)  and i n  MIL-F-8785B (Ref. 4) 1 have  asked  on ly   tha t  dFs/dU be   s tab le  
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P 

a t   a l l   f l i g h t   c o n d i t i o n s ,  e.g., t h a t   i n c r e a s i n g   p u l l   f o r c e s  and a f t   m o t i o n  
o f   t h e   e l e v a t o r   c o n t r o l  be requ i red   t o , ,ma in ta in   l ower   t han  trim airspeed. 
There i s  no r e q u i r e m e n t   t h a t  dF,/dU be l i n e a r . *  

I n   a d d i t i o n   t o   c a l l i n g  for stab1.e  force-speed  gradients,   both FAR p a r t  23 
and MIL-F-8785B s p e c i f y  The maximum o u t - o f - t r i m   f o r c e s   a n   a i r c r a f t   s h o u l d  
r e q u i r e   i n  a v a r i e t y   o f   f l i g h t   c o n d i t i o n s .  The tab le   be low summarizes these  
maximum f o r c e s  and c o n d i t i o n s .  

Stable ngim 

Neutral stick-free stability 

0 

C 
hat 

-.w5 stability for static 

I margin of .05c 

Unstable region 
-. 010 - 

Positive values of Chi. not used 

because of unstable short- period 
oscillations with stick free 

-.015 -.010 -. 005 0 .005 

F i g u r e  62. Boundary  between s t a b l e  and uns tab le   va lues  
o f  c h  and C for  t h e  example g i v e n   i n  
TR-927. hb, Uns tab le   s ide  of boundaries 
i nd i c a t e d  by cross-ha tch ing .  

* Indeed,  dFg/dU i s   d i r e c t l y   p r o p o r t i o n a l   t o  U away from trim. Other 
c a u s e s   o f   n o n - l i n e a r   f o r c e   v a r i a t i o n s   i n c l u d e   t h e   f a c t   t h a t   a l l   t h e   d e r -  
i v a t i v e s   i n   t h e   e q u a t i o n   a r e   e v a l u a t e d   a t   s p e c i f i c   p o i n t s   o n l y .  A t  h i g h  
va lues  of  CL, f o r  example, i s  l ess   t han  for CL near 0. Thus,  one 
s h o u l d   t a k e   c a r e   t h a t   t h e   v a t i v e   v a l u e s  used f o r   c a l c u l a t i o n s   a r e  
t h o s e   v a l i d   f o r   t h e   r a n g e   o f   a n g l e s   b e i n g   c o n s i d e r e d .  
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1.5 U s t a l l   w i t h  power 
o f f  and  gear  and f l a p s  10 Ibs  
down a t  most forward  c.g.  

FAR 23.145 

Any c r u i s e  speed  between 1.3Us 
and Umax; Approach  speeds 40 I b s  
between 1.1Us and 1.8Us 

FAR 23.175 

Maximum f o r c e   f o r   p r o -  
longed  app l i ca t ion ;  10 I b s  FAR 23.143 
Temporary   app l i ca t ion  

S t i c k  60 I b s  
Whee I 75 I b s  

Ta ke-of f 20 I b s  p u l l  t o  MI L-F-8785B 
10 Ibs  push § 3.2.3.3.2 

Land i ng Must  be a p u l l  MI L-F-8785B 
f o r c e   o f   n o t  more § 3.2.3.4.1 
than  35 I b s  

~~ 

D i v e s   w i t h   a i r c r a f t  < 50 Ibs  push 
t r i m m e d   f o r   l e v e l   f l i g h t  < 10 I b s   p u l l  

< 75 I b s  push 
< 15, I bs pu I I ]  M t L-F-87855 

1 s t i c k  

5 3.2.3.5 
w i t h  trim a t   d i v e   e n t r y  < 10 fbs s t i c k  

< 20 f b s  wheel 

Tab le  1 1 .  S p e c i f i c a t i o n   r e q u i r e m e n t s  for  maximum o u t - o f - t r i m   f o r c e s .  

T h e   g e n e r a l   e x p r e s s i o n   f o r   s t i c k   f o r c e   i s   g i v e n   i n   P e r k i n s  and Hage 
(Ref. 1 1 )  as 
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where 
a, = a i r c r a f t   a n g l e   o f   a t t a c k  fo r  ze ro  l i f t ,  
iw = wing  inc idence  angle,  
i e  = t a i l   p l a n e   i n c i d e n c e   a n g l e ,  
Cho = res idua l   h inge  moment c o e f f i c i e n t  

(h inge  moment no t   caused   by   de f l ec t i on  
or ang le  o f  a t t a c k ) ,  

&eo = e l e v a t o r   a n g l e   a t   z e r o   a i r c r a f t  l i f t ,  
8, = trim t a b   d e f l e c t i o n .  

N o t e   t h a t   f o r   t r i m m e d   f l i g h t ,  6 t  i s  such t h a t  Fs = 0. F o r   a i r c r a f t   w i t h  
i r r e v e r s i b l e   l o n g i t u d i n a l   c o n t r o l   s y s t e m s ,   F s   i s   t h e   f o r c e   w h i c h   t h e   c o n t r o l  
system  must  apply t o   t h e   e l e v a t o r   o r   s t a b i l a t o r ,   b u t   t h e   f o r c e   w h i c h   t h e   p i l o t  
f e e l s   i s   d e t e r m i n e d  by cont ro l   sys tem  des ign .  

The o n l y   m e n t i o n   f o u n d   i n   t h e   l i t e r a t u r e  for  d e s i r a b l e   c o n t r o l   d e f l e c t i o n  
g r a d i e n t s   i s   t h e   r e q u i r e m e n t   i n  MIL-F-8785B  93.2.2.2.2  (Ref. 4) t h a t   t h e   p i l o t  
app ly   no t   l ess   t han  5 I b s   f o r c e  fo r  e a c h   i n c h   o f   s t i c k   t r a v e l .  

Any th ing   wh ich   changes   t he   f l ow   f i e ld   i n   t he   ne ighborhood   o f   t he   ho r i zon ta l  
c o n t r o l   s u r f a c e   c a n   h a v e   a n   e f f e c t   o n   i t s   a c t u a t i n g   f o r c e s .  Such changes  can 
be t h e   r e s u l t   o f   a p p l i c a t i o n s   o f  p o w e r   ( w h i c h   r e s u l t   i n   i n c r e a s e s   i n  nt and 
c o n t r i b u t i o n s   t o   t h e  downwash f i e l d   f r o m   t h e   p r o p e l l e r   s l i p s t r e a m )  or a l t e r a t i o n s  
i n   t h e   l i f t   c o n f i g u r a t i o n ,  a s   w i t h   d e f l e c t i o n   o f   f l a p s   ( w h i c h   a l s o   r e s u l t   i n  
a l t e r e d  downwash f i e l d s ) .  The  change i n  w i n g   p i t c h i n g  moment accompanying t h e  
d e f l e c t i o n   o f   f l a p s   v a r i e s   t h e   t r i m m i n g  moment w h i c h   t h e   t a i l   i s   r e q u i r e d   t o  
g e n e r a t e   a n d   t h u s   c h a n g e s   t h e   s t i c k   f o r c e   o r   t h e  trim t a b   s e t t i n g   r e q u i r e d .  
A d d i t i o n a l  moments a s s o c i a t e d   w i t h   t h e   a p p l i c a t i o n   o f  power  develop when t h e  
t h r u s t  does n o t   a c t   t h r o u g h   t h e   c . 9 .  and  because p rope l l e rs   genera te   i n -p lane  
f o r c e s   i n  upwash f i e l d s .  Some o f   t h e s e   e f f e c t s   t e n d   t o   r e d u c e   s t i c k   f o r c e s  and 
g r a d i e n t s ;   o t h e r s   t e n d  t o  increase them;  none o f  them  are  easy t o   e s t i m a t e  
a c c u r a t e l y   f r o m   t h e o r e t i c a l   c o n s i d e r a t i o n s   a l o n e .  Wind t u n n e l   o r   f l i g h t   t e s t i n g  
i s   n e c e s s a r y   f o r   a c c u r a t e   e v a l u a t i o n .   F o r   m o s t   a i r c r a f t ,   t h e   a p p l i c a t i o n  o f  
power r e s u l t s   i n  a more p o s i t i v e   v a l u e  o f  Cm, and a r e d u c t i o n   i n   c o n t r o l   f o r c e s .  
The d i s c u s s i o n   i n   P e r k i n s   a n d  Hage (Ref. 1 1 )  enables  one t o   a r r i v e   a t  some 
ve ry   app rox ima te   quan t i t a t i ve   va lues  f o r  these  e f fec ts .   The  p rob lem o f  undes i rab le  
trim changes   w i th   app l i ca t i on  of  power or  e x t e n s i o n   o f   g e a r   a n d / o r   f l a p s   i s  
apparen t l y  a f a i r l y  common o n e   s i n c e   s e v e r a l   o f   t h e   l i g h t   a i r c r a f t   t e s t e d  for  
TN D-3726 (Ref. 55)  e v i d e n c e d   s u b s t a n t i a l   s h i f t s   i n   s t i c k   f o r c e   w i t h   t h e   a p p l i -  
c a t i o n   o f  power o r  t h e   e x t e n s i o n  o f  f l a p s  o r  gear. 

I n   a d d i t i o n  t o  t h e   f o r c e s   r e q u i r e d  t o  change speed, t h e   f o r c e s  needed t o  
change f l i g h t   d i r e c t i o n   c o n t r i b u t e   s i g n i f i c a n t l y  t o  t h e   p i l o t ' s   i m p r e s s i o n  o f  
t h e   v e h i c l e ' s   h a n d l i n g   q u a l i t i e s .   I n   t h e   l o n g i t u d i n a l  mode, t h e s e   a r e   u s u a l l y  
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s t a t e d   a s   t h e   s t i c k   f o r c e   p e r  "g". The f o r c e s   r e q u i r e d   t o  change 
d i r e c t i o n   a r e   h i g h e r   t h a n  f-hose r e q u i r e d  t o  i n i t i a h  a change i n  
speed  alone a t  t h e  same dynamic  pressure  because  an 
a d d i t i o n a l  trim moment i s   r e q u i r e d  t o  p i t c h   t h e   a i r c r a f t  t o  a n   a n g l e   o f   a t t a c k  
s u f f i c i e n t  t o  g e n e r a t e   t h e   a d d i t i o n a l  l i f t  needed t o  c u r v e   t h e   f l i g h t   p a t h  and 
because r o t a t i o n   ( u p - p i t c h i n g )   i n d u c e s  a p o s l t i v e   a n g l e  o f  a t t a c k  component i n  
the   f l ow   abou t   t he   t a i l   p lane ,   wh ich   one   mus t   coun te r   w i th  a compensatory 
e l e v a t o r   d e f l e c t i o n .  

To f i n d   t h e   e l e v a t o r   s t i c k   f o r c e  fo r  a n   a r b i t r a r y  maneuver, it i s  necessary 
t o   s o l v e   t h e   g e n e r a l   e q u a t i o n s   f o r   t h e   n o r m a l   a c c e l e r a t i o n   p r o d u c e d  by t h a t  
e l e v a t o r   m o t i o n   w h i c h   r e s u l t s   f r o m   t h e   s p e c i f i e d   a p p l i c a t i o n   o f   s t i c k   f o r c e .  
F o r   s i m p l i c i t y  and s t a n d a r d i z a t i o n   i n   a n a l y s i s  and i n   f l i g h t   t e s t s ,  however, 
maneuvers  designed t o   e v a l u a t e   s t i c k   f o r c e   p e r  g a r e   l i m i t e d  t o  s teady   pu l l -ups  
i n   t h e   x z   p l a n e   o f   i n e r t i a l  space  and t o  s t e a d y   t u r n s   i n   t h e   x y   p l a n e   o f  
i n e r t i a l  space.  The  general  expressions f o r  s t i c k   p e r  g i n   t hese   c i r cums tances  
a r e  

(>Pu I I -ups 
- GntSeCe(W/S)Chg - 

cm6 

+"" 
chg C Sw '6 d6e 

N o t e   t h a t   t h e   s t i c k   f o r c e   g r a d i e n t s   w i l l  be l i n e a r   i n   p u l l - u p s  so long  as 
G, Cma, C b ,  Cha, Chg, (dat/d6,), (de/da),  C k t ,  and n t  r e t a i n   t h e  same va lues  
a s   f o r   n = l .   N o t e   a l s o   t h a t   a s   t u r n s   t i g h t e n ,   t h e   s t i c k   f o r c e   p e r  g approaches 
t h e  same va lue   as  for  pu l l -ups .  

On t h e   q u e s t i o n  of l i n e a r i t y ,  MIL-F-8785B  (Ref. 4 )  s p e c i f i e s   t h a t   t h e  
l o c a l   v a l u e   o f   d F s / d n   s h a l l   n o t   d i f f e r  by  more t h a n  50% from i t s  average  value, 
The f o r c e   l i m i t s   i n  maneuvers a r e   s t a t e d   d i f f e r e n t l y  fo r  s t i c k  and  wheel  con- 
t r o l s ,   t h e   r a t i o n a l e   b e i n g   t h a t   s t i c k   c o n t r o l l e r s   a r e   e a s i e r   t o   m a n i p u l a t e   p r e -  
c i s e l y   a t  low f o r c e s  and  wheel c o n t r o l l e r s   p e r m i t   l a r g e r   f o r c e s   t o  be a p p l i e d .  
Not u n e x p e c t e d l y ,   t h e   f o r c e   l i m i t s   a r e   s t a t e d   i n   t e r m s  of t h e  limit l o a d   f a c t o r  
wh ich   t he   s t ruc tu re   can   sus ta in .  One would  not   wish t o  be a b l e  t o  exceed t h i s  
l o a d   f a c t o r   w i t h  a v e r y   l i g h t   f o r c e ;   n o r ,   o n   t h e   o t h e r  hand, would  one  wish  the 
s t i c k   f o r c e s  t o  be so g r e a t   t h a t   t h e  maneuver c a p a b i l i t i e s   o f   t h e   c r a f t   c o u l d  

* ch6 i s   o f t e n   i n c r e a s e d   b y  IO$ t o  account   roughly  f o r  the  fuselage  damping, 
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not   be  achieved.   For   the limit l o a d   f a c t o r   o f  3.8 t y p i c a l   o f   m o s t   l i g h t   a i r -  
c r a f t ,   t h e   s p e c i f i c a t i o n   s t i p u l a t e s   t h a t   f o r   s t i c k   c o n t r o l l e r s   t h e  maximum 
s t i c k   f o r c e   p e r  g s h a l l  be  no  more than  28 I b s  per  g nor   l ess   t han  20 Ibs   pe r  
g.  The  minimum g r a d i e n t   i s  7.5 Ibs per   g .  

Wi th  wheel c o n - - r o l l e r s ,   t h e  maximum v a l u e s   a r e   a t   l e a s t  42.8 Ibs   pe r  g 
b u t   n o t  more t h a n  120 Ibs   per   g .  The  minimum v a l u e   i s  16 Ibs   pe r  g. 

llThe'-.term g r a d i e n t   d o e s   n o t   i n c l u d e   t h a t   p o r t i o n  of t h e   f o r c e   v e r s u s  n 
c u r v e   w i t h i n   t h e   p r e l o a d e d   b r e a k o u t   f o r c e  or f r i c t i o n  band."  These, accord.ing 
t o  paragraph 3.5.2.1 (Ref.  4)  should  be  between  1/2  and 3 I b s  f o r  a s t i c k  and 
4 I bs for  a wheel. 

FAR p a r t  23 (Re f .   54 )   p laces   no   numer i ca l   l im i t s   on   t he   e leva to r   s t i ck  
f o r c e   i n   m a n e u v e r i n g   f l i g h t   o t h e r   t h a n   t o  say  (23.143) t h a t   t h e   f o r c e   o n   t h e  
p i tch   con t ro l   shou ld   never   exceed  60  Ibs ( s t i c k )  or  75 Ibs   (whee l )   dur ing  tem- 
p o r a r y   a p p l i c a t i o n s   o r  10 Ibs   du r ing   p ro longed   app l i ca t i ons .  The popu lar  
f l y i n g   j o u r n a l s   g e n e r a l l y  do not  report  such  data  perhaps  because i t s   a c q u i -  
s i t i o n   r e q u i r e s   t h e   i n s t a l l a t i o n   o f   c o n s i d e r a b l e   i n s t r u m e n t a t i o n   o r   b e c a u s e  
t h e   o m i s s i o n   o f   q u a n t i t a t i v e   s t a n d a r d s   i n   t h e  FAR'S suggests t o  some e i t h e r  a 
l a c k   o f   s i g n i f i c a n c e   o r  a l a c k   o f   p o p u l a r   a p p r e c i a t i o n   f o r   t h e   m e a n i n g   o f  
q u a n t i t a t i v e   v a l u e s   i n   d e s c r i b i n g   h a n d l i n g .   S i n c e   t h e r e   a r e  few r e p o r t s  
d e a l i n g   w i t h   l i g h t   a i r c r a f t   a v a i l a b l e   e l s e w h e r e ,  it i s   d i f f i c u l t   t o   d e t e r m i n e  
t h e   f o r c e   g r a d i e n t s  now  common i n   l i g h t   a i r c r a f t .  

Two sources,  however,   are  helpful .  TND-3726 ( R e f .   5 5 )   r e p o r t s   t h a t ,   f o r  
some o f   t h e   l i g h t   a i r c r a f t   i n v e s t i g a t e d ,   s t i c k   f o r c e   g r a d i e n t s   v a r i e d   b e t w e e n  
8  and 17 Ibs   pe r  g f o r  speeds of l ess   t han  100 knots .  When compared w i t h   t h e  
requ i rements   o f  MIL-F-8785B (Ref.  41, t h e s e   a i r c r a f t  have grad ien ts   lower   than 
des i red .  On t h e   o t h e r  hand, t e s t s  on a l i g h t   a i r c r a f t   a d a p t e d   f o r   m i l i t a r y  
use (Ref.   56) showed c o m p l i a n c e   w i t h   t h e   s p e c i f i c a t i o n   a t   a l l   f l i g h t   c o n d i t i o n s  
and a i r c r a f t   l o a d i n g s .  Based on  these  l imi ted  sampl ings,   one  would  expect   to  
f i n d  a w i d e   v a r i a t i o n   i n   t h e   h a n d l i n g   d u r i n g  maneuvers exhib i ted  by  contempor-  
a r y  I i g h t   a i r c r a f t .  

One add i t iona l   a rea   g iven   p rominance by  MIL-F-87858 b u t   n o t   r e f e r r e d   t o  
elsewhere i n   q u a n t i t a t i v e   t e r m s   i s   t h e  phase r e l a t i o n  be tween  the   app l i ca t ion  
o f   c o n t r o l   f o r c e  and the   mot ion   o f   the   cockp i t   con t ro l   on   the   aerodynamic   con-  
t r o l   s u r f a c e .   P a r a g r a p h   3 . 5 . 3 . 1   r e q u i r e s   t h a t   c o n t r o l   d e f l e c t i o n   s h o u l d   n o t  
l ead   t he   app l i ca t i on   o f   con t ro l   f o rce .   Pa rag raph   3 .5 .3   spec i f i es   t ha t   t he  
c o n t r o l   s u r f a c e   d e f l e c t i o n   s h a l l   n o t   l a g   t h e   c o c k p i t   c o n t r o l   f o r c e s  by m r e  
than  30° i n  phase   ang le   f o r   app l i ca t i on   f requenc ies   equa l   o r   l ess   t han  Wn 
In   con t ro l   sys tems where the   aerodynamic   sur faces   a re   ac tua ted  by r i g i d  
l inkages   f rom  the  wheel o r   s t i ck   t hese   requ i remen ts   o f   cou rse   a re   a lways   me t .  
I f ,  however, t he   sys tem  con ta ins   e las t i c   e lemen ts ,   l i nkage   fo rce   boos te rs ,   o r  
r e m o t e l y   c o n t r o l l e d   a c t u a t o r s   t h i s  may n o t  be the  case.  The c h a r a c t e r i s t i c s  
o f   s u c h   s y s t e m s   w i l l   r e q u i r e   i n v e s t i g a t i o n  and p o s s i b l e   a l t e r a t i o n  t o  insu re  
comp l iance   w i th   t he   spec i f i ca t i on .   Re fe rence  56 p r e s e n t s   r e s u l t s   t a k e n   w i t h  
t y p i c a l   f o r c e  and angu la r   pos i t i on   t ransducers   wh ich   cou ld  be  used a l o n g   w i t h  
o s c i l l o g r a p h i c   o r   t a p e   r e c o r d e r s   t o   o b t a i n   d a t a   s u i t a b l e   f o r   a n a l y s i s   o f   t h e  
control  system  phase  responses. 
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Rol I Con t ro l  

I f  o n e   r e v i e w s   t h e   l i t e r a t u r e   d e a l i n g   w i t h   t h e   h a n d l i n g   q u a l i t i e s  of 
l i g h t   a i r c r a f t   i n   t h e  r o l l  mode c h r o n o l o g i c a l l y ,   h e  becomes aware of a s u b t l e  
s h i f t  of emphas is   f rom  concern   p r imar i l y   w i th   ach ievement  of  a g i v e n   r o l l i n g  
r a t e   a t  low speeds  and l i m i t a t i o n  of a i l e r o n   f o r c e s   a t   h i g h  speeds t o  concern 
w i t h   t o t a l   p i l o t  w o r k   l o a d   ( i n c l u d i n g   r u d d e r   a n d   e l e v a t o r   c o o r d i n a t i o n   r e -  
q u i r e d )   d u r i n g   r o l l s  and t o  t h e   a n g l e   a t t a i n e d   i n  a s p e c i f i e d   p e r i o d  of  t ime .  
T h i s   i s   n o t   s u r p r i s i n g  when one r e c a l l s   t h a t   d u r i n g   t h e   e r a   o f   W o r l d  War I I  
good r o l l i n g   p e r f o r m a n c e   i n   f i g h t e r   a i r c r a f t   ( w e i g h i n g   g e n e r a l l y   l e s s   t h a n  
10,000 Ibs, a t   l e a s t   a t   t h e   b e g i n n i n g  of the   war )  was e s s e n t i a l   t o   s u r v i v a l  
i n  dog f i g h t s .  As knowledge of  how t o  achieve  th is   per formance  aerodynamic-  
a l l y  grew  and t h e   c o n t r o l   f o r c e s   a t   h i g h  speed  were  reduced  by  power  boost 
systems, a t t e n t i o n   c o u l d   b e   d e v o t e d   t o   f a c t o r s   a f f e c t i n g   s a f e t y  and p r e c i s i o n  
r a t h e r   t h a n   s i m p l e   s u r v i v a l .  Hence, t h e  1969 r e v i s i o n   o f  MIL-F-8785B (Ref .4 )  
d e v o t e s   c o n s i d e r a b l e   a t t e n t i o n   t o   l i m i t i n g   t h e   f o r c e s   t h e   p i l o t   m u s t   a p p l y   t o  
rudder  and e l e v a t o r   d u r i n g   a i l e r o n   a p p l i c a t i o n .   I t   a l s o  changed t h e   r e q u i r e -  
ment f o r   t h e   a t t a i n m e n t  of a giver; pb/2U t o  t h e   a t t a i n m e n t  of  a g i ven  bank 
a n g l e   i n  a f i xed   t ime   on   t he   p remise   t ha t   such  a requi rement  was more mean- 
i n g f u l   i n   e s t a b l i s h i n g   c o l l i s i o n   a v o i d a n c e   c a p a b i l i t i e s   a n d  was e q u a l l y  
s u i t e d   t o   e s t a b l i s h i n g   t h e   d e s i r a b i l i t y   o f   o t h e r   a r e a s  of r o l l i n g  performance. 

The s h i f t   i n  areas of  c o n c e r n   w i t h   t i m e   a l s o  had i t s   a n a l o g   i n   t h e  ana- 
l y t i ca l   t echn iques   emp loyed  and the   pa ramete r   va lues   i den t i f i ed .  Whereas one 
would  begin a d i s c u s s i o n   o f   r o l l   h a n d l i n g   w i t h   c o n s i d e r a t i o n  of t h o s e   c o n t r o l  
f o r c e s ,   c o n t r o l   d e f l e c t i o n s ,   a n d   t h e i r   y r a d i e n t s   w h i c h   a f f e c t   t h e   p i l o t ' s  
o p i n i o n  of an a i r c r a f t ' s   r o l l   h a n d l i n g   q u a l i t i e s ,  i t  w i l l  be   recogn ized  tha t  
s u c h   t h i n g s   a s   t h e   p h a s e   r e l a t i o n s h i p s   b e t w e e n   c o n t r o l   a p p l i c a t i o n  and a i r c r a f t  
response,  the  presence of s p u r i o u s   r e s p o n s e s   w h i c h   r e q u i r e   c o n t r o l   i n p u t   t o  
counter ,   and  the   p rec is ion   w i th   wh ich   des i red   maneuvers   can   be   executed   a lso  
c o n t r i b u t e   s i g n i f i c a n t l y  t o  h i s   o v e r a l !   i m p r e s s i o n  of h a n d l i n g   c h a r a c t e r i s t i c s ,  
T h e s e   f a c t o r s   p l u s   t h e   i n e v i t a b l e   c o u p l i n g  of l a t e r a l  and d i r e c t i o n a l  modes 
and t h e   f a c t   t h a t   a e r o d y n a m i c a l l y   t h e   a i r c r a f t   h a s  no inherent   bank   o r ien ta-  
t i o n  and t h u s  no s t a t i c   r o l l   s t a b i l i t y   i n   t h e   c o n v e n t i o n a l  sense, make i t  
necessary t o  employ a more  general  approach t o   r o l l   h a n d l i n g   a n a l y s i s   t h a n  
t h e   s i m p ! e r   v i e w   s u i t a b l e   f o r   t h e   t r e a t m e n t   o f   p i t c h   h a n d l i n g .  The d i scuss ion  
wh ich   f o l l ows   beg ins ,   t he re fo re ,   w i th   t he   s imp le ,   one -d imens iona l   v iew  and 
moves on t o   d e t a i l  me thods   wh ich   t he   spec i f i ca t i on   w r i t e rs   have   used   i n   an  
e f f o r t   t o   q u a n t i f y   o t h e r  phases   o f   accep tab le   ro l l   hand l i ng .  

The genera l ,   l i nea r   t rea tmen t   o f   s teady ,   one -d imens iona l   ro l l   has  been 
a v a i l a b l e   s i n c e   t h e   m i d - 1 9 4 0 I s .  (See References I I  and 16, for   example. )   Wi th  
t h e   a s s u m p t i o n   t h a t   a l l   d e r i v a t i v e s   r e m a i n   c o n s t a n t   i r r e s p e c t i v e   o f   a i l e r o n  
d e f l e c t i o n ,  speed, a l t i t u d e ,  and r o l l i n g   r a t e ,  and t h a t   t h e   t i m e   r e q u i r e d   t o  
a t t a i n   t h e  maximum r o l l i n g   r a t e   f o r  a g i v e n   a i l e r o n   d e f l e c t i o n   c a n   b e   c o n s i d e r e d  
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zero*,  one  can w r i t e  

f o r  t h e  bank  angle as a f u n c t i o n  of a i l e r o n   d e f l e c t i o n  and 

* One-dimensional .. 
r o l l i n g   m o t i o n   i s   d e s c r i b e d   b y   t h e   e q u a t i o n  

whose s o l u t i o n   f o r  a s t e p   a i l e r o n   i n p u t   i s  

I n   t h i s   e q u a t i o n ,  q = 1/2 pU . S ince   t he   denomina to r   o f   t he  second te rm ** 
(equal t o  ( 1 / - c R )  1 genera l l y   has  a v a l u e   o f  -10 o r  more (nega t i ve ) ,  it i s  
o b v i o u s   t h a t   f o r   t i m e s   i n   e x c e s s  of  about  1.0 sec   the  second t e r m   c o n t r i b u t e s  
v e r y   l i t t l e   t o   t h e  bank   ang le   a t ta ined .  MIL-F-8785B, §3.3.1.2 r e q u i r e s   t h a t  
t h e  maximum v a l u e   o f  TR f o r   l i g h t   a i r c r a f t   i s  1.0. §3.3.1.4 f u r t h e r   s t a t e s  
t h a t   t h e   r o l l i n g  mode and t h e   s p i r a l  mode sha l l   no t   coup le ,   i e .   t he   t ime   con -  
s t a n t s  have t h e  same value, t o  p r o d u c e   a n   o s c i l l a t o r y  mode. For  a s i m u l a t o r  
s tudy of  t h i s  case, t h e   r e a d e r   i s   r e f e r r e d  t o  TND-5466 (Ref. 57) .  

2 

F o r   t h e   c o m p l e t e   t h r e e - d i m e n s i o n a l   t r e a t m e n t   o f   r o l l i n g   r e s p o n s e   t o  
a i l e r o n   d e f l e c t i o n ,   t h e   a p p e n d i c e s  t o  the   p resent   s tudy   shou ld  be  examined. 

** See Appendix D f o r  a d i scuss ion  of  t h e   s t a b i l i t y   d e r i v a t i v e s   m o s t  
i m p o r t a n t   i n   d e t e r m i n g   t h e   v a l u e  of t h e   r o l l i n g  mode t ime   cons tan t ,  TR. 
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f o r  t h e  bank angle  as a f u n c t i o n   o f   c o n t r o l   f o r c e .   i s   t h e   t o t a l   ( u p   p l u s  
down, assumed t o  be e q u a l   a n d   e q u a l l y   e f f e c t i v e )   a i l e r o n   d e f l e c t i o n .   y ’   i s  
the   spanwise   loca t ion  o f  t h e   a i l e r o n   c e n t r o i d ,   I t   i s  seen t h a t   a t  low speed 
t h e   r o l l i n g   p e r f o r m a n c e   i n c r e a s e s   w i t h   i n c r e a s i n g  speed u n t i l   t h e   f o r c e   l i m i t s  
are  reached; a t   t h i s   p o i n t   t h e  b a n k   a n g l e   p o s s i b l e   p e r   u n i t   t i m e   d e c r e a s e s  
w i th   inc reas ing   speed.  The r a t i o  (Cg6/CEp) i s  a f u n c t i o n  of t a p e r   r a t i o ,  
a i l e ron - to -w ing   cho rd   ra t i o ,   and   pe r   cen t  of span  denoted t o   a i l e r o n s .   I n  
a d d i t i o n  t o  making t h i s   r a t i o   a s   l a r g e  as p r a c t i c a b l e  (maximum p o s s i b l e   v a l u e  
i s   a b o u t  1.51, o n e   d e s i r e s   t o   a d j u s t  

t o  be approx imate ly  0.5 so a s   t o   i n c r e a s e   t h e   r o l l   c a p a b i l i t y   a t   h i g h  speeds. 
C a r e f u l   a t t e n t i o n  t o  a i l e r o n   g e o m e t r y   i s   t h e r e f o r e   n e c e s s a r y   t o   o b t a i n   t h e  
p r o p e r   r a t i o  o f  cha t o  chg. TR-868 (Ref. 52)  i s  an exce l   l en t   sou rce   o f   ex -  
pe r imen ta l   da ta   on   geomet r i c   e f fec ts  and design  methods. 

I t   i s  a p p a r e n t   f r o m   t h e   f o r e g o i n g   t h a t  i f  o n e   m i n i m i z e s   f r i c t i o n  and 
e l a s t i c i t y   i n   t h e   a i l e r o n   l i n k a g e ,   t h e   f a c t o r s   c o n t r i b u t i n g   t o  wheel o r   s t i c k  
f o r c e  and t o  r o l l i n g   p e r f o r m a n c e   a r e   w e l l  known.  Even n o n - l i n e a r i t i e s   i n   t h e  
de r i va t i ves   chg ,  cha, e t c . ,   w h i l e   r e q u i r i n g   t h a t   t e d i o u s   c o m p u t a i - i o n s   b e  made 
t o  o b t a i n  +(t), a r e   w e l l  documented f o r  a l a r g e  number o f   c o n f i g u r a t i o n s .  Thus 
it i s  a f a i r l y   s t r a i g h t f o r w a r d   m a t t e r   t o   t r a n s l a t e   c o n t r o l   f o r c e ,   c o n t r o l  de- 
f l e c t i o n ,  and r o l l i n g  p e r f o r m a n c e   l i m i t a t i o n s   i n t o   h a r d w a r e   s p e c i f i c a t i o n s .  
I t  remains  then t o   s t a t e   t h e   a p p r o p r i a t e   v a l u e s   f o r   t h e s e   q u a l i t i e s .  

The maximum f o r c e   g i v e n   i n  FAR p a r t  23 (Ref. 54)  and MIL-F-8785B (Ref. 4 )  
seem, f o r  t h e  most, t o  have  been  selected  by  exper ience from many years of  
p i l o t  comments; nevertheless,   comparison of  t h e s e   r e s u l t s   w i t h   a v a i l a b l e  an- 
th ropo log ica l   da ta  (See d i scuss ion  of Human F a c t o r s   i n   t h i s   w o r k )   f o r   t h e  com- 
f o r t a b l e   a p p l i c a t i o n  of l a t e r a l   f o r c e s  shows  good agreement. The tab le   be low 
g i v e s  a  summary of  t h e   s p e c i f i c a t i o n   r e q u i r e m e n t s .  
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-__ -" 
REQU I REMENT  REFERENCE 

Temporary: St ick 601 

Pro  I onged I O# 

- __T_" "~ , . .  

Wheel 73# (Max)  FAR 23.  I43 

I 

St ick  
Whee I 
The  minimum f o r c e  f o r  maximum 
ro  I I i ng performance  sha I I n o t  
be   l ess   t han   t he   b reakou t   f o rce  
p l u s  1/4 of  t h e  above  values. 

M 1 L-F-87858 
9 3.3.4.2 

Cont ro l   cen ter ing   and  b reakout  
f o r c e s   s h a l l   n o t  be  more  than 
2# ( s t i c k )  o r  3# (wheel )   nor  
l ess   t han  I /2 #. 

53.5.2. I 

R o l l i n g   p e r f o r m a n c e :   a i r c r a f t  
must  reach a 60' bank   ang le   i n  
1.7 sec i n   c r u i s e  and a 30° 
bank i n  1.3 sec fo r   app roach  

53.3.4.14 

Not  more  than 5# ( s t i c k )  o r  I O #  
(wheel )   should  be  requi red t o  
ach ieve  a 45O bank w i t h   r u d d e r  
f r e e  and t h e   a i l e r o n s   t r i m m e d  
fo r  w i n g s   i n   l e v e l   f l i g h t .  

53.3.2.6 

"_ 
Not more  than 60° of  wheel 
r o t a t i o n ,   i n   e i t h e r   d i r e c t i o n  

+80° f o r  a 
comple te ly  53.3.4.4 

-._C rnechan i ca I system 

There   sha l l   be   no   ob jec t i onab le  
n o n - l i n e a r i t i e s   i n   v a r i a t i o n  of  
r o l l i n g   r e s p o n s e  t o  wheel mot ion .  

53.3.4.3 

i Con t ro l   sur face   response  sha l l  
i n o t   l a g   c o c k p i t   c o n t r o l   f o r c e  

i n p u t  by  more t h a n  30° phase 
ang le  f o r  f requenc ies   l ess  
t h a n  1/-rR o r  Wnd, whichever i s  
I a r g e r  . 
C o c k p i t   c o n t r o l   d e f l e c t i o n  
s h a l l   n o t   l e a d   c o c k p i t   c o n t r o l  
f o r c e .  

53.5.3 

53.5.3.  I 

Table 12. S p e c i f i c a t i o n   r e q u i r e m e n t s   f o r   c o m f o r t a b l e   a p p l i c a t i o n   o f  
f o r c e s  . 

I a t e r a  I 
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The  requirements  quoted i n   t h e   p r e c e d i n g   t a b l e   a r e   t h o s e   r e s t r i c t e d  t o  
C lass  I ( s m a l l   l i g h t   a i r p l a n e s   s u c h   a s   l i g h t   u t i l i t y ,   p r i m a r y   t r a i n e r ,   a n d  
l i g h t   o b s e r v a t i o n  up t o  about  12,000 Ibs   g ross   we igh t ) ;   ca tego ry  B which  in-  
c ludes  c l imb,  cruise,   and  descent  and  category C wh ich   i nc ludes   t ake -o f f ,  
approach,  and  landing;  and  Level I, i e ,   h a v i n g   f l y i n g   q u a l i t i e s   c l e a r l y  
adequate f o r  t h e   M i s s i o n   F l i g h t  Phase. This  approach was s e l e c t e d  f o r  t h e  
present-work  because it was d e s i r e d  t o  show t h e   p r e s e n t   s t a t e  of  understanding 
of what i s   r e q u i r e d  t o  o b t a i n   s a t i s f a c t o r y   h a n d l i n g   q u a l i t i e s .  

The r e q u i r e m e n t   o n   t h e   t i m e   c o n s t a n t  of t h e   r o l l i n g  mode  was g i ven   p re -  
v i o u s l y   a s   n o t   l e s s   t h a n  1.0 sec.  Examination of  t h e   e q u a t i o n  of  mot ion  
c i t e d   p r e v i o u s l y   w i l l   a l s o  show t h a t   t h e   a i r c r a f t   w i l l  r espond   we l l   t o   s inu -  
s o i d a l   a i l e r o n   i n p u t s  up t o  f requenc ies  o f  

P rad/sec, 2u T x x  

where 
q = 1/2 pu . 2 

T h i s   i s   g e n e r a l l y  above t h e   r a n g e   a t   w h i c h   t h e   p i l o t   c a n   t r a c k .  Thus, i f  t h e  
phase  lag i n   t h e   c o n t r o l   s y s t e m   i s   l e s s   t h a n  30' up t o  t h i s   f r e q u e n c y ,  +he 
p i l o t   w i l l   f i n d   t h e   a i r c r a f t   a b l e   t o   g e n e r a t e   r o l l   r a t e s   c o r r e s p o n d i n g  t o  
wheel p o s i t i o n   v i r t u a l l y   a s   r a p i d l y   a s  he  can t u r n   t h e  wheel o r  move t h e   s t i c k .  

i s   n o t e w o r t h y   t h a t   i n   p r e p a r i n g   t h i s   s p e c i f i c a t i o n ,   i t s   w r i t e r s  knave 
q u a n t i t a t i v e   l i m i t s   o n  

The r o l  I ing  performance of w h i c h   t h e   a i r c r a f t   m u s t  be 
capable, 

The maximum and  minimum f o r c e s  needed t o  produce maximum 
r o l l i n g   v e l o c i t y ,  

Pe rm iss ib le   b reakou t  and c e n t e r i n g   f o r c e s ,  

The maximum c o n t r o l   d e f l e c t i o n .  

These, coup led   w i th   t he   f requency   response   requ i remen ts   men t ioned   ea r l i e r  and 
t h e  b a n   o n   o b j e c t i o n a b l e   n o n - l i n e a r i t i e s ,   p r e s e n t  a complete and q u a n t i t a t i v e  
d e s c r i p t i o n   o f   t h e   f a c t o r s   c o n t r i b u t i n g  t o  t h e   p i l o t ' s   s a t i s f a c t i o n   w i t h   r o l l  
mode hand I i ng. 

The usual  methods of producing a r o l l i n g   m o t i o n   i s   t h e   d i f f e r e n t i a l  de- 
f l e c t i o n   o f   o u t b o a r d   p o r t i o n s   o f   t r a i l i n g  edge o f   t h e  wing, o r  a i l e r o n s ,  I f  
one  wishes t o   r o l l   t o   t h e   r i g h t ,  he d e f l e c t s   t h e   r i g h t   a i l e r o n  up t o  reduce 
l i f t  on t h a t  wing and d e f l e c t s   t h e   l e f t   a i l e r o n  down t o  increase l i f t  on t h a t  
w ing .   Usua l l y ,   such   ope ra t i on   i s  a p o r t i o n  of a c o o r d i n a t e d   t u r n   t o   t h e   r i g h t .  
The d rag   on   t he   r i gh t   w ing   i s   dec reased  and the   d rag   on   t he   l e f t   w ing   i nc reased  
by t h i s   a i l e r o n   d e f l e c t i o n .  The r e s u l t i n g   y a w i n g  moment (ca l led  adverse  yaw),  
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i f  unbalanced  by a r u d d e r   d e f l e c t i o n ,   r e d u c e s   t h e   e f f e c t i v e   r o l l i n g   v e l o c i t y  
b y   m o v i n g   t h e   r i g h t   w i n g   a t  a h i g h e r   f o r w a r d   v e l o c i t y   t h a n   t h e   l e f t   w i n g .  
The l i f t  on t h e   r i g h t   w i n g   i s   t h e r e f o r e   g r e a t e r   ( a n d   l e s s   o n   t h e   l e f t )   t h a n  
would  be  the  case i f  t h e   a d v e r s e  yaw were  not   present .  

Adverse yaw i s  a l s o  undesirable  because i f  unopposed it e x c i t e s   t h e  
l i g h t l y  damped Dutch Roll o s c i l l a t i o n .  The p i l o t   t h u s   f i n d s   h i m s e l f   p r o -  
d u c i n g   o f t e n   d i s c o n c e r t i n g   y a w i n g   m o t i o n s   u n i n t e n t i o n a l l y .  The s p e c i f i c a t i o n  
r e q u i r e m e n t s   l i m i t i n g   i t s   e x t e n t   i n c l u d e  53.3.2.5 (Ref .   4 )   wh ich   p rov ides   tha t  
no  more t h a n  50 Ibs  o f  r u d d e r   f o r c e  be r e q u i r e d  t o  make  a coo rd ina ted  (B=O) 
t u r n   a t   c r u i s e  speeds o r  100 I b s   i n   t h e   a p p r o a c h   c o n f i g u r a t i o n  fo r  h i g h   p e r -  
formance f i g h t e r   a i r c r a f t .   T h e r e   i s   a l s o  53.3.2.4, wh ich   p rov ides   t ha t   ad -  
v e r s e   s i d e s l i p   s h a l l   n o t   e x c e e d  IOo and t h a t   p r o v e r s e   s i d e s l i p   s h a l l   n o t   e x -  
ceed 3 O  d u r i n g  f I i g h t  phase  categor ies B and C ( c r u i s e ,   c I  imb, descent,  and 
t a k e - o f f  and land ing ) .  TND-3726 ( R e f .   5 5 )   s u g g e s t s   t h a t   p i l o t s   f i n d  a s ide -  
s l i p   a n g l e   o f  10' i n  response t o  a r u d d e r - l o c k e d   a i l e r o n   d e f l e c t i o n   t h e  max- 
imum acceptab le .  Some o f   t h e   a i r c r a f t   t e s t e d   f o r   t h i s   r e p o r t   e x h i b i t e d   s i d e -  
s l i p   a n g l e s   i n   e x c e s s   o f  13'. Reference 56 r e p o r t s   t h a t  a c o n v e r t e d   l i g h t  
a i r c r a f t   c a r r y i n g   m i l i t a r y   s t o r e s   u n d e r   t h e   w i n g   r e a c h e d   s i d e s l i p   a n g l e s   i n  
excess o f  10' and  requ i red  125 I b s   o f   r u d d e r   f o r c e   t o   p e r f o r m  a coo rd ina ted  
t u r n   a t  low speed. The m i l i t a r y   s t o r e s  w e r e   r e s p o n s i b l e   f o r  a 5O i n c r e a s e   i n  
s i d e s l   i p   a n g l e .  

I n   t he   absence   o f  a rudder   f o rce   t o   coun te r   t he   adve rse   yaw ing  moment, 
t h e   a i r c r a f t   w i l l   d e v e l o p   s u f f i c i e n t   s i d e s l i p   t o   p e r m i t  a balancing  yawing 
moment due t o   s i d e s l i p   t o  be  produced,  Since a l l   l i g h t   a i r c r a f t  employ some 
d i h e d r a l   t o   a i d   i n   m a i n t a i n i n g   t h e   w i n g s '   l e v e l   d u r i n g   n o r m a l   f l i g h t *  and 
s i n c e   t h i s   s t a b i l i z i n g   r o l l i n g  moment due t o   g i d e s l i p   a c t s   t o   r e d u c e   t h e   r o l l  
r a te   ach ieved   by  a g i v e n   a i l e r o n   d e f l e c t i o n ,  i t  i s   i m p o r t a n t   f o r  good r o l l i n g  
response  tha t   adverse  yaw be h e l d   t o  a minimum. 53.3.6.3.2 o f  MIL-F-8785B 
(Ref .  4 )  s t a t e s   t h a t   t h e   p o s i t i v e   d i h e d r a l   e f f e c t   s h a l l   n o t   b e  so g r e a t   t h a t  
more  than  75% of  t h e   r o l l   c o n t r o l  power a v a i l a b l e   t o   t h e   p i l o t ,  and  no  more 
than  10 I b s   o f   a i l e r o n   s t i c k   f o r c e   o r  20 I b s  of  wheel f o r c e   a r e   r e q u i r e d   f o r  
s ides l i p   ang les   wh ich   m igh t  be  experienced in   se rv i ce   dep loymen t ,  

The  comments of AFFDL-TR-69-72 (Ref. 4 )  r e l a t i v e  t o  s i d e s l i p   r e q u i r e m e n t s  
d e v e l o p e d   f o r   t h e   s p e c i f i c a t i o n  seem p a r t i c u l a r l y   p e r t i n e n t :  I' t h e   p r i m a r y  
source   o f   da ta   f rom  wh ich   the   s ides l ip   requ i rement   evo lved  (See A F F D L - T R - ~ ~ - ~ ~ ) ~ ~  
a r e   t h o s e   t e s t s   f o r   w h i c h   t h e   r a t i o   o f   b a n k   a n g l e   t o   s i d e s l   i p   a n g l e   d u r i n g  
Dutch  Rol I equaled  about  1.5. "The p i l o t  comments assoc ia ted   w i th   t hese   con -  
f i g u r a t i o n s   i n d i c a t e d   t h a t   p i l o t ' s   d i f f i c u l t i e s  were  a lmost   exc lus ive ly   as-  
s o c i a t e d   w i t h   s i d e s l   i p ,   r a t h e r   t h a n   w i t h   b a n k   a n g l e   t r a c k i n g   a s  was t h e   c a s e  
fo r  l($/f31dE6 c o n f i g u r a t i o n s .   A n a l y s i s   o f   t h e   d a t a   r e v e a l e d   t h a t   t h e  amount 
o f   s i d e s l i p  a p i l o t   w i l l   a c c e p t  or  t o l e r a t e   i s  a s t r o n g   f u n c t i o n  of  t h e  phase 

* FAR p a r t  23 ( R e f .   5 4 )   s t a t e s   t h a t   ' ' t h e   s t a t i c   l a t e r a l   s t a b i l i t y ,   a s  
shown by  the  tendency t o  r a i s e   t h e  low  wing i n  a s l i p ,   m u s t   b e   p o s i t i v e   f o r  
any  landing  gear  and f l a p   p o s i t i o n . "  
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ang le   o f   t he   Du tch  Roll  component of  s i d e s l i p ,  When the   phase   ang le   i s   such  
t h a t  B i s   p r i m a r i l y   a d v e r s e ,   t h e   p i l o t   c a n   t o l e r a t e   q u i t e  a b i t  of s i d e s l i p .  
On t h e   o t h e r  hand, when t h e   p h a s i n g   i s   p r i m a r i l y   p r o v e r s e ,   t h e   p i l o t   c a n   o n l y  
t o l e r a t e  a small  amount of s i d e s l i p  because o f   d i f f i c u l t y  of  c o o r d i n a t i o n .  

"There i s  more t o   c o o r d i n a t i o n ,  however, t h a n   w h e t h e r   t h e   s i d e s l i p   i s  
adverse o r  proverse ;   the   source  and  phasing of t h e   d i s t u r b i n g   y a w i n g  moment 
a l s o   s i g n i f i c a n t l y   a f f e c t   t h e   c o o r d i n a t i o n   p r o b l e m .  I f  the   yawing  moment i s  
caused  by  a i leron  and i s  i n   t h e   a d v e r s e  sense, t h e n   i n   o r d e r   t o   c o o r d i n a t e  
t h e   p i l o t  m u s t   p h a s e   e i t h e r   r i g h t   r u d d e r   w i t h   r i g h t   a i l e r o n  o r  l e f t   r u d d e r  
w i t h   l e f t   a i l e r o n .   S i n c e   p i l o t s   f i n d   t h i s   t e c h n i q u e   n a t u r a l ,   t h e y   c a n   g e n e r -  
a l l y   c o o r d i n a t e   w e l l   e v e n  i f  the   yawing  moment i s   l a r g e .   I f   o n   t h e   o t h e r  hand, 
the  yawing moment i s   i n   t h e   p r o v e r s e  sense or i s  caused  by r o l l   r a t e ,   c o o r d i n -  
a t i o n   i s   f a r  more d i f f i c u l t .  Fo r   p rove rse   yaw-due- to -a i l e ron   t he   p i l o t   mus t  
c r o s s   c o n t r o l ;  and f o r   e i t h e r   a d v e r s e   o r   p r o v e r s e   y a w - d u e - t o - r o l l - r a t e ,   r e -  
qu i red   rudder   inpu ts   must  be p r o p o r t i o n a l   t o   r o l l   r a t e .   P i l o t s   f i n d   t h e s e  
techn iques   unnatura l  and d i f f i c u l t   t o   p e r f o r m .   S i n c e   y a w i n g  moments may a l s o  
be  introduced  by yaw r a t e ,  it can be  seen that,   depending  on  the  magnitude 
and  sense o f   t h e   v a r i o u s   y a w i n g  moments, c o o r d i n a t i o n  may e i t h e r  be easy o r  
e x t r e m e l y   d i f f i c u l t .   I f   c o o r d i n a t i o n   i s   s u f f i c i e n t l y   d i f f i c u l t   t h a t   p i l o t s  
cannot be expected t o   c o o r d i n a t e   r o u t i n e l y ,   t h e   f l y i n g   q u a l i t y   r e q u i r e m e n t s  
m u s t   r e s t r i c t   r u d d e r - p e d a l s   f r e e   u n w a n t e d   m o t i o n s   t o  a s i z e   a c c e p t a b l e   t o  
p i   l o t s . "  

" A n a l y s i s   f u r t h e r   r e v e a l e d   t h a t  it was n o t  so much the   abso lu te   magn i tude  
o f   t h e   s i d e s l i p   t h a t   b o t h e r e d   t h e   p i l o t ,   b u t   r a t h e r   t h e  maximum change  occur ing 
i n   s i d e s l i p .  The l a t t e r  was  a b e t t e r  measure o f   t h e  amount o f   c o o r d i n a t i o n  
requ i red .  Thus the   da ta . . .were   p lo t ted  ... a s   t h e  maximum change i n   s i d e s l i p  
o c c u r i n g   d u r i n g  a r u d d e r - p e d a l s - f i x e d   r o l l i n g  maneuver, ABmax, versus  the  phase 
ang le  of  the   Du tch  Roll  component o f   s i d e s l i p  $6, The  phase  angle, I)@, i s  a 
measure o f   t h e  sense o f   t h e   i n i t i a l   s i d e s l i p  response,  whether  adverse o r   p r o -  
verse ,   wh i le  ABmax i s  a measure o f  t h e   a m p l i t u d e  of  t h e   s i d e s l i p   g e n e r a t e d .  
Bo th   t he   sense   and   amp l i t ude   a f fec t   t he   coo rd ina t i on   p rob lem. "  

F o r   s m a l l   a i l e r o n   c o n t r o l  commands (93.3.2.4.11, t h e  amount o f   a l l o w a b l e  
s i d e s l i p   i s   g i v e n   i n   t h e   f i g u r e   b e l o w .  
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F igu re  63. A l l o w a b l e   s i d e s l i p   f o r   s m a l l   a i l e r o n   c o n t r o l  commands, 

T h i s   r e q u i r e m e n t   a p p l i e d   f o r   s t e p   a i l e r o n   c o n t r o l  commands  up t o  t h e  
magnitude  which  causes a  60' bank  angle  change  in  two seconds o r  

2lT seconds, 

whichever i s g r e a t e r .  

The d i f f e r e n c e   i n   a l l o w a b l e  ABmax w i t h  Jlg " i s   a l m o s t   t o t a l l y  due t o   t h e  
d i f f e r e n c e   i n   a b i l i t y   t o   c o o r d i n a t e   d u r i n g   t u r n   e n t r i e s  and e x i t s ,  $6 i s  a 
d i r e c t   i n d i c a t o r  of  t h e   d i f f i c u l t y  a p i l o t   w i l l   e x p e r i e n c e   i n   c o o r d i n a t i n g  a 
t u r n   e n t r y ,   F o r  -180°2 $6 2 -270°, normal   coord inat ion may be e f f e c t e d  .... 
As $B v a r i e s  from -270' t o  -360' c o o r d i n a t i o n  becomes i n c r e a s i n g l y   d i f f i c u l t ,  
and i n   t h e   r a n g e  -360' I $6 I -90' c r o s s   c o n t r o l l i n g   i s   r e q u i r e d   t o   e f f e c t  
c o o r d i n a t i o n .   S i n c e   p i l o t s  do n o t   n o r m a l l y   c r o s s   c o n t r o l  and, i f  they  must, 
h a v e   g r e a t   d i f f i c u l t y   i n   d o i n g  so fo r  -360' 5 Jlg I -go', o s c i l l a t i o n s   i n  
s i d e s l i p   e i t h e r  go unchecked o r  a r e   a m p l i f i e d   b y   t h e   p i l o t ' s   e f f o r t s  t o  co- 
o r d i n a t e   w i t h   r u d d e r   p e d a l s . "  

To e x t e n d   r o l l - s i d e s l i p   c o u p l i n g   r e q u i r e m e n t s  t o  l a r g e r   c o n t r o l   d e f l e c -  
t i o n s ,   § 3 . 3 . 2 . 3   s t a t e s   t h a t   t h e   v a l u e   o f   t h e   p a r a m e t e r  

9,  + 93 - 292 
9osc"average 9, + 93 + 293 ' 

- - 
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where  $1, $2,  $3 represent  successive  peaks i n   t h e  bank   ang le   t ime  h is to ry  
($2 i s  a  minimum  peak), s h a l l  be w i t h i n   t h e  l i m i t s  shown on   t he   f i gu re   be low.  

1.0 

0 
-40' -80' -120'  -160' -200'  -240'  -28W-320"360. 

when p leads @ by 45' t o  225' 

I I I I I I I I I 
-220'  -260'  -300'  -340'  -20'  -60. -100. -140" -180' 

fie when p leads Q by 225" through 360'to 45" 

Figure 64. Limits for extending  roll-sideslip  coupling  requirements  to 
larger  control  deflections. 

Similar  requirements  designed  to  insure  control  precision in the  roll 
mode  are  given i n  §3.3.2.2.1, which  requires  that PoSc/P~v be  as  shown in 
the  figure  below. 
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-40' -80' -1zo' 160. -200'  -240'  -280' - 320'  -360' 

#@ (see Fig. 64) 

I 1 I I I I I I I 
-220' -260' -300' -340' -20' -60' -100' - 140'  -180' 

$p (see Fig. 64) 

F i g u r e  6 5 .  Requirements f o r  i n s u r i n g   c o n t r o l   p r e c i s i o n   i n   t h e   r o l l  mode. 

T h i s   r e q u i r e m e n t   a p p l i e d   f o r   s t e p   a i l e r o n   c o n t r o l  commands  up t o   t h e  magni- 
tude  which  causes a 60° bank ang le  change i n  

3.4Tr 

d - 'd 

seconds, 
w n r,-- 2 

F o r   l a r g e r   r o l l   r a t e s ,  §3 .3 .2 .2  s t a t e s   t h a t   f o l l o w i n g  a rudder -peda ls - f ree  
s t e p   a i l e r o n   c o n t r o l  command, t h e   r o l l   r a t e   a t   t h e   f i r s t  minimum f o l l o w i n g  
t h e   f i r s t  peak  shal l   be of t h e  same s i g n  and  no l ess   t han  60% ( c a t e g o r i e s  
A and C )  o r  25% ( c a t e g o r y   B )   o f   t h e   r o l l   r a t e  o f  t h e   f i r s t  peak. 

Add i t i ona l   ev idence  of  t h e   b e a r i n g   w h i c h   r o l l i n g  moment due t o  s i d e s l i p  
has  on p i l o t t s   o p i n i o n  of a n   a i r c r a f t ' s   h a n d l i n g   q u a l i t i e s   i s   p r o v i d e d   b y  

.:43.3.2.1 w h i c h   s t a t e s   t h a t   r o l l   a c c e l e r a t i o n ,   r a t e ,  and  displacement  responses 
t o   s i d e   g u s t s   s h a l l   b e   i n v e s t i g a t e d   f o r   a i r p l a n e s   w i t h   l a r g e   r o l l i n g  moments 
due t o   s i d e s l i p ,  

As mentioned a t   t h e   b e g i n n i n g  of t h i s   s e c t i o n ,  modern   concern   w i th   a i r -  
c r a f t   h a n d l i n g   c h a r a c t e r i s t i c s  has   cen tered   on   p rec is ion  of response  and 
t o t a l   p i l o t  work  load. The paragraphs o f  MIL-F-8785B (Ref. 4 )  c i t e d  above 
d e m o n s t r a t e   t h i s   c o n c e r n   c l e a r l y .  TND-3726 (Ref. 551, c i t i n g   t h e   f a c t   N t h a t  
t h e   s t a b i l i t y  and c o n t r o l   c h a r a c t e r i s t i c s   o f   t h e   a i r p l a n e s   ( t e s t e d )   a r e  
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g e n e r a l ! y   s a t i s f a c t o r y   b u t   d e t e r i o r a t e   w i t h   r e d u c e d  speed, increased power, 
a f t   cen te r - f -g rav i t y   l oca t i on   and   changes  t o  the   l and ing   con f igu ra t i on , . .  
and a r e   c r i t i c a l l y  degraded i n   t u r b u l e n t   a i r "  and t h a t   " i n   g e n e r a l ,   e a c h  
s t a b i l i t y  and c o n t r o l   d e g r a d a t i o n   i s   r e l a t i v e l y   s m a l l "   s u g g e s t   t h a t   " r e d u c e d  
p i l o t   r a t i n g   r e s u l t s  from t h e  combined e f f e c t s  of a l l   d e t e r i o r a t i o n s "  and 
t h a t  it i s   V - h e r e f o r e   n e c e s s a r y  t o  c o n s i d e r   t h e   c o m b i n e d   e f f e c t   o f   a l l   t h e  
s t a b i l i t y  and c o n t r o l   c h a r a c t e r i s t i c s   i n   o r d e r  t o  p r o p e r l y   a s s e s s   t h e   p i l o t  
r a t i n g s . t '  The au tho rs  of  TND-3726 (Ref. 55) s u g g e s t   t h a t   t h i s   b e  done  by 
e v a l u a t i n g  a work load   f ac to r   de f i ned   as  

work   load   fac to r  = 

The i n t e g r a l s   a r e   t h e   a r e a s   u n d e r  
f o r c e   t i m e   h i s t o r i e s   t a k e n   o v e r  a 

t h e   c u r v e s  of  t h e   t h r e e   p i l o t - a p p l i e d  
3 0   s e c   p e r i o d   w i t h   t h e   a i r c r a f t   o r i q i n -  

a l   l y   i n  a t r immed  s ta te .  "The s a t i s f a c t o r y   a i r p l a n e   p r e s e n t s  a work  load 
f a c t o r   o f   a p p r o x i m a t e l y  300; whereas t h e   u n s a t i s f a c t o r y   a i r p l a n e   a p p r o a c h e s  
a f a c t o r  o f  500. "   C lear ly ,  a requi rement  of t h i s   t y p e  will u l t i m a t e l y   b e  
made p a r t   o f   t h e   f l y i n g   q u a l i t y   s p e c i f i c a t i o n s ,  

Many of t h e   q u a n t i t a t i v e   t e s t s  from w h i c h   t h e   s p e c i f i c a t i o n   w r i t e r s  
gained  guidance  were  performed i n   s i m u l a t o r s   o r   i n   v a r i a b l e   s t a b i l i t y   a i r -  
p l a n e s .   R e s u l t s   r e p o r t e d   i n  TND-746 (Ref.  58)  and TND-779 ( R e f .   5 9 )   f o r  
example, showed the  impor tance of  the   Du tch   Ro l l   f r equency  and  damping i n  
e s t a b l i s h i n g   t h e   l i m i t i n g   b e h a v i o r   w h i c h   t h e   p i l o t   c o u l d   c o n t r o l .  TND-221 
( R e f .   6 0 )   r e p o r t s   p i l o t s   r e q u i r e  0.23 sec t o   b e g i n  t o  move t h e   s t i c k   l a t e r -  
a l l y  and  0 .33   sec   long i tud ina l l y .  TND-173 ( R e f .   6 1 )   r e p o r t s   r e s u l t s   o f  a 
s t u d y   t o   p r o v i d e   a r t i f i c i a l   l o n g i t u d i n a l   s t a b i l i t y .  TND-1782 (Ref.   62) 
p rov ides   da ta  on t h e   t r a n s f e r   f u n c t i o n  of human p i l o t s .   I t   s h o u l d  be noted, 
however, t h a t  such  data  cannot  be  accepted  wi thout some q u a l i f i c a t i o n :  human 
p i l o t s   d i s p l a y  a very  h igh  degree o f  a d a p t a b i l i t y   t o   d e v i c e s  designed t o  
measure t h e i r   r e s p o n s e   c a p a b i l i t i e s  and t h u s   e x h i b i t   d i f f e r e n t   t r a n s f e r  
f u n c t i o n s   w i t h   i n c r e a s i n g   t i m e  o r  a s   t h e   c o n t r o l   t a s k   i s   v a r i e d .  

Severa l   ve ry   recen t   f u l l - sca le   w ind   t unne l   s tud ies   on   t he   s tab i l i t y  
and c o n t r o l   c h a r a c t e r i s t i c s  of r e p r e s e n t a t i v e   l i g h t   a i r c r a f t   a r e   r e p o r t e d  
i n  References 63,  64,  and 65 .   Resu l ts   o f  a p r o g r a m   o f   a r t i f i c i a l   s t a b i l i t y  
augmentation and  work  load  reduct ion  on a p o p u l a r   l i g h t   t w i n   i s   p r e s e n t e d  
i n   c o n s i d e r a b l e   e n g i n e e r i n g   d e t a i l   i n   R e f e r e n c e   6 6 ,   T h i s   p r o g r a m   i s   n o t a b l e  
i n   b e g i n n i n g   w i t h  a compe ten t   ana ly t i ca l   a t tack   on   t he   p rob lem  (and   i n  de- 
t a i l i n g   t h e   n u m e r i c a l   c a l c u l a t i o n s ) ,   i n   d e v i s i n g   a n   i n g e n i o u s   r o l l - y a w  
c o u p l e r   e s p e c i a l l y   s u i t e d  t o  t h i s   t y p e   a i r c r a f t ,  and i n   p r e s e n t i n g   d e t a i l s ,  
i n c l u d i n g   t r a n s f e r   f u n c t i o n s ,  of t h e   f l i g h t  hardware, 

F i n a l l y ,  fo r  a v e r y   i n t e r e s t i n g   r e v i e w  of the   chrono logy   o f   manrs  un- 
ders tand ing  of a i r c r a f t   s t a b i l i t y  and c o n t r o l ,   t h e   r e a d e r   i s   r e f e r r e d  t o  t h e  
1970 von Ka"rrnSn Lec tu re   g i ven  by Dean Perk ins  (Ref ,   67) .  
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6 ~~ 

Yaw Contro I 

The  uses of t h e  yaw c o n t r o l   i n   a i r c r a f t   i n c l u d e ,   a c c o r d i n g  t o  
AFFDL-TR-69r72 (Ref. 41,  

(a 1 To perform a cross-wind  IandingYTeither  employ 
a s teady  rudder-pedal - induced  s ides l ip  o r  e l s e  
a decrab  maneuver, 

To augment r o l l  r a t e  anywhere w i t h i n  +he f l i g h t  
enve I ope, 

To r a i s e  a wing when t h e   p i l o t   i s  busy w i t h   h i s  
hands,  such a s  when t a k i n g  a c learance.  

F o r   t r a c k i  ng . 
For  wing-overs ... t o  o b t a i n  a r a p i d   c h a n g e   i n  
heading  or   bank  angle.  

For c I ose-format  ion f I y i ng . 
To l o s e   a l t i t u d e   a s   i n  a f o r w a r d   s i d e s l i p   o r  t o  
improve v i s i b i  I i t y .  

To counter   yawing moments f r o m   p r o p e l l e r   t o r q u e s ,  
speed  change,   asymmetr ic   thrust ,   s tores,   e tc .  

To t a x i .  

The reader  w i  I I n o t e   t h a t   f r o m  a hand I i ng   s tandpo in t   t hese   uses   a re   o f  two 
t y p e s :   p r i m a r y   c o n t r o l   o f   m o t i o n   a b o u t   t h e  yaw a x i s  a n d   p r e c i s i o n   o f   c o n t r o l  
i n   c o u p l e d   l a t e r a l - d i r e c t i o n a l   m o t i o n s .   P r i m a r y   c o n t r o l   a b o u t   t h e  yaw a x i s  
i s  much l i k e   p r i m a r y   c o n t r o l   a b o u t   t h e   p i t c h   a x i s :   t h e   a i r c r a f t   c a n  be  pro- 
v i d e d   w i t h   i n h e r e n t   s t a t i c   s t a b i l i t y ,   t h e   f o r c e s   e x p e r i e n c e d  by t h e   p i l o t  
a r e  a good  measure o f   t h e   o u t - o f - t r i m   c o n d i t i o n ,  and  most of t h e   l o n g i t u d i n a l  
s t a b i  I i t y  parameters  have d i r e c t i o n a  I ana logs. Thus, one   can   w r i t e  

- dF r = -G(g)qvSrcr [.I + Ch [$)I , 
dB a "6 r 

and 
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Wil-h the  usual   assumpt ion o f  cons tancy   i n   t he   va lues  o f  t h e   s t a b i l i t y   d e r -  
i v a t i v e s ,   t h e s e   r e l a t i o n s   p r o v i d e  a  means t o  compare t h e   p r i m a r y   d i r e c t i o n a l  
handl ing  parameters o f  proposed a i r c r a f t   w i t h   t h e   s p e c i f i c a t i o n   r e q u i r e m e n t s  
quoted  be low.   Note  that  t o  keep t h e   v a r i a t i o n   i n   f o r c e   r e q u i r e d   w i t h   c h a n g e s  
i n  speed  reasonable  and  thus  min imize  the need for re t r imming  it is   necessa ry  
t o  make Chcl and  chg  as  smal l   as  possible.  Such a s t e p   w i l l   a l s o   a i d   i n  
keep ing   t he   f o rce   requ i red  t o  p r o d u c e   g i v e n   s i d e s l i p s   ( a n d   t h u s   a i d   i n   r o l l i n g  
maneuvers) w i th in   reason .  

Pr imary yaw c o n t r o l   i n   t h e   p r e s e n t   c o n n o t a t i o n   c o n s i s t s  of  t h o s e   f u n c t i o n s  
w h i c h   c a n   b e   p r o v i d e d   o n l y   b y   r u d d e r   d e f l e c t i o n .   I n c l u d e d   i n   t h i s   l i s t   w o u l d  
be  i tems  such  as  (a) ,   (e) ,   (g) ,   (h) ,  and ( i ) .  The prec is ion-o f -cont ro l   i tems 
i n   t h e   l i s t   i n d i c a t e   t h a t   f o r   t h e s e   c i r c u m s t a n c e s   t h e   r u d d e r   i s   u s e d   p r i n c i -  
p a l l y   t o  complement a i l e r o n   c o n t r o l ,   t o   i m p r o v e   i t s   p r e c i s i o n  by c o u n t e r i n g  
adverse  yawing moments (Cngr or  Cn 1 o r   t o   p r o v i d e   s m a l l   a d d i t i o n a l   f a v o r a b l e  
r o l l i n g  moments (CEr) .   The  tab le  be low shows how t h e   d e s i r e   t o   p e r m i t   t h e s e  
uses was t r a n s l a t e d   i n t o   q u a n t i t a t i v e   r e q u i r e m e n t s .  

P 

REQU I REMENT  REFERENCE 

Max  imum r u d d e r   f o r c e  
temporary 150# FAR 23.143 
steady 20# 

Rudder f o r c e  <50# t o   c o u n t e r   s i d e s l i p  MIL-F-8785B 
i n   r o l l s .   § 3 . 3 . 2 . 5  

Coordinated  turn  which  reaches 45O o f  
bank   shou ld   requ i re   less   than 40# of   §3.3.2.5 
rudder .  

50# o f   rudder   fo rce   must   induce a r o l l  
r a t e   o f  3O/sec. 93.3.4.5 

I f   t h e   a i r c r a f t   i s   t r i m m e d   w i t h   s y m m e t r i c  
power i t  must be  ab l e   t o  change  speed  ?30% 
w i thou t   requ i r i ng   more   t han  100# o f   r u d d e r  
f o r c e  . 
No more than 100# of rudder   fo rce   must  be 
necessary  for   asymmetr ic  loading. 

§3.3,5.1 

93.3.5.1.1 

(cont inued  on  next  page) 
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REQUIREMENT 

The r a t i o  B/6, must  be e s s e n t i a l l y   l i n e a r  
t o  +15O w i t h   t h e   s l o p e   p e r m i t t e d   t o  be 
s m a l l e r   f o r  8 > 1 5 O  b u t   s t i l l   p o s i t i v e .  The  53.3.6. I 
r a t i o  B/Fr  must  be e s s e n t i a l t y   l i n e a r   t o  
+IOo. F r  may be l e s s   f o r   l a r g e r   v a l u e s  
but   never   zero.  

F o r   t h e   a i r c r a f t   t r i m m e d   f o r  @=O f l i g h t  
t hese   requ i remen ts   app ly   a t   s i des l i p   ang les  
produced o r   l i m i t e d  by 

. " 

REFERENCE 
~ .- 

~~ 
~~ 

~- -~ ~~ 

( a )   f u l l   r u d d e r   p e d a l   d e f l e c t i o n  53.3.6 
(b 1 250H rudder   peda l   fo rce  
( c )  maximum a i l e r o n   c o n t r o l   o r  

s u r f a c e   d e f l e c t i o n .  
- 

Con t ro l   cen te r ing  and b r e a k o u t   f o r c e s   s h a l l  
be between I #  and 7#. 

Cont ro l   sur face   response  sha l l   no t   lag  
c o c k p i t   c o n t r o l   f o r c e   i n p u t  by more 
than 30° (phase   ang le )   f o r   f requenc ies  
equal t o   o r   l e s s   t h a n   I / T R .  

C o c k p i t   c o n t r o l   d e f l e c t i o n   s h a l l   n o t  
l ead   con t ro l   f o rce .  

I t   s h a l l  be p o s s i b l e   t o   t a k e   o f f  and land 
w i t h  normal p i l o t   s k i l l   i n  90' cross  winds 
f r o m   e i t h e r   s i d e   w i t h   v e l o c i t i e s  up t o  20 
knots.   Rudder  forces  shal l   not   exceed loo#. 

Rudder c o n t r o l  power s h a l l  be  adequate t o  
ma in ta in   w ings   l eve l  and s i d e s l i p   z e r o  
w i thou t   re t r imming   t h roughou t   d i ves  and  93.3.8 
p u l l u p s .  I n  t h e   s e r v i c e   f l i g h t   e n v e l o p e ,  
sha l l   no t   exceed 180#. 

I t  s h a l l  be p o s s i b l e   t o   t a x i   a t  any  angle 
t o  a 35-knot  wind. 

Rudder f o r c e s  s h a l l  not  exceed #I80 t o  
m a i n t a i n  a s t r a i g h t   p a t h   i n   t h e   e v e n t  53.3.9. I 
of sudden loss o f   t h r u s t   d u r i n g   t a k e - o f f ,  

§3.5.2. I 

§3.5.3 

~~ .. - . .- ~. ~ " ~~ ~ 

§3.5.3. I 

93.3.7 

53.3.7.3 

~ " " ~~~ 

' ab le  13. Yaw cont ro l   requ i   re rnents .  
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C u r r e n t   l i g h t   a i r c r a f t   o f t e n   r e q u i r e   f a i r l y   l a r g e  ("185 Ibs )   rudder  
f o r c e s  i n  15O s t e a d y   s i d e s l i p s   ( R e f .  56) o r   a s  a r e s u l t  of t h e   a p p l i c a t i o n  
of  power--up t o  90 I b s  change  between i d l e  power  and maximum power a t  a 
g iven   a i rspeed  (Ref ,  55) .  P i l o t s   c o n s i d e r e d   t h e   l a t t e r   u n s a t i s f a c t o r y   a l -  
though it would s a t i s f y   t h e   s p e c i f i c a t i o n .   N o t e   t h a t   b r a k e   f o r c e s   i n   a u t o -  
mob i l es   i n   excess  of 100 Ibs   a re   genera l l y   rega rded   as   undes i rab le   wh i l e  
f o r c e s   i n   e x c e s s  of  200 I bs   a re   rega rded   as   unaccep tab le ,   I n   t h i s   rega rd ,  
t h e  FAR maximum rudder   fo rce   requ i rement   appears  t o  b e   f a r  more  reasonable 
t h a n   t h a t  of MIL-F-87858 (Ref. 41,  p a r t i c u l a r l y   c o n s i d e r i n g   t h a t   d i m i n u a t i v e  
women should  be  ab le t o  opera te  a l i g h t   a i r p l a n e   c o m f o r t a b l y .  The s p e c i f i -  
c a t i o n s   a r e   a l s o   n o t a b l e   i n   o m i t t i n g   a n y   q u a n t i t a t i v e   l i m i t a t i o n   o n   r u d d e r  
p e d a l   t r a v e l .   W h i l e   t h i s   i s   a n o t h e r   a s p e c t  of  t h e   p r e s e n t   u n s a t i s f a c t o r y  
s t a t e  of d i r e c t i o n a l   c o n t r o l   r e q u i r e m e n t s ,   t h e   c o n d i t i o n   l i k e l y  stems  from 
t h e   f a c t   t h a t   m o s t   d i r e c t i o n a l   c o n t r o l   d u r i n g   f l i g h t   i s  now accomplished 
t h r o u g h   a i l e r o n   m a n i p u l a t i o n   w h i c h   t h e   p i l o t   c a n   p e r f o r m   v e r y   p r e c i s e l y  
and f o r   w h i c h   t h e  force-deflection-response r e l a t i o n s   a r e   p r e s c r i b e d   i n  
g r e a t   d e t a  i I .  

I t   i s   f e l t  by s e v e r a l   p i l o t s   c o n s u l t e d  by t h e   a u t h o r s   t h a +   t h e   f o r c e  
l i m i t s   q u o t e d   i n   t h e   m i l i t a r y   s p e c i f i c a t i o n s   s h o u l d  be a p p l i e d   o n l y  t o  t h e  
f a s t e r  and h e a v i e r   a i r c r a f t  of t h e   g e n e r a l   a v i a t i o n   c l a s s .   I t  was t h e i r  
con ten t i on   t ha t   one   shou ld   reduce   t hese   l im i t s   p rog ress i ve l y   as  maximum 
speed  and weight   are  reduced so t h a t  for t h e   l i g h t e s t  a n d   s l o w e s t   a i r c r a f t  
i n   t h e   c l a s s   t h e  maximum f o r c e s   w i l l  be  no g r e a t e r   t h a n  1/3 o r  1/2 t h e  
spec i f i ca t i on   va lues .   The   reason ing   apparen t l y   f o l l ows   t he   usua l  human 
e x p e c t a t i o n   t h a t   l a r g e r   v e h i c l e s   r e q u i r e   l a r g e r   f o r c e s   t o   c o n t r o l  them. 
T h a t   t h i s   i s   n o t   n e c e s s a r y ,  however, i s   e v i d e n t  from the   popu lar   acceptance 
o f  power s t e e r i n g  and  power  brakes  on  automobiles.  With  these  devices  the 
f o r c e s   a r e  made more or less   independent   o f   car   s ize .  I t   i s  t o  be 
expec ted ,   t he re fo re ,   t ha t   as   " f l y -by -w i re "   con t ro l   sys tems   a re   i ns ta l l ed  
more w i d e l y   i n   a i r c r a f t  a t r e n d   t o w a r d   s t a n d a r d i z a t i o n  of  c o n t r o l   f e e l ,  
r i d i n g   q u a l i t i e s ,  and h a n d l i n g   q u a l i t i e s  fo r  a i r c r a f t  of  a l l   s i z e s ,  
speeds,  and weights  wi l l  develop. 
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The discussion  above  has assumed t h a t   t h e   a i r  mass through  which  an 
a i r c r a f t   i s   f l y i n g   i s   u n i f o r m l y   s t a t i o n a r y   w i t h   r e s p e c t   t o   i n e r t i a l  space. 
Nature,  however, i s  seldom so accomodating,  and many a i r c r a f t   e x p e r i e n c e  
s e v e r e   d e t e r i o r a t i o n   i n   h a n d l i n g   q u a l i t i ' e s   d u r i n g   f l i g h t   i n   t u r b u l e n t   a i r  
(Ref.  5 5 ) .  Ana lys i s   repo r ted   i n   Re fe rence  4 I n d i c a t e s   t h a t  a f i r s t   o r d e r  
t rea tment  of the  problem  can  be  performed.  Gusts  are  considered t o  be iso-  
t r o p i c  away f r o m   t h e   g r o u n d ,   G u s t   v e l o c i t y   v a r i a t i o n   w i t h   s p a t i a l   f r e q u e n c y  
f o r   t w o   m o d e l s   i s  used t o   o b t a i n   g u s t  components o f   u ( x ) ,   v ( x ) ,  and  w(x,y). 
From these,  one  can  calculate  gust  components for  a, (3, p, q, and r and, 
s u b s e q u e n t l y ,   t h e   a l t e r e d   v a l u e s   o f   t h e   s t a b i l i t y   d e r i v a t i v e s .  I t  i s  seen 
t h e r e f o r e   t h a t   a l l   a i r f r a m e  dynamic modes can   be   exc i ted   i n   gus ts .  I f  t hese  
a r e   i n s u f f i c i e n t l y  damped, i f  t h e   l a t e r a l - d i r e c t i o n a l   c o u p l i n g   i s   e x c e s s i v e ,  
o r  i f  t h e   s t a t i c   s t a b i l i t y   i s   m a r g i n a l ,   t h e   p i l o t ' s  work  load wil l increase 
markedly i f  he a t t e m p t s   t o   m a i n t a i n  a reasonab ly   p rec ise   course  or comfor- 
t a b l e   r i d e .   O u t s t a n d i n g   h a n d l i n g   q u a l i t i e s   i n   s t i l l   a i r   a r e   c o n s e q u e n t l y  
a n e c e s s a r y   p r e r e q u i s i t e   t o   a c c e p t a b l e   h a n d l i n g   i n   t u r b u l e n t  a i r .  
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INERTIAL  CHARACTERISTICS 

T h e   a i r p l a n e   d e s i g n e r   i s   d i r e c t e d  t o  t h e   s e c t i o n  of  t h i s   s t u d y   d e a l i n g   w i t h  
s p i n   e n t r y  for a d i scuss ion  of  dynamic  response r e s u l t i n g  from changes i n  moments 
of  i ne r t i a ;   t echn iques  fo r  e s t i m a t i n g  moments of  i n e r t i a   a r e   d e t a i l e d   h e r e .  

When a n   a i r p l a n e   i s   r o t a t e d   a b o u t   i t s   c e n t e r  of  g r a v i t y ,   t h e   r e s u l t i n g  
torque,  I?, i s  equal t o   t h e   p r o d u c t   o f   t h e  moment of i n e r t i a   a b o u t   t h e  c.g. 
and t h e   a n g u l a r   a c c e l e r a t i o n  ( r  = I d d d t ) .   S i n c e   t h e   t o r q u e   i s   a p p l i e d   b y  
a c o n t r o l   s u r f a c e ,   t h e   a n g u l a r   a c c e l e r a t i o n   c a n  be  found fo r  a p a r t i c u l a r  
c o n t r o l   d e f l e c t i o n  by d i v i d i n g   t h e   t o r q u e  by t h e  moment o f   i n e r t i a .  The 
th ree   angu lar   degrees  of  freedom f o r   t h e   a i r p l a n e   a r e   p i t c h ,   r o l l ,  and yaw; 
thus, it i s  necessary t o  know t h e  moments o f   i n e r t i a   a b o u t   t h e  x,  y, and z 
a i r p l a n e  body  axes. One p r o d u c t - o f - i n e r t i a   t e r m ,  Ixz, a l s o   a p p e a r s   i n   t h e  
equat ions   o f   mot ion   (see   Append ix  A ) ,  b u t   t h i s   t e r m   i s   u s u a l l y   s m a l l ,  and, 
for  many ana lyses ,   i s   cons ide red   ze ro ,   i nd i ca t i ng   t ha t   a l l   t he   axes   a re  
p r i n c i p a l   a x e s .  

Moments o f   i n e r t i a  can  be  obtained  by  experimental  measurements o r   c a n  
be e s t i m a t e d   f r o m   a i r p l a n e  mass and g e o m e t r i c   c h a r a c t e r i s t i c s .  The  usual 
method for  de te rm in ing   exper imen ta l l y   t he  moments o f   i n e r t i a   i s  a pendulum 
method. 

The a p p l i c a t i o n   o f   t h e  pendulum  method t o   t h e   e x p e r i m e n t a l   d e t e r m i n a t i o n  
of  moments o f   i n e r t i a   o f   a i r p l a n e s   i s   d i s c u s s e d   i n  TR-467 (Ref .   68) .  The 
moments o f   i n e r t i a   a b o u t   t h e  x and y axes  are  found  by  swinging  the  a i rp lane 
as a compound pendulum, whereasthe moment o f   i n e r t i a   a b o u t   t h e  z a x i s   i s  
d e t e r m i n e d   b y   o s c i l l a t i n g   t h e   a i r p l a n e   a s  a b i f i l a r - t o r s i o n a l  pendulum.  The 
d i f f e r e n t i a l   e q u a t i o n   w h i c h   d e s c r i b e s   t h e  pendulum  motion i s  o f  t h e  form, 

I F  d 2 8  + be = 0 where I = measured moment o f   i n e r t i a  

dimensions of the  pendulum 
b = constant   depending  on  the  weight  and 

8 = angular  d isplacement.  

The per iod   can   be   wr i t ten   as  T = Z ' I T / / ~  , and t h e  moment o f  i n e r t i  a can  be 
so lved by s o l v i n g   f o r  I. For  each o f  the  cases  ment ioned  above,   the  t rue 
moments o f   i n e r t i a   a r e   d e t e r m i n e d  by c o r r e c t i n g   t h e  measured moments o f   i n e r t i a  
f o r  ( 1 )  t he   buoyancy   o f   t he   s t ruc tu re ,  ( 2 )  t h e   a i r   e n t r a p p e d   w i t h i n   t h e  
s t r u c t u r e ,  and ( 3 )  t h e   a d d i t i o n a l  mass e f f e c t .  These  th ree   fac to rs   cause an 
a p p a r e n t   a d d i t i o n a l  moment o f   i n e r t i a ,   w h i c h   i s   e v a l u a t e d   o n   t h e   b a s i s   o f  ( 1 )  
t h e   a i r p l a n e   s i z e  and  shape  normal t o  t h e   d i r e c t i o n  of  mot ion and ( 2 )  t h e  
r e s u l t s   o f   t e s t s   o f   t h e   a d d i t i o n a l  mass e f f e c t   o f   f l a t   p l a t e s .   R e f e r e n c e   6 8  
should  be  used t o  e v a l u a t e   t h e   r e q u i r e d   c o r r e c t i o n s .  The a d d i t i o n a l  mass e f f e c t  
(moment o f   i n e r t i a   i n f l u e n c e d  by the   su r round ing  medium) r e s u l t s  from t h e   f a c t  
t h a t   t h e   p e r i o d   o f   t h e   p e n d u l u m ' s   v i b r a t i n g   i n   a i r   i s   t o  some extent   dependent  
o n   t h e  momentum impar ted   by   i t s   mo t ion   t h rough   the   a i r .   The  momentum imparted 
t o   t h e  body i s   p r o p o r t i o n a l  t o  t h e  momentum o f   t h e  body;   thus,   the  equiva lent  
a d d i t i o n a l  mass may be  used. 

The p rec i s ion   o f   t he   pendu lum method t o  e s t i m a t e   t r u e  moments of i n e r t i a  
i s   a p p r o x i m a t e l y  k2.5 percent ,  t1 .3  percent,  and kO.8 pe rcen t  for  the   x ,  y, and 
z axes   respec t i ve l y .   Seve ra l   t ypes   o f   a i rp lanes  of g ross   we igh t   less   than 
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10,000 pounds  have  been t e s t e d   a t   t h e  NACA l a b o r a t o r i e s ,   t h e   r e s u l t s  of  which 
were  compiled  and  publ ished  as NACA TN-780 (Ref .  6 9 )  which  supersedes TN-375. 
Only  a few of  t h e   a i r p l a n e s   t e s t e d   a r e   c h a r a c t e r i s t i c  of  t h e   l i g h t   a i r p l a n e  
des igns of  today .   Th i s   repo r t ,  however, i s  v a l u a b l e   i n   o b t a i n i n g   a n   a p p r o x i -  
mate  number f o r  t h e  moments of  i n e r t i a  and t h e   r a d i i  of  gyrat ion.   Agard  Report  
224  (Ref .   101)   a lso  d iscusses  methods  o f   obta in ing  the moments of  i n e r t i a  by 
t h e   s p r i n g   o s c i l l a t i o n  method.  Schematic  representat ion of  t y p i c a l  methods f o r  
d e t e r m i n i n g   ( w i t h i n  5% or b e t t e r )   t h e   r o l l i n g  and p i t c h i n g  moments o f   i n e r t i a  
a re   g i ven   as   we l l   as   o the r   re fe rences   wh ich  may be h e l p f u l   i n   u s i n g   t h e s e  
methods. 

Because o f  the   equ ipment   requ i red  t o  measure t h e  moment of  i n e r t i a  by t h e  
pendulum  method,  probably  the  most  popular  method  ut i l izes  the  weight  and lo- 
c a t i o n   o f  component p a r t s   o u t l i n e d   i n  TN-575 ( R e f .   7 0 ) .   T h i s   i s  a step-by-step, 
t a b u l a t e d  method  which y i e l d s   t h e  moments of  i n e r t i a   a b o u t   t h e   t h r e e   a x e s ,   t h e  
produc ts  of i n e r t i a ,  and t h e   c e n t e r  of  g r a v i t y   l o c a t i o n s .  I t  i s  b e l i e v e d   t h a t  
t h e  moments o f   i n e r t i a  can  be   es t imated   w i th in  10% by t h i s  method  and  can  be 
a p p l i e d  by comple t ing   Tab le  14, which  is   exp la ined  be low.  

The f i r s t   s t e p   i n   t h e   p r o c e d u r e   i s   t o   d e f i n e  a s e t  of t h r e e   m u t u a l l y  
perpend icu la r   re fe rence  p lanes ,  x’z:  y’z: and x’y’, as shown i n   t h e   f i g u r e  
below. 

\ -y 1 2‘ 

\ R e f e r e n c e   p l a n e  / 

k X I  21 
R e f e r e n c e  
p l a n e  

\ 
\ 1 - y l  R e f e r e n c e  a x i s  

F i g u r e  66. Set  of  t h r e e   m u t u a l l y   p e r p e n d i c u l a r   r e f e r e n c e   p l a n e s .  
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The p lane of symmetry i s  chosen  as  the  x*z*   re ference  p lane,   s ince it c o n t a i n s  
the   c .g .  The y * z *   r e f e r e n c e   p l a n e   i s   u s u a l l y   s e t   a t   t h e   n o s e  of t h e   a i r p l a n e ,  
wh i . l e   t he   x *y *   re fe rence   p lane   can   be   es tab l i shed   a t   t he   t op   o r   t he   bo t tom.  
These r e f e r e n c e   p l a n e s   d e f i n e   t h e   o r i g i n   o f   t h e   c o o r d i n a t e   a x e s .  

The tab le   wh ich   mus t  be  completed i s  shown below  and  explained  column 
by  column. 

(2 )  - 
u 
3 

t 
3 

(31 
X 

( 5 )  
N 

( 6 )  
X 
3 

(7  1 

3 
N 

(8  1 
N 
X 
3 

( 9 )  
N 
r 
5 

Tota I s  

Table  14. Sample t a b l e   f o r   o b t a i n i n g   i n e r t i a l   c h a r a c t e r i s t i c s .  

Column ( 1 )  Elements o f   t h e   a i r p l a n e   w h i c h   a r e   c o n s i d e r e d   ( f l a p s ,  
wheels,  baggage  doors,  engine,  seats, p i l o t ,   f u e l ,  
e t c .  1. 

Column ( 2 )  Weight of each ind iv idua l   e lement .  

Columns  (31,  (41, & ( 5 )  D is tance  f rom  the   x* ,   y *  and z *  axes t o  
the   e lement .  I t  i s   i m p o r t a n t   t o   n o t e   t h a t  some o f  
t hese   d i s tances  may be e i t h e r  pos’i t i v e   o r   n e g a t i v e .  

Columns ( 6 )  8, (7 )  Moments c o n t r i b u t e d  by  each  element.  Since  the 
a i r p l a n e  i s  symmetr ic  about  the x*z*  plane, wy = 0; 
t h e r e f o r e ,  it does not  appear.  

Columns (81, ( 9 1 ,  & (10) The p r o d u c t   o f   t h e   s q u a r e s   o f   t h e   i n d i -  
v idua l   d i s tances  and the  i tem  weight .  

Columns  (111,  (121, & (13)  The e s t i m a t i o n   o f   t h e  moments o f   i n e r -  
t i a   o f   t h e   l a r g e r   i t e m s   a b o u t   t h e i r  own c e n t e r  of 
grav i t y  . 

Column (14) The t o t a l   p r o d u c t   o f   ‘ i n e r t i a ,  Ixz. 

The i n f o r m a t i o n   i n   t h e  above  columns  can  be  used t o   f i n d  

( 1 )  c.g.  Location--The x  and z c.g. l o c a t i o n s  ( x  and zc. 1 c.g. 
can   be   f ound   by   d i v id ing   t he   t o ta l s   o f   co lumns  ( 6 )  and (? j  
r e s p e c t i v e l y  by t h e   t o t a l   w e i g h t .  
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(2 )  Moments o f   I n e r t i a - - T h e   t o t a l  moments of i n e r t i a  of t h e   a i r -  
p lane   abou t   t he   t h ree   re fe rence   axes   a re  

Ix*x* = Cwy2 + C W Z ~  + ZAIxx  

I y  ’y ’ = Cwx2 + Cwy2 + Z A I y y  

= Cwx2 + Cwy2 + C A I z z  I, ’z 

The moments of i n e r t i a   a b o u t   t h e  c.g. can   be   w r i t t en   as  

I y y  - Iy’y’ - W(Xc.g. + zc.g. 2, 

I,, = I x y  - w(zc,g.2) 

I,, = - W(XC. g . 2, 

- 2 

where W = t o t a l   a i r p l a n e   w e i g h t  

( 3 )  Product  of Iner t ia - -The  p roduc t  of  i n e r t i a ,  Ixz, a b o u t   t h e  
c.g.   can  be  found  by  the  formula,  

I,, = cwxz - W(Xcag.  + zc.g. 

Even for the   l a rge   i t ems ,   t he   p roduc ts  of i n e r t i a   a b o u t   t h e i r  own c.g.  can 
usua l ly   be   neg lec ted .   A lso ,  for  l i g h t   a i r c r a f t ,   t h e   p r o d u c t s   o f   i n e r t i a  for 
t h e   c o m p l e t e   a i r c r a f t   a r e   u s u a l l y   s m a l l   o r   n e g l i g i b l e .  Thus, for  a f i r s t  
approximat ion,   assuming  the  products o f  i n e r t i a  t o  be z e r o   i s   f a i r l y   a c c u r a t e .  
I f  g rea te r   accu racy   i s   requ i red ,   t he   f o rmu la   above   can  be  used. 

Some t y p i c a l   v a l u e s   o f  moments o f   i n e r t i a   c a n   b e  seen f o r   l i g h t   a i r c r a f t  
by   examin ing   the   tab le   be low:  

A i r p l a n e  Number I x x  I Y  Y I z z  Weight of  
( i b s .  1 Eng i nes (s  1 ug-f t2 ( s  I u g - f t 2  1 ( s  I u g - f t 2  1 

2200 

2650 

3350 

4650 

5,000 

21 00 

902  1335 1922 

94 1 1479 21 10 

1495 2207 2878 

8884  1939 11,001 

64,811 17,300 64,543 

766 1275 1805 

Tab le  15. T y p i c a l   l i g h t   a i r c r a f t  moments of  i n e r t i a .  
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STALL 

The flow o v e r  a body i s   s a i d   t o   s t a l l  when t h e   p r e s s u r e   g r a d i e n t  becomes 
so u n f a v o r a b l e   t h a t   t h e   v e l o c i t y   a t   t h e   s u r f a c e   i s   z e r o  and the   ma ins t ream i s  
no  longer  at tached t o   t h e  body. When s t a l l   o c c u r s   o n   a i r f o i l s ,   t h e r e   i s   b o t h  
a loss of  l i f t  and an i n c r e a s e   i n   d r a g .   I n   g e n e r a l ,   s t a l l   c a n  be de f i ned   as  
t h a t  flow c o n d i t i o n   w h i c h   f o l l o w s   t h e   f i r s t   l i f t - c u r v e  peak. TN-2502 (Ref. 71) 
i n d i c a t e s   t h r e e   c l a s s i f i c a t i o n s   f o r   s t a l l   a t  low speeds: 1 )  t r a i l i n g - e d g e  
s t a l l ,  2 )  leading-edge s t a l l ,  and 3 )  t h i n   a i r f o i l   s t a l l .  

T r a i l i n g - e d g e   s t a l l   i s   p r e c e d e d  by t h e  movement o f   t h e   p o i n t   o f   t u r b u l e n t  
boundary- layer   separa t ion   fo rward  from t h e   t r a i l i n g  edge w i t h   i n c r e a s i n g   a n g l e  
o f  a t t a c k   ( u s u a l l y   c h a r a c t e r i s t i c   o f   a i r f o i l s   o f  15% t h i c k n e s s  or more) .   Th is  
t y p e   o f   s t a l l   i s   d i s t i n g u i s h e d  by a g radua l ,   con t inuous   fo rce  and moment v a r i -  
a t i o n   w i t h  a w e l l - r o u n d e d   l i f t - c u r v e  peak. 

The leading-edge s t a l l   i s  an a b r u p t   f l o w   s e p a r a t i o n   o f   t h e   l a m i n a r  bound- 
a ry   l aye r   nea r   t he   l ead ing  edge, genera l ly   wi thout   subsequent   f low  reat tachment  
( u s u a l l y   t y p i c a l  o f  a i r f o i l s  9% t o  15% t h i c k ) .   L i t t l e   o r  no  change i n   l i f t -  
curve   > lope  shou ld  be   expec ted   p r io r  t o  maximum l i f t  and  an  abrupt,   of ten 
s u b s t a n t i a l ,   d e c r e a s e   i n   l i f t   s h o u l d   o c c u r   a f t e r  maximum l i f t   i s   a t t a i n e d .  A 
comb ined   l ead ing -and   t ra i l i ng -edge   s ta l l   i s   poss ib le .  

The t h i n   a i r f o i l   s t a l l   i s  preceded  by  f low  separat ion  f rom  the  leading 
edge, w i th   t he   rea t tachmen t   po in t   mov ing   p rog ress i ve l y   downs t ream  w i th   i nc reas ing  
a n g l e   o f   a t t a c k .   T h i s   t h i n   a i r f o i l   s t a l l  has a rounded l i f t - c u r v e  peak,  gen- 
e r a l l y  preceded by a d i scon t inuous   f o rce  and moment v a r i a t i o n   f o r   a i r f o i l s  
w i t h  a rounded  leading  edge. 

The s t a l l s   m e n t i o n e d  above a r e  shown i n   t h e   f i g u r e   b e l o w .  

Angle of Attack - 
F i g u r e   6 7 .   C h a r a c t e r i s t i c   s t a l l   t y p e s .  
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N o t   e v e r y   a i r f o i l   c a n  be c l a s s i f i e d   u n i q u e l y   i n t o  a g i v e n   s t a l l   c a t e g o r y ,   n o r  
i s  e a c h   t y p e   o f   s t a  I I I i m i t e d   t o  a c e r t a i n   r a n g e  o f  t h i c k n e s s   r a t i o s .  

S i n c e   s t a l l   c h a r a c t e r i s t i c s   p l a y  a m a j o r   r o l e   i n   t h e   d e s i g n  o f  any a i r -  
plane, it i s   i m p o r t a n t   t o  know a t   t h e   o u t s e t   a t  what  angle of a t t a c k   t h e   s t a l l  
occurs,  depending  on  the  weight, speed,  and maximum l i f t  c o e f f i c i e n t   o f   t h e  
a i r p l a n e .  The a b r u p t   s t a l l  has  proven t o  be q u i t e  dangerous  because  the p i l o t  
r e c e i v e s   l i t t l e   o r  no   warn ing   be fo re   a t ta in ing  a c r i t i c a l   a t t i t u d e .   A l s o ,  i f  
s t a l l   o c c u r s   d u r i n g   l a n d , i n g   o r   t a k e - o f f ,   t h e   p i l o t  has l i t t l e  o r  no a l t i t u d e  
i n   w h i c h  t o  recover .  Many p a r a m e t e r s   a f f e c t   t h e   s t a l l   o f  a body or  wing: 
taper ,   aspect ,   and  th ickness  ra t ios;   Reynolds number;  camber; washout;  and 
lead ing -edge   shape .   Be fo re   cons ide r ing   t he   pa ramete rs   vhkha f fec t   s ta l l ,  some 
ment ion  should be made o f  the   requ i remen ts  f o r  good s t a l l   w a r n i n g  and  recovery. 
Technica l   Repor t  AFFDL-TR-69-72 (Ref. 4 )  de f ines   s ta l l   wa rn ing   requ i remen ts ,  
s t a l l   c h a r a c t e r i s t i c s ,  and s t a l l   r e c o v e r y   r e q u i r e m e n t s   f o r   l i g h t   m i l i t a r y  
a i r c r a f t .  

Sta I I Warning 

The s t a  
percept  

Acceptab I e warn 
c o c k p i t   c o n t r o l s ,  bu 
these. The onset  o f  
the   two   t ab les   be low 

i 
f 

I aproach  sha l l  be  accompanied  by an e a s i l y  
b le   warn ing .  

ng f o r   a l l   t y p e s   o f   s t a l l s   c o n s i s t s   o f   s h a k i n g   o f   t h e  
f e t i n g   o r   s h a k i n g  of t h e   a i r p l a n e ,   o r  a comb ina t ion   o f  
t h i s   warn ing   shou ld   occu r   w i th in   t he   ranges   spec i f i ed  by 

Warning  speed for  s t a l l s   a t  1g normal t o  t h e   f l i g h t   p a t h .  Warning 
onset  f o r  s t a l l s  a t  l g  normal t o   t h e   f l i g h t   p a t h   s h a l l   o c c u r  be- I tween t h e   f o l l o w i n g   l i m i t s :  

F I   i g h t  
Phase 

Minimum S t a l l  Warning Maximum Sta I I Warning 
Speed Speed 

t 

Approach  Higher o f  1.05Us o r   H i g h e r   o f  1.1OUs or  
Us + 5 knots  Us + 10 k n o t s  

AI I O the r   H ighe r   o f  1.05Us o r  H i g h e r   o f  1.15Us o r  
Us + 5 knots  Us + 15 knots  

Table 16. Warning  speed f o r   s t a l l s   a t   l g  normal t o   t h e   f l i g h t   p a t h .  
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- 

Warning  range fo r  a c c e l e r a t e d   s t a l l s .   O n s e t   o f   s t a l l   w a r n i n g   s h a l l  
o c c u r   o u t s i d e   t h e   O p e r a t i o n a l   F l i g h t   E n v e l o p e   a s s o c i a t e d   w i t h   t h e  
A i r p l a n e  Normal S t a t e  and w i t h i n   t h e   f o l l o w i n g   a n g l e - o f - a t t a c k  
ranges: 

F I   i g h t  Minimum S t a l l  Warning Maximum S t a l l  Warning 
Phase  Angle o f  A t t a c k  Angle o f  A t t a c k  

Approach a0 + 0.82 ( a ,  - a,) a. + 0.90 (a, - a,) 

AI I Other  a. + 0.75 (as - a,) a0 + 0.90 (a ,  - ao) 

where as i s   t h e   s t a l l   a n g l e   o f   a t t a c k  and a, i s   t h e   a n g l e   o f   a t t a c k  
f o r   z e r o  I i f t .  

Tab le  17. Warning  range fo r  a c c e l e r a t e d   s t a t   i s .  

S t a l l   a n g l e   o f   a t t a c k   i s   t h e   a n g l e  o f  a t t a c k   a t   c o n s t a n t  speed f o r   t h e   c o n f i g u -  
ra t ion ,   we igh t ,  a n d   c . g .   p o s i t i o n   w h i c h   i s   t h e   l o w e s t   o f   t h e   f o l l o w i n g :  

( a >  The ang le  o f  a t t a c k  fo r  t h e   h i g h e s t   s t e a d y  
load  factor ,   normal  t o  t h e   f l i g h t   p a t h ,   t h a t  
can  be  obtained a t  a g i ven  Mach number; 

( b )  The a n g l e   o f   a t t a c k   f o r  a g i ven  speed o r  
Mach number a t  w h i c h   u n c o n t r o l l a b l e   p i t c h -  
i ng ,   ro l l i ng ,   o r   yaw ing   occu rs   ( i . e . ,  loss 
o f   c o n t r o l   a b o u t  a s i n g l e   a x i s ) ;  

( c l  A n g l e   o f   a t t a c k   f o r  a g i v e n  speed o r  Mach 
number, a t  w h i c h   i n t o l e r a b l e   b u f f e t i n g   i s  
encountered. 

The i n c r e a s e   i n   b u f f e t i n g   i n t e n s i t y   w i t h   f u r t h e r   i n c r e a s e   i n   a n g l e   o f   a t t a c k  
s h o u l d   b e   s u f f i c i e n t l y  marked t o  be no ted   by   t he   p i l o t .   Th i s   warn ing  may be 
p r o v i d e d   a r t i f i c i a l l y   o n l y  i f  it can  be shown t h a t   n a t u r a l   s t a l l   w a r n i n g   i s   n o t  
f e a s i b l e .  

S t a l l   C h a r a c t e r i s t i c s  

I n   u n a c c e l e r a t e d   s t a l l s ,  +he a i r p l a n e   s h a l  
e x h i b i t   u n c o n t r o l l a b l e   r o l l i n g ,  yawing, o r  
p i t c h i n g   a t   t h e   s t a l l   i n   e x c e s s  o f  200. 

I t  i s   d e s i r e d   t h a t  no p i t ch -up   t endenc ies   occu r   i n  
e r a t e d   s t a l l s .   I n   u n a c c e l e r a t e d   s t a l l s ,   m i l d  nose-up p 
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i f  n o   e l e v a t o r   c o n t r o l   f o r c e   r e v e r s a l   o c c u r s  and i f  no  dangerous,  unrecoverable, 
o r  o b j e c t i o n a b l e   f l i g h t   c o n d i t i o n s   r e s u l t .  A m i l d  nose-up  tendency may be 
a c c e p t a b l e   i n   a c c e l e r a t e d   s t a l l s  i f  t h e   o p e r a t i o n a l   e f f e c t i v e n e s s  of  t h e   a i r -  
p lane i s  n o t  compromised  and 

(a )  The a i r p l a n e  has  adequate s t a l l  warning; 

( b )   E l e v a t o r   e f f e c t i v e n e s s   i s   s u c h   t h a t  it 
i s  p o s s i b l e   t o   s t o p   t h e   p i t c h - u p   p r o m p t l y  
and  reduce  the  angle o f  a t t a c k ;  

(c)  A t  n o   p o i n t   d u r i n g   t h e   s t a l l ,   s t a l l  ap- 
proach, o r   r e c o v e r y  does   any   po r t i on   o f  
t h e   a i r p l a n e  exceed s t r u c t u r a l  limit loads. 

These  requirements  apply t o  a l l   s t a l l s   r e s u l t i n g   f r o m   r a t e s  o f  speed r e d u c t i o n  
up t o  four   knots   per   second (4.6 mi les   per   hour ,   per   second) .   S ta l l   charac-  
t e r i s t i c s   a r e   u n a c c e p t a b l e  i f  a s p i n   i s   l i k e l y  t o  r e s u l t .  

S t a l l   P r e v e n t i o n  and  Recovery 

I t  s h a l l  be p o s s i b l e  t o  p r e v e n t   t h e   c o m p l e t e   s t a l l  
by  moderate  use o f   t h e   c o n t r o l s   a t   t h e   o n s e t   o f   t h e  
s t a l l   w a r n i n g .   I t   s h a l l  be p o s s i b l e  t o  recover   f rom 
a c o m p l e t e   s t a l l  by  use o f   t h e   e l e v a t o r ,   a i l e r o n s ,  
and rudder   con t ro l s   w i th   reasonab le   f o rces ,  and t o  
r e g a i n   l e v e l   f l i g h t   w i t h o u t   e x c e s s i v e  loss o f   a l t i -  
tude  or  bu i ld -up  of  a i r s p e e d .   T h r o t t l e s   s h a l l   r e m a i n  
f i x e d   u n t i l  speed  has  begun t o  increase when an  angle 
of a t t a c k   b e l o w   t h e   s t a l l   h a s  been  regained.  In  the 
s t r a i g h t - f l i g h t   s t a l l s   w i t h  t 
a speed n o t   g r e a t e r   t h a n  1.4 
d u c t i o n   r a t e   o f  a t  l e a s t  4.0 
v a t o r   c o n t r o l  power  sha I I be 
f rom  any   a t ta inab le   ang le   o f  
a i r c r a f t ,  it s h a l l  be p o s s i b l  

he a i rp lane  t r immed a t  
Us and w i t h  a speed re -  
kno ts   per  second, e l e -  
s u f f i c i e n t  t o  recover  
a t t a c k .  On m u l t i e n g i n e  
e t o   r e c o v e r   s a f e  I y from 

s t a l  I s  w i t h   t h e  c r i t i c a l  eng ine   i nopera t i ve .  

Th is   requ i remen t   app l i es   w i th   t he   rema in ing   eng ines  up t o  t h r u s t  for  l e v e l  
f l i g h t  a t  1.4 US, but   these  eng ines  may be t h r o t t l e d   b a c k   d u r i n g   r e c o v e r y .  

Al though some l i g h t   a i r c r a f t  may have  spec ia l   s ta l l ing  problems,   such  as 
n a c e l l e s   s t a l l i n g   a t   h i g h  speeds  where they  can  produce a s i g n i f i c a n t  l i f t ,  
c a u s i n g   t h e   a i r p l a n e   t o   a t t a i n   d a n g e r o u s   a t t i t u d e s ,   t h e   s t a l l   p r o b l e m   i s  
u s u a l l y   s o l v e d  i f  the   w ing  has  good s t a l l   c h a r a c t e r i s t i c s .  NACA TR-703 (Ref. 72) 
i s  a s e t  of des ign   char ts   p repared t o  show the   e f fec ts   o f   w ing   geomet ry   on   the  
s t a l l i n g   c h a r a c t e r i s t i c s  o f  tapered  wings; a summary o f   t h e s e   e f f e c t s   i s  
p resented   in   Tab le  18. 
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I I GEOMETR I C  PROPERTY/W I NG EFFECTS ON STALL 

Taper I n c r e a s i n g   t a p e r   t e n d s   t o  move t h e   s t a l l i n g  
p o i n t   p r o g r e s s i v e l y   o u t b o a r d  and t o  decrease 
t h e   s t a l l i n g   m a r g i n   o f  most of  the   rema in ing  
wing. 

Aspec t   Rat io  An i n c r e a s e   i n   a s p e c t   r a t i o   t e n d s  t o  f l a t t e n  
t h e   s e c t i o n   l i f t   d i s t r i b u t i o n ;  up t o  an as- 
p e c t   r a t i o  of  18, t h e   e f f e c t  o n   t h e   s t a l l i n g  
p o i n t   i s   r e l a t i v e l y   s m a l l .  

Th i ckness An i n c r e a s e   i n   r o o t   t h i c k n e s s   r a t i o  beyond 
0.15 c a u s e s   t h e   s t a l l i n g   p o i n t  t o  move in -  
board,  except f o r  the   l owes t  va I ues of  
Reynolds numbers tes ted ,  and tends  t o  re-  
duce t h e   r a t e   a t   w h i c h   t h e   s e c t i o n  l i f t  
and maximum s e c t i o n  l i f t  d iverge   inboard  
o f   t h e   i n i t i a l   s t a l l i n g   p o i n t .  

Camber Increas ing  camber l i n e a r l y   f r o m   r o o t   t o  t i p  
(4%)  appears t o  be u s e f u l   t o  good s t a l l  
c h a r a c t e r i s t i c s   o n l y  f o r  low t a p e r   r a t i o s .  

Washout Although  washout i s   e x p e n s i v e   i n   r e g a r d   t o  
d rag   cons idera t ions ,  i t  o f f e r s  an e f f e c t i v e  
means o f  i m p r o v i n g   s t a l l i n g   c h a r a c t e r i s t i c s .  
Washout becomes more e f f e c t i v e  as  Reynolds 
number i s  increased. 

Reyno I ds Number An increase  in   Reynolds number t e n d s   t o  
move t h e   i n i t i a l   s t a l l i n g   p o i n t   i n b o a r d .  

I 
Sharp  Leading Edge A sharp  leading  edge  reduces  the maximum 

s e c t i o n  l i f t  c o e f f i c i e n t  so t h a t   s t a l l i n g  
takes  place  inboard  where  the  sharp  edge 
i s   l o c a t e d .  

Tab le  18. E f f e c t s   o f   w i n g   g e o m e t r y   o n   s t a l l  
c h a r a c t e r i s t i c s   o f   t a p e r e d   w i n g s .  
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Thus, f o r  good s t a l l   c h a r a c t e r i s t i c s ,   w i n g s   w i t h  low t a p e r   r a t i o s ,   m o d e r a t e  
th ickness   (10% t o  15%),  low t o  moderate  Reynolds numbers, lo t o  3O washout, 
and a sharp  leading  edge a t   t h e   r o o t  seem t h e  most   des i rab le.  

WR L-145 (Ref. 73) p o i n t s   o u t   t h a t   s u r f a c e   r o u g h n e s s   a n d   p r o p e l l e r   e f f e c t s  
s h o u l d   a l s o  be   cons ide red   as   pa ramete rs   a f fec t i ng   a i rp lane   s ta l l .  The a i r -  
p lanes   t es ted  fo r  t h e   r e p o r t  were m i l i t a r y   a i r c r a f t   o f   t h e   m i d  1940's. Because 
of t h e  armament r e q u i r e d ,   t h e   a i r p l a n e s  were  equipped  wi th numerous  access 
doors ,   i nspec t i on   p la tes ,  and  numerous o t h e r   f e a t u r e s   t h a t   t e n d  t o  make t h e  
wing  extremely  rough  and  al low a i r  leakage  through it. I t  was f o u n d , t h a t  a 
wing  which was f a i r e d  and sealed  gave a h i g h e r  C L ~ ~ ~  then  an  unfa i red  wing,  
even   t hough   bo th   w ings   s ta l l ed   a t   app rox ima te l y   t he  same a n g l e   o f   a t t a c k .  
T h e   s t u d y   a l s o   i n d i c a t e d   t h a t   p r o p e l l e r   o p e r a t i o n   g e n e r a l l y   i n c r e a s e s   t h e  
s e v e r i t y  o.f t h e   s t a l l ,   e s p e c i a l l y   o n   s i n g l e - e n g i n e   a i r p l a n e s .  The r o t a t i o n  
w i t h i n   t h e   s l i p s t r e a m   i n c r e a s e s   t h e   e f f e c t i v e   a n g l e   o f   a t t a c k  of  the   w ing  
sec t ion   beh ind   the   up-go ing   p rope l le r   b lades  and d e c r e a s e s   t h e   e f f e c t i v e   a n g l e  
o f  a t t a c k   o f   t h e   w i n g   s e c t i o n   b e h i n d   t h e  down-going p r o p e l l e r   b l a d e s .  An 
a s y m m e t r i c a l   s t a l l   p a t t e r n   i s   t h u s   p r o d u c e d ,   l e a d i n g   t o  a sometlme  severe 
rot I .  

WR L-296 (Ref. 74) i n d i c a t e s   t h a t   a i r p l a n e s   o f   t h e  1930's s o l v e d   t h e  
p r o b l e m   o f   s t a l l  by p r o v i d i n g  a d e f i n i t e   w a r n i n g  of t h e   a p p r o a c h i n g   s t a l l   t h r o u g h  
backward movement, p o s i t i o n ,  and f o r c e s  on the  control   column.  Monoplanes 
u s u a l l y  had l i t t l e   o r  no t a p e r   w i t h   " i n e f f i c i e n t "   w i n g - f u s e l a g e   j u n c t u r e s ,  
caus ing a g radua l l y   deve lop ing   s ta l l ,   beg inn ing   a t   m idspan .  Thus, t h e   s t a l l e d  
c o n d i t i o n   d e v e l o p e d   p r o g r e s s i v e l y   a f t e r  a reasonab ly   de f i n i t e   warn ing ;   a l so ,  
l a t e r a l   c o n t r o l  was o f t e n   m a i n t a i n e d  up t o  o r  beyond t h e   s t a l l .  Many o f   t h e  
a i r p l a n e s   d e s i g n e d   i n   t h e  1940's dep ic ted   t rends   toward   h igher   w ing   load ings  
and  landing  speeds;  less  emphasis was p l a c e d   o n   s t a l l i n g   t e n d e n c i e s ,   t h u s  
l e a d i n g   t o   a i r p l a n e s   w i t h   p o o r   s t a l l i n g   c h a r a c t e r i s t i c s .  WR L-296 a l s o  
i n d i c a t e s   t h a t   s h a r p   l e a d i n g  edges a t   t h e  w ing   roo t  may improve   poo r   s ta l l  
t endenc ies .   Ano the r   p roposed   so lu t i on   i s   l im i ta t i on  of l o n g i t u d i n a l   c o n t r o l  
t o  prevent   the   w ing   f rom  reach ing  maximum l i f t .  To  be e f f e c t i v e ,  a warning 
m u s t   o c c u r   a t   a n   a n g l e   o f   a t t a c k   c o n s i d e r a b l y   b e l o w   t h a t   o f  maximum l i f t  
because  gusts or  i n e r t i a   e f f e c t s  may m o m e n t a r i l y   c a r r y   t h e   a i r p l a n e  beyond 
t h e   w a r n i n g   a t t i t u d e .  An i n v e s t i g a t i o n  was made i n  WR L-296 (Ref.  74) 
o f  a " s t a l l - c o n t r o l   f l a p . "  The bas i c   w ing   t es ted  was  a 23012 s e c t i o n   w l t h  a 
60% c h o r d   f l a p .  The idea was t o   d e f l e c t   t h e   s t a l l - c o n t r o l   f l a p  so t h a t   t h e  
m o d i f i e d   a i r f o i l   w o u l d   h a v e  a shape s i m i l a r  t o  t h e  4412 a i r f o i l ,  which  has 
good s t a l l   c h a r a c t e r i s t i c s  because o f   i t s   r e l a t i v e l y   f l a t   l i f t - c u r v e  peak. 
T'he f l a p  was c o n s i d e r e d   a e r o d y n a m i c a l l y   s a t i s f a c t o r y   w i t h  or  w i t h o u t   h i g h  
l i f t  devices,  even  though it may be very  expensive t o   i n s t a l l .  The  graph 
b e l o w   i n d i c a t e s   t h e   e f f e c t   o f   t h e   f l a p   d e f l e c t i o n   o n   I i f t - c u r v e  shape. 
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Figure  68. I n v e s t i g a t i o n   o f  a s t a l l   c o n t r o l  
f l a p   i n  WR L-296 (Ref. 7 4 ) .  

NACA TN-1868 (Ref. 7 5 )  i s  a s tudy made t o   c o r r e l a t e   p i l o t s '   o p i n i o n s   o f  
t h e   s t a l l   w a r n i n g   p r o p e r t i e s   o f  16 a i rp lanes ,   rang ing  from s i n g l e - e n g i n e   f i g h t e r s  
t o  four-engine bombers, w i t h  a number of q u a n t i t a t i v e   f a c t o r s   o b t a i n e d  from 
t i m e ,   h i s t o r y   f l i g h t   r e c o r d s  for  speeds  near s t a l l .  The a l t i t u d e   t e s t   r a n g e  
was 4,000 t o  12,000 f e e t ,   w i t h   s t a l l s   a t t a i n e d   i n   s t r a i g h t   f l i g h t  by g r a d u a l l y  
a p p r o a c h i n g   t h e   s t a l l   w i t h   t h e  normal a c c e l e r a t i o n   f a c t o r   a s   c l o s e   t o   u n i t y   a s  
p o s s i b l e .  The t e s t s   i n d i c a t e   t h a t ,   i n   g e n e r a l ,   t h e   s t a l !   w a r n i n g   i s   c o n s i d e r e d  
s a t i s f a c t o r y  by t h e   p i l o t s  when cha rac te r i zed   by  any of t h e   f o l l o w i n g   q u a l i t i e s :  
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( a )   A i r p l a n e   b u f f e t i n g   a t  speeds 3 t o  15 mph 
above s t a l l i n g  speed  and o f  a magnitude 
t o  produce  incrementa l   ind icated  va lues 
of normal a c c e l e r a t i o n   f a c t o r   f r o m  0.04 
t o  0.22; 

( b l   P r e l i m i n a r y   c o n t r o l l a b l e   r o l l i n g   m o t i o n  
f rom 0.04 t o  0.06 radians  per  second  oc- 
c u r i n g  anywhere w i t h i n  a range o f  2 t o  
12 mph above t h e   s t a l l i n g  speed; 

(c)  A t  l e a s t  2.75 inches   rea rward   t rave l   o f  
t h e   c o n t r o l   s t i c k   d u r i n g   t h e  15 mph 
speed  range  immediately  preceding  the 
s t a l  1 .  

The two   g raphs   be low  i nd i ca te   t he   sa t i s fac to ry  and unsa t i s fac to ry   ranges   o f  
both  normal   accelerat ion  increments,   F igure 6 9 ,  and rearward movement of t h e  
c o n t r o l   s t i c k ,   F i g u r e  70, versus  speed  above  the  s ta l l .  Each l i n e   r e p r e s e n t s  
a s e p a r a t e   t e s t   o f  one o f   t h e  16 a i r p l a n e s .  A, i s   t h e  normal a c c e l e r a t i o n  
increment. 

0 4 8 12  16 20 24 28 
Speed above stall (rnph) 

F igu re  6 9 .  C o r r e l a t i o n  of p i l o t   o p i n i o n   o f   s t a l l   w a r n i n g   w i t h  
a i r p l a n e   b u f f e t   a t   v a r i o u s  speeds  above s t a l l .  
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Speed above stal l ,  mph 

F i g u r e  70. C o r r e l a t i o n  of  p i l o t  o p i n i o n   o f   s t a l l   w a r n i n g   w i t h  
rearward movement o f   c o n t r o l   s t i c k   i n   t h e  speed 
range  immedia te ly   above  s ta l l .  

In  a summary o f  var ious   s ta l   I -warn , ing   dev ices ,  TN-2676 (Ref. 76) p o i n t s  
t o  t h e  fact t h a t  a w a r n i n g   l i g h t ,   s t a l  [-warning d i a l ,   r u d d e r   s h a k e r ,   u r . s t i c k  
shaker may be  necessary for  any a i r c r a f t   w i t h   v e r y   p o o r   s t a l l - w a r n i n g   c h a r a c -  
t e r i s t i c s .  Such i n d i c a t o r s   c a n   p o s s i b l y   b e   a c t u a t e d  by  such  devices as a 
l e a d i n g - e d g e   o r i f i c e ,   l e a d i n g - e d g e   t a b ,   s p o i l e r   a n d   p i t o t - s t a t i c   t u b e ,   t r a i l i n g -  
edge p i t o t   s t a t i c   t u b e ,   o r   t r a i i i n g - e d g e  vane. L i g h t   a i r p l a n e s   w i t h o u t   h y d r a u -  
l i c  contro l   systems wil l probably   never  need t o  use  these  devices.  

TN-2923 (Ref. 7 7 )  d e s c r i b e s   t h e   t e s t i n g  of  a low-wing, l i g h t   a i r p l a n e  model 
d u r i n g   t h e   s t a l l  and I n t o   t h e   i n c i p i e n t   s p i n .  A more d e t a i l e d   r e v i e w   o f   t h i s  
r e p o r t   i s   p r e s e n t e d   b e l o w   i n   t h e   d i s c u s s i o n  of  s p i n   e n t r y .  

I t  should be n o t e d   t h a t   i n   s e e k i n g   t o   a n a l y z e   t h e   m o t i o n s   o f   a i r c r a f t   n e a r  
s t a l l ,   t h e   u s u a l   a s s u m p t i o n   t h a t   t h e   l o n g i t u d i n a l   s t a b i l i t y   d e r i v a t i v e s   a r e  
c o n s t a n t s   i s  no  longer   t rue.  The d e r i v a t i v e s   a r e   v e r y   s t r o n g   f u n c t i o n s  of a. 
Also, downwash and  sidewash f i e l d s   a r e   v e r y   s t r o n g  and uns tab le   under   these 
c o n d i t i o n s .  Dynamic p ressure  may v a r y   c o n s i d e r a b l y   a l o n g   t h e  span. F i n a l l y ,  
a deep s t a l l   i s   u s u a l l y  accompanied  by s u f f i c i e n t l y   l a r g e   m o t i o n s   t h a t  one  can 
no  longer assume w i th   accu racy   t ha t   p roduc ts  and squares of  p e r t u b a t i o n   v e l o c i t i e s  
can  becneglected.   For   these  reasons,   ext reme  care  must   be  used  in   a t tack ing 
t h i s   p r o b l e m   a n a l y t i c a l l y .  
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SPIN ENTRY 

The c a p a c i t y   f o r   a t t a i n i n g  a s p i n n i n g   a t t i t u d e   w h i l e   p e r f o r m i n g   o r d i n a r y  
f l i g h t  maneuvers  and t h e   f a c t   t h a t  many l i g h t   a i r c r a f t   a c c i d e n t s   h a v e  been 
a t t r i b u t e d   i n   t h e   l a s t  few years  t o  s ta l I / sp in   p rob lems   has   l ed  t o  e x t e n s i v e  
research  by NACA/NASA concern ing   sp in   en t ry   and  recovery .   More   than 25 
NACA/NASA r e p o r t s   d e a l   w i t h   s p i n   a p p l i c a b l e  t o  l i g h t   a i r c r a f t   d e s i g n .  Much 
of  t h i s   l i t e r a t u r e  was w r i t t e n   i n   t h e   l a t e  1940’s and e a r l y  1950’s because 
the   h ighe r   w ing  and fuse lage  load ings  of more  modern a i r c r a f t   a r e   n o t   c h a r -  
a c t e r i s t i c  of t h e   m a j o r i t y  of t h e   g e n e r a l   a v i a t i o n   a i r c r a f t .  

A d e v e l o p e d   s p i n   i s   u s u a l l y   c o n s i d e r e d  t o  be a m o t i o n   i n   w h i c h   a n   a i r -  
p l a n e   i n   f l i g h t ,   a t  some ang le  of  a t t a c k   b e t w e e n   t h e   s t a l l   a n d  90°, descends 
r a p i d l y   t o w a r d   t h e   e a r t h   w h i l e   r o t a t i n g ,   w i t h   t h e   w i n g s   n e a r l y   p e r p e n d i c u l a r  
t o  a v e r t i c a l  o r  nea r -ve r t i ca l   ax i s .   Spec ia l   cons ide ra t i on   mus t   be   g i ven  t o  
s p i n s   i n   t h e   d e s i g n   s t a g e ,   s i n c e   c o n t r o l s   e f f e c t i v e   i n   n o r m a l   f l i g h t   m i g h t  be 
i nadequa te   f o r   recove ry   f rom  the   sp in .  The same f a c t o r s   w h i c h  may cause 
d i f f i c u l t y   i n   a t t a i n i n g  a s p i n   a l s o  may impede recovery   f rom it, once  a t ta ined.  
Besides  the  problem of  p r o v i d i n g   a d e q u a t e   c o n t r o l s  f o r  r e c o v e r y ,   t h e r e   i s  
a l so   t he   p rob lem o f  p i l o t   d i s o r i e n t a t i o n   r e s u l t i n g  from the  developed  sp in;  
t h u s ,   p r e v e n t i n g   t h e   s p i n   o r   r e c o v e r i n g   d u r i n g   t h e   i n c i p i e n t   p h a s e   ( t h e   m o t i o n  
between t h e   i n i t i a l   s t a l l  and t h e   d e v e l o p e d   s p i n )   i s   e s s e n t i a l .   C i v i l  Air 
R e g u l a t i o n s   r e q u i r e   t h a t   t h e   p i l o t  of  a personal -owner   a i rp lane  recover   f rom 
a one- tu rn   sp in  upon r e l e a s e   o f   c o n t r o l s  by t h e   p i l o t ;   t h i s  may mean t h a t  
c o n t r o l s  be  designed t o   f l o a t   a g a i n s t   t h e   s p i n .  

O f  t h e  numerous s i g n i f i c a n t   r e p o r t s   r e v i e w e d  fo r  t h i s   s t u d y ,   t w o   a r e  
considered  o f   Dr imarv  in terest - -A i rDlane  SDinnina  bv James S .  Bowman (Ref. 78) 
and Status  o f   Spin  Research f o r  Recent  Airplane  6esigns  by A. I .   Neihouse, 
e t   a l  (Ref. 79 ) .  The l a t t e r   d i s c u s s e d   s D i n - t u n n e l   t e s t i n a  and i t s   c o r r e l a t i o n  
” 

w i t h   a c t u a  I f I i g h t   t e s t s ,   t h e  i n f  I uence of a i   rp   lane   geomet ry  on sp inn ing ,  
and a  summary of  t h e   s p i n n i n g   c h a r a c t e r i s t i c s  of  21 model a i r p l a n e s ,   i n c l u d i n g  
model and f u l l   s c a l e   c o r r e l a t i o n .   A i r p l a n e   S p i n n i n g   i s  a s t a t e - o f - t h e - a r t  
summary o f   s p i n   p r e d i c t i o n  and a l l e v i a t i o n .  

u 

Exper ience   has   i nd i ca ted   t ha t   sp ins  and s p i n   r e c o v e r i e s   o f   a i r p l a n e s  
can  be   inves t iga ted   sa fe ly  and a t  a comparat ive ly   moderate  cost   us ing  smal l  
dynamic  models i n  a s p i n   t u n n e l . *  I t   i s   i m p o r t a n t   t h a t   t h e  model  be designed 
so t h a t   g e o m e t r i c a l l y   s i m i l a r   p a t h s  of  mot ion  between  the model  and t h e  
a i r p l a n e   a r e   a t t a i n e d   i n   t h e   s p i n ;   t h i s   i s   a c c o m p l i s h e d   b y   h o l d i n g   t h e   f o r c e ,  
mass, a n d   t i m e   r a t i o   c o n s t a n t   a s   w e l l   a s   t h e   r a t i o  o f  l i n e a r   d i m e n s i o n s   i n   t h e  
model des ign.  I t   i s  hand- launched  wi th a s p i n n i n g   m o t i o n   i n t o   t h e   s p i n  
tunne l ,  and t h e   v e r t i c a l  speed of  t h e  column o f   a i r   i s   a d j u s t e d  t o  m a i n t a i n  
a s p i n n i n g   a t t i t u d e  of t h e  model a t  a p a r t i c u l a r   h e i g h t   i n   t h e   t u n n e l .  I t  
i s  assumed tha i ,   f o r   mos t   sp ins ,   t he   p i l o t   wou ld   p robab ly   have   t he   a i rp lane  

* a v e r t i c a l   w i n d   t u n n e l   c o n t r o l l e d   b y  a p r o p e l l e r   w i t h   v e r y   f a s t   r e s p o n s e  
t i m e  
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c o n t r o l s   s e t   a p p r o x i m a t e l y   a t   " n o r m a l   s p i n n i n g   c o n t r o l   c o n f i g u r a t i o n " - - t h a t  
i s ,   s t i c k   f u l l  back,  and l a t e r a l l y   n e u t r a 1 , r u d d e r   f u l l   w i t h   t h e   s p i n .   A f t e r  
t h e   s p i n   i s   e s t a b l i s h e d ,   t h e  mode! con t ro l   su r faces   ( rudder ,   e leva to r ,  and 
a i l e r o n s )   a r e   d e f l e c t e d  t o  at tempt  recovery.   Exper ience  has shown t h a t   t h e  
c r i t e r i o n  f o r  s a t i s f a c t o r y   r e c o v e r y  f o r  model t e s t s  i s  r e c o v e r y   w i t h i n  28 
t u r n s  of  t h e  model a f t e r   t h e   c o n t r o l   s u r f a c e   d e f l e c t i o n s ,  Based  on t h i s  
ana lys i s ,  when t h e   r e c o v e r y   i n   t h e   s p i n   t u n n e l   r e q u i r e s   m o r e   t h a n   t h i s  number 
of  t u r n s ,   t h e   c o n t r o l s   a r e   n o t   s u f f i c i e n t l y   e f f e c t i v e  and the   co r respond ing  
a i r p l a n e   p r o b a b l y   w o u l d   h a v e   u n s a t i s f a c t o r y   r e c o v e r y   c h a r a c t e r i s t i c s .  One 
p o o r   r e c o v e r y   o u t   o f   s e v e r a l   r e c o v e r y   a t t e m p t s   i s   u s u a l l y   c o n s i d e r e d   a s  
undes i rab le   as   cons i s ten t l y   poo r   recove r ies .  The p h i l o s o p h y   i s  t o  assume 
t h a t  a proposed  design i s  i nadequa te   f o r   sp in   recove ry   un less  i t  can  be 
p r o v e n   s a t i s f a c t o r y .  

A deve loped  sp in   invo lves  a balance  of   aerodynamic and i n e r t i a l  moments 
and f o r c e s ;   t h u s ,   t h e   e f f e c t i v e n e s s   o f  any c o n t r o l   i n   p r o m o t i n g  o r  i n   t e r -  
m i n a t i n g   t h e   s p i n  depends no t   on ly   on   the   aerodynamic  moments and fo rces  
p r o d u c e d   b y   t h e   c o n t r o l   b u t   a l s o   o n   t h e   i n e r t i a l   c h a r a c t e r i s t i c s   o f   t h e  
a i r p l a n e .  A sp in   about   any   ax is   in   space  can be considered  as a r o t a t i o n a l  
m o t i o n   a b o u t   a n y   a x i s   t h r o u g h   t h e   c e n t e r   o f   g r a v i t y .  The e q u a t i o n s   f o r   t h e  
moments a c t i n g   i n  a s p i n *   a r e  . u2z c ,  + I y y  - Izz 

I X X  
= 2pkX q r  

. U 2  Izz - I x x  
4 = -  2 cm,b + 'P 21-1 ky =Y Y 

The a i r p l a n e   s p i n n i n g   a t t i t u d e   ( s t e e p   o r   f l a t )  and i t s   r a t e   o f   r o t a t i o n  
depend p r imar i l y   on   t he   yaw ing  and p i t c h i n g  moment c h a r a c t e r i s t i c s   o f   t h e  
a i r p l a n e .  Low damping i n  yaw a t   s p i n n i n g   a t t i t u d e s  o r  h i g h   a u t o r o t a t i v e   y a w i n g  
moments lead t o   f l a t   ( h i g h  a), f a s t   r o t a t i n g   ( h i g h  S 2 )  sp ins .  Some i n t e r e s t i n g  
f a c t s  can  be pointed  out   by  approx imat ing  the  p i tch ing-moment   equat ion  obta ined 
in   equat ing   the   aerodynamic  and i n e r t i a l   p i t c h i n g  moments: 

Q 2  = - Myae r o  
$(Izz - Ixx) s i n  2a 

Remembering t h a t  a p o s i t i v e   p i t c h i n g  moment i s  nose  up, i t  can  be  seen t h a t  a 
nose-down ( n e g a t i v e )   p i t c h i n g  moment may nose t h e   a i r p l a n e  down b u t   l e a d   t o  a 
h i g h e r   r a t e  o f  r o t a t i o n  and may, i n   f a c t ,   f l a t t e n   t h e   s p i n .   F o r   g i v e n   d i r e c -  
t i o n a l  and l a t e r a l   c h a r a c t e r i s t i c s ,   t h e   p i t c h i n g  moment c a n   i n f l u e n c e   t h e  
mot ion  so t h a t  i t  may vary   f rom a h i g h   r o t a t i v e   s p i n   t o  a low r o t a t i v e   s p i n .  

The e f f e c t   o f  any c o n t r o l   i n   b r i n g i n g   a b o u t   s p i n   r e c o v e r y  depends  upon 
t h e  momi3nts t h a t   t h e   c o n t r o l   p r o v i d e s  and  upon t h e   e f f e c t i v e n e s s   o f   t h o s e  

* assuming t h e  x, y, and z a x e s   a r e   p r i n c i p a l   a x e s   a n d   t h a t   e n g i n e   e f f e c t  
can be i-gnored . 
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moments i n   p r o d u c i n g  a change i n   a n g u l a r   v e l o c i t y  and t h u s   i n   u p s e t t i n g   t h e  
sp in   equ i l i b r i um.   Exper ience   has  shown t h a t   t h e   b e s t  way t o  a l l e v i a t e   t h e  
s p i n n i n g   m o t i o n   i s   p r o v i d e  a yawing moment a b o u t   t h e  z body a x i s  t o  oppose 
t h e   s p i n   r o t a t i o n ;  -thus, t h e   r u d d e r   i s   u s u a l l y   c o n s i d e r e d   t h e   m o s t   i m p o r t a n t  
c o n t r o l ,   e s p e c i a l l y  fo r  l i g h t   a i r p l a n e s .  I t  a l s o   a p p e a r s   t h a t   e l e v a t o r   e f f e c -  
t i v e n e s s  and a i l e r o n   e f f e c t i v e n e s s ,   i n   t h e   f i n a l   a n a l y s i s ,  depend  upon t h e i r  
a b i l i t y  t o  a l t e r   t h e   y a w i n g  moment of  the   sp in . *  Thus, it would seem t h a t   t h e  
m o s t   e f f e c t i v e  way t o  i n f l u e n c e   t h e   s p i n  and t o  b r i n g   a b o u t   r e c o v e r y   i s  t o  
o b t a i n  a yawing moment by a p p l y i n g  a moment about   an  ax is   which  exper iences 
t h e   l e a s t   r e s i s t a n c e   ' t 0 . a  change i n   a n g u l a r   v e l o c i t y . * *   F o r  example, the  most  
p r o f i c i e n t  way t o  o b t a i n  an an t i sp in   yaw ing  moment for  recovery may be t o  r o l l  
t h e   a i   r p   l a n e   i n  such a d i r e c t i o n   t h a t  a gyroscopic   yawing moment t o  oppose 
t h e   s p i n   i s   o b t a i n e d .   S i m i l a r l y ,  i f  mass i s   h e a v i l y   c o n c e n t r a t e d   i n   t h e   w i n g s ,  
movement o f   e l e v a t o r s  downward may p r o v i d e   t h e   m o s t   e f f e c t i v e  means of  a p p l y i n g  
an an t i sp in   yaw ing  moment.  Thus, because of  i n e r t i a l   c o u p l i - n g  of  a r o t a t i n g  
body, i f  t h e  moment a b o u t   o n e   a x i s   i s  changed, t h e  moments a b o u t   t h e   o t h e r  
axes  are  a lso  changed. 

By i n s p e c t i n g   t h e   e q u a t i o n   g i v e n   e a r l i e r   f o r  P ,  it can  be  seen t h a t   t h e  
r u d d e r   i s   t h e   m o s t   i m p o r t a n t   c o n t r o l  when IXX - Iyy = 0 because  defined as 
m/pSb)  and k z   a r e   r e l a t i v e l y   s m a l l ,  and Cn i s  a f u n c t i o n  of r u d d e r   d e f l e c t i o n .  
For  modern, h i g h  speed f i g h t e r s  and research   a i rp lanes ,   l a rge   nega t i ve   va lues  
o f  Ixx - Iyy   p redomina te ,   s ince   t he  mass i s   h e a v i l y   c o n c e n t r a t e d   i n   t h e   f u s e -  
lage.   For   these  a i rp lanes ,  it would  be  extremely  important t o  make t h e   i n e r t i a  
t e r m s   a n t i s p i n   ( n e g a t i v e   f o r   r i g h t   s p i n )  f o r  recovery.   This  can  be accom- 
p l i s h e d  by c o n t r o l l i n g   t h e   a l g e b r a i c   s i g n   o f   t h e   p i t c h i n g   v e l o c i t y ,  e.g.,  by 
t i l t i n g   t h e   i n n e r   w i n g   ( r i g h t   w i n g   i n  a r i g h t   s p i n )  down r e l a t i v e  t o  t h e   s p i n  
a x i s .   T h i s   t i l t i n g   o f   t h e   w i n g  downward makes p i t c h i n g   v e l o c i t y   p o s i t i v e  
(q  = 52 s i n  + f o r  low v a l u e s   o f  I X x )  and g i v e s   r i s e  t o  a c ross -coup led   e f fec t ,  
w h i c h   a c t s   i n  a d i r e c t i o n   t h a t   t e r m i n a t e s   t h e   s p i n n i n g .   L i g h t   a i r p l a n e s ,  
however, f a l l ,   f o r   t h e  mos t   pa r t ,   i n to   t he   ca tegory  o f  a i r p l a n e s   d e s i g n e d   i n  
t h e   l a t e  1930's and e a r l y  1940's. These l i g h t   a i r p l a n e s  have r e l a t i v e l y   s m a l l  
changes i n   t h e   i n e r t i a   t e r m s   w h i c h   c o n t r i b u t e   t o  i-, i n d i c a t i n g   t h a t   t h e   r u d d e r  
shou ld   be   the   most   impor tan t   con t ro l .  

The p r i n c i p a l   f a c t o r s   i n   s p i n n i n g   a r e  mass d i s t r i b u t i o n ,  by f a r   t h e  most 
impor tan t   s ing le   parameter ,  and t a i l  d e s i g n ,   p a r t i c u l a r l y   i m p o r t a n t   f o r   c o n -  
d i t i o n s  of zero  or  near-zero  loading  (smal l  I,, - IYY). By knowing  the mass 
d i s t r i b u t i o n  and t a i l   d e s i g n ,  it i s   p o s s i b l e ,   I n  many cases, t o  p r e d i c t  
whe the r   an   a i rp lane   has   sa t i s fac to ry   sp in - recove ry   cha rac te r i s t i cs .  The mass 
d i s t r i b u t i o n  of  a i rp lanes   can   be   g rouped   i n to   t h ree   genera l   l oad ing   ca tegor ies ,  
as shown on t h e   f o l l o w i n g  page. 

* I t  s h o u l d   b e   p o i n t e d   o u t   t h a t  i f  s p o i l e r s   a r e  used  instead o f  a i l e r o n s ,  
t h e   s p o i l e r s   a r e   g e n e r a l l y   i n e f f e c t i v e   i n   t h e   d e v e l o p e d   s p i n   b e c a u s e   o f   t h e  
a r e a   s h i e l d e d   i n   t h e   s p i n n i n g   a t t i t u d e .  

** a moment a b o u t   t h e   a x i s   w i t h   t h e   l e a s t  amount o f   i n e r t i a .  
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A i l e r o n s   W i t h  
Plus 

Rudder   Aga inst  

Fuselage  Heavy 
l o a d i n g  

Rudder   Aga inst  
Followed B y 

E l e v a t o r s   D o w n  

Zero  loading 

E l e v a t o r s   D o w n  
P l u s  

R u d d e r   A g a i n s t  

Wings  Heavy 
Loading 

F igu re  71. P r i m a r y   r e c o v e r y   c o n t r o l s   a s  
determined  by mass d i s t r i b u t i o n .  

The t y p e   o f   l o a d i n g  shown o n   t h e   r i g h t   i s   c l a s s i f i e d   a s  wing-heavy  loading, 
i n  w h i c h   t h e   r o l l  moment o f   i n e r t i a   i s   g r e a t e r   t h a n   t h e   p i t c h  moment o f   i n e r t i a .  
The a i r p l a n e   o n   t h e   l e f t   i s   a n  example of   fuselage-heavy  loading,  in  which 
t h e  r o l l  moment o f   i n e r t i a   i s   l e s s   t h a n   t h e   p i t c h  moment o f   i n e r t i a .  The a i r -  
p l a n e   i n   t h e   c e n t e r   h a s   r o l l  and p i t c h  moments of  i n e r t i a   w h i c h   a r e   a b o u t  
equal; t h i s   c o n d i t i o n   i s   r e f e r r e d   t o   a s   z e r o   l o a d i n g .  

The l o a d i n g   o f   t h e   a i r p l a n e   c a n   d i c t a t e   w h a t   c o n t r o l s   a r e   r e q u i r e d   f o r  
recove ry ,   as   exp la ined   i n  WR L-168, A M a s s - D i s t r i b u t i o n   C r i t e r i o n   f o r   P r e d i c t i n g  
the   E f fec t   o f   Con t ro l   Man ipu la t i on   on   t he   Recovery   f rom a Spin  (Ref .   80) .  
D e f l e c t i n g   t h e   r u d d e r   a g a i n s t   t h e   s p i n   i s   a l w a y s  recommended, b u t ,   f o r   s a t i s -  
f a c t o r y   r e c o v e r y ,   d e f l e c t i o n  of o t h e r   c o n t r o l s   i s  somet imes  requi red.   For   the 
case  of   wing-heavy  loading, down e l e v a t o r   i s   t h e   p r i m a r y   r e c o v e r y   c o n t r o l ,  
wh i l e   a i l e rons   aga ins t   shou ld   a l so   be   bene f i c ia l ;   f o r   f use lage -heavy   l oad ing ,  
t h e   a i l e r o n   i s   t h e   p r i m a r y   r e c o v e r y   c o n t r o l .   I n   t h e   l a t t e r  case ,   t he   a i l e ron  
needs t o  be d e f l e c t e d   w i t h   t h e   s p i n - - f o r  example, s t i c k   r i g h t   f o r  a s p i n   t o  
t h e   r i g h t .   P r e d i c t i n g   w h a t   t h e   e f f e c t s  will be f o r   t h e   z e r o   l o a d i n g   i s  
d i f f i c u l t ;   b u t ,   a l m o s t   i n v a r i a b l y ,   t h e   p r o p e r   r e c o v e r y   p r o c e d u r e   i s  t o  move 
+he r u d d e r   a g a i n s t   t h e   s p i n  and, a s h o r t   t i m e   l a t e r ,  move t h e   e l e v a t o r  down. 
The above  recovery  techniques seem t o   i n d i c a t e   t h a t   s p i n   r e c o v e r y   i s   s i m p l e ,  
b u t  it i s  sometimes  hard t o   c l a s s  a g i v e n   a i r p l a n e   i n  o n e   o f   t h e   t h r e e  
categor ies  above a n d ,   o n c e   c l a s s e d ,   t h e   c o n t r o l s   s t i l l  may o r  may not  produce 
enough a n t i s p i n  moment t o   a c h i e v e   r e c o v e r y .  

T a i l   d e s i g n   i s   a l s o   a n   i m p o r t a n t   f a c t o r   i n   d e s i g n i n g   a n   a i r p l a n e   t o   r e c o v e r  
from s p i n s .   S i n c e   m o s t   l i g h t   p l a n e s   f a l l   i n t o   t h e   z e r o   l o a d i n g   c a t e g o r y ,   t h e  
r u d d e r   i s   o f   p r i m a r y   i m p o r t a n c e   t o  a good des ign .   In  a s p i n ,   t h e r e   i s  a dead 
a i r   r e g i o n   o v e r  much o f   t h e   v e r t i c a l   t a i l  caused  by  the wake o f   t h e   s t a l l e d  
h o r i z o n t a l   t a i l .   F o r  op t imum  rudder   e f fec t i veness ,   pa r t   o f   t he   rudder   mus t  
be o u t s i d e   t h i s   s t a l l e d  wake. A n o t h e r   f a c t o r   w h i c h   a f f e c t s   t a i l   d e s i g n  from 
t h e   s p i n   s t a n d p o i n t   i s   t h a t   t h e r e   s h o u l d  be a s u b s t a n t i a l  amount o f   f i x e d  
a r e a   b e n e a t h   t h e   h o r i z o n t a l   t a i l   t o   p r o v i d e  damping o f   t h e   s p i n n i n g   m o t i o n .  
A c r i t e r i o n   f o r  good t a i l   d e s i g n  was d e t e r m i n e d   i n   t h e   m i d d l e  1940's 

168 



i s   o f   s p i n - t u n n e  
i s   c a t   l e d   t h e   t a  

(TN 1045, Ref.  81  and TN 1329, Ref.   82)  on  the  bas 
w i t h   a b o u t  100 d i f f e r e n t   d e s i g n s .   T h i s   c r i t e r i o n  
Dower f a c t o r  (TDPFI. a measure of  t h e  damping prov  

I t e s t s  
i I damping 

beneaf-h t h e   h o r i z o n t a l   t a i l  and the   con t ro l   power   p rov ided  by t h e   u n s h i e l d e d  
p a r t  of  t h e   r u d d e r .  The ta i l - damp ing  power f a c t o r   c a n   b e   c a l c u l a t e d   a s  
shown below i n   p a r t s  a ,  b, and c of  F igu re  72. 

i ded  by t h e  f i xed   a rea  , - .  

Relative  Wind / 

F u l l - l e n g t h   r u d d e r ;  a assumed  to  be 45’ 

P a r t  a 

To c.g. o f  
Airplane -+ l l  I 

- 

- To 
A i r  

Relat ive  Wind 1 
P a r t i a l - l e n g t h   r u d d e r ;  a assumed t o  be 45. 

TDR c 0.019 

P a r t  b 
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- To c.g. of u” 
Airplane 

Relat ive  Wind / 
Part ia l - length  rudder;  a assumed t o  be 30‘ 

TDR 3 0 019 

P a r t  c 

F igu re  72. C a l c u l a t i o n   o f   t a i l - d a m p i n g  power f a c t o r .  

The t a i l  damping  power f a c t o r   r e q u i r e d  t o  i n s u r e   s a t i s f a c t o r y   r e c o v e r y  
i s   g i v e n   i n   t h e   f i g u r e   b e l o w .  

Airplane  Density m l S b  
’’ Air  Density P 

1600”x10-6 - 
1200 - 

Tai I 
Damping 

- 
Power 8 0 0  

- 
Factor - 

400 - - 
0 -  I 

-2000 - 800 -400 0 400 n ld4 
Fuselage  Wing 

Heavy  Heavy 
Mass  Distribution,  Clxx-lyy)/mb2 

F igu re  73. Ta i l   des ign   requ i remen ts .  
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A l l  t h e   d a t a   a r e   i n   t h e   a r e a   o f   z e r o  or near-zero  loading,  where  the  rudder 
i s  a p r imary   recove ry   con t ro l  and t h e   t a i l   d e s i g n   i s   o f   p a r t i c u l a r   i m p o r t a n c e .  
As can  be  seen from t h e   g r a p h   i n   F i g u r e  68, o n l y  a l i m i t e d   p a r t   o f   t h e   t o t a l  
e x i s t i n g   r a n g e  of mass d i s t r i b u t i o n s   a p p l i e s .  The p l o t  shows boundaries 
i n d i c a t i n g   t h e  minimum v a l u e s   o f   t h e   t a i l - d a m p i n g  power f a c t o r   r e q u i r e d   t o  
i nsu re   sa t i , s tac to ry   recove ry .  The ha tched   s ide   o f   t he   boundar ies   i s   t he  
u n s a t i s f a c t o r y   s i d e .  The s o l i d   l i n e s   a r e   f o r   r e c o v e r y   b y   r u d d e r   a l - o n e ,  and 
t h e   b r o k e n   l i n e  shows the   boundary   fo r   recovery   by   rudder  and e l e v a t o r .  The 
b o u n d a r i e s   a r e   p r e s e n t e d   i n   t e r m s   o f   t h e   r e l a t i v e   d e n s i t y   f a c t o r  p. The 
v a l u e   o f  1.1 = 6 i s   rep resen ta t i ve   o f   l i gh t ,   s i ng le -eng ine ,   pe rsona l -owner  
a i r p l a n e s ,   w h i l e  p = 35 i s   r e p r e s e n t a t i v e   o f   t h a t   f o r   e x e c u t i v e   j e t s .  

TN-1329, Ta i   I -Des ign   Requ i rements   fo r   Sa t is fac to ry   Sp in   Recovery   fo r  
Personal-Owner-Type  Light  Airplanes,  (Ref.  82)  i s  a r e p o r t   d e a l i n g   s p e c i f i c a l l y  
w i t h   l i g h t   a i r p l a n e   d e s i g n .   I t s   c o n c l u s i o n s   a r e  based  on t e s t s  of  60 models 
i n   t h e   L a n g l e y   s p i n   t u n n e l s .   R e s u l t s   o f   t h i s ' i n v e s t i g a t i o n   a r e  shown i n   t h e  
p l o t  below. 

Region  for  satisfactory 
recovery  by  rudder 

reversal  alone 

versa1  of  hoth 
rudder  and  elevator 

Iner t ia  Yawing-  moment  Parameter, - Ixx-lYY 
mb2 

F i g u r e  74. V e r t i c a l - t a i l   d e s i g n   r e q u i r e m e n t s   f o r  
personal -owner- type  a i rp lanes.  
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An i m p o r t a n t   p l o t   w h i c h   i n d i c a t e s   o t h e r   i n f l u e n c e s  of mass d i s t r i b u t i o n   o n  
opt imum  contro l  movement f o r  recovery from s p i n  i s  presented  below. 

" W e i g h t  along  Weight  along- 
fuselage  wing 

F i g u r e  7 5 .  I n f l u e n c e  of  mass d i s t r i b u t i o n  
on  opt imum  control  movement 
f o r  recovery from s p i n .  

The u n s a t i s f a c t o r y   r e g i o n   e x i s t s  because t h e   d i f f e r e n c e   i n   i n e r t i a   i s  low. 
As t h e   d i f f e r e n c e   i n c r e a s e s   e i t h e r  way t h e   c o n t r o l   s u r f a c e   ( e l e v a t o r   i n   t h e  
case o f   p o s i t i v e   i n c r e a s e ,   a i l e r o n   i n   t h e   c a s e   o f   n e g a t i v e   i n c r e a s e )   g a i n s  
e f f e c t i v e n e s s .  Based o n   t h e   i n e r t i a s ,   t h e   r e v e r s a l  of a i l e r o n   e f f e c t   s h o u l d  
o c c u r   a t  I,, - I y y . =  0; however,  due t o  the   ae rodynamic   e f fec ts ,   t he   reve rsa l  
of  a i l e r o n   e f f e c t  I S  s h i f t e d  from 0 t o   [ ( I x x - I y y ) / m b 2 1  X IO4 = -50. Thus, i n  
t h i s   v i c i n i t y ,   a i l e r o n s   w i t h   t h e   s p i n   ( s t i c k   r i g h t   i n  a r i g h t   s p i n )   g e n e r a l l y  
l o o s e   t h e i r   f a v o r a b l e   e f f e c t  and become adverse; f o r  a i l e r o n s   a g a i n s t   t h e   s p i n ,  
t h e   c o n v e r s e   i s   t r u e .   T h i s   r e s u l t ,  it i s   b e l i e v e d ,   i s   p r i m a r i l y  a r e s u l t   o f  a 
secondary e f f e c t   a s s o c i a t e d   w i t h   p o s i t i v e  Cng o f   t h e   a i r p l a n e  and a r e s u l t i n g  
r e l a t i v e   p r o s p i n   i n c r e m e n t   i n   y a w i n g  moment because o f   t h e   i n c r e m e n t   i n   i n w a r d  
s i d e s l i p   t h a t   i n v a r i a b l y   o c c u r s  when a i l e r o n s   a r e   s e t   w i t h   t h e   s p i n .   A n o t h e r  
important  graph, shown below, i s  a summary of  t h e   m o s t   i m p o r t a n t   f a c t o r s   i n  
s p i n n i n g  and i n d i c a t e s   t h e   p r e s e n t   s t a t e - o f - t h e - a r t .  
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F i g u r e  76. Summary of t h e   m o s t   i m p o r t a n t   f a c t o r s   i n   s p i n n i n g .  

The f i g u r e   a b o v e   a g r e e s   w i t h   c u r r e n t   l i t e r a t u r e ;  however, it was p r e v i o u s l y  
c o n s i d e r e d   i n   r u d d e r - e l e v a t o r   r e c o v e r y   p r o c e d u r e s   t h a t   r u d d e r   a p p l i c a t i o n  
s h o u l d   l e a d   e l e v a t o r   a p p l i c a t i o n .   F o r   a n   e r e c t   s p i n  down e l e v a t o r   i n c r e a s e s  
t h e   s h i e l d i n g   o f   t h e   r u d d e r  more t h a n  up e l e v a t o r ;   t h u s ,   m a i n t a i n i n g   e l e v a t o r  
up p rov ides  maximum r u d d e r   e f f e c t i v e n e s s   d u r i n g   r u d d e r   r e v e r s a l .  I t  should 
be   no ted   tha t ,  f o r  the   ex t reme  l oad ings   on   bo th   ends   o f   t he   sca le ,   no   c r i t e r -  
i a  have  been  developed f o r   p r e d i c t i n g   t h e   e f f e c t i v e n e s s  of  t h e   c o n t r o l s   f o r  
s a t i s f a c t o r y   r e c o v e r y .  The s a f e s t  way t o  insu re  good s p i n   r e c o v e r y   i s  by 
s p i n   t u n n e l  or  f l i g h t   t e s t i n g .  

The prescr ibed  methods f o r  sp in   recovery   have been g i v e n   a b o v e   f o r   t h e  
p a r t i c u l a r  mass c o n f i g u r a t i o n   d e s i r e d ,   b u t  a recovery  may s t i l l  be  hard t o  
a c h i e v e .   I n   f l i g h t ,  an a i r p l a n e   e n t e r s  a s p i n   f o l l o w i n g  r o l l - o f f  j u s t  above 
t h e   s t a l l i n g   a n g l e   o f   a t t a c k   a f t e r   b e i n g   b r o u g h t  up from  lower  angles of  
a t t a c k .  I t   u s u a l l y   t a k e s   a n   a i r p l a n e  two t o  f i v e   t u r n s  t o  a t t a i n  a f u l l y  
d e v e l o p e d   s p i n   a f t e r   s t a r t i n g   t h e   i n c i p i e n t - s p i n   m o t i o n ,   w i t h   t h e  number o f  
tu rns   depend ing   upon  conf igura t ion   and  cont ro l   techn ique.  One impor tan t  
f a c t   s h o u l d   b e  remembered; r e c o v e r i e s   a r e   g e n e r a l l y   a c h i e v e d  much more r e a d i l y  
when a t t e m p t e d   d u r i n g   t h e   i n c i p i e n t   p h a s e  of t h e   s p i n   t h a n  when at tempted 
a f t e r   t h e   s p i n  becomes f u l l y  developed.  Thus, some cons idera t ion   shou ld   be  
g i ven  t o  t h e   t e c h n i q u e s  of  n o t i c i n g  a s p i n   e n t r y   a t t i t u d e  and t o  ways of  
a v o i d i n g   t h e   f u l l y   d e v e l o p e d   s p i n .  

TN-2352 (Ref. 8 3 )  i s  a s p i n - t u n n e l   i n v e s t i g a t i o n  of  a low-wing persona l -  
owner a i r c r a f t   w h i c h  was conducted t o  p rov ide   des ign   i n fo rma t ion  for  p r o p o r t i o n -  
ing  personal-owner o r  l i a i s o n   a i r p l a n e s  f o r  s a t i s f a c t o r y   r e c o v e r y   f r o m   s p i n s  

173 



and f o r  s p i n   p r o o f i n g .  The i n v e s t i g a t i o n  was in tended t o  be   ex tens i ve  enough 
t o  d e t e r m i n e   t h e   c o n f i g u r a t i o n s   m o s t   l i k e l y  t o  meet the   sp in - recove ry   requ i re -  
m e n t s   g i v e n   i n   P a r t  3 of The C i v i l  A i r  Regulation  (Ref.  54)  and  summarized  below. 

For  an a i rp lane   l i censed   i n   t he   no rma l   ca tegory :  

( 1 )  A I S - t u r n   r e c o v e r y   a f t e r  a I - t u r n   s p i n   b y   r e l e a s i n g   c o n t r o l s  
( c o n t r o l s   a s s i s t e d  t o  the   ex ten t   necessa ry  t o  overcome f r i c t i o n )  

(2 )   "Uncon t ro l l ab le   sp in "   check - -a i rp lane   capab le  of  r e c o v e r i n g  from a 
I - t u r n   s p i n   w i t h   a i l e r o n s   a t   n e u t r a l   b y   f i r s t   c o m p l e t e l y   r e v e r s i n g  
e l e v a t o r  and  then, i f  necessary, f u l l y   r e v e r s i n g   t h e   r u d d e r .  

F o r   a i r p l a n e s   l i c e n s e d   i n   t h e   a c r o b a t i c   c a t e g o r y :  

( 1 )  A 4 - t u r n   r e c o v e r y   a f t e r  6 t u r n s  of  t h e   s p i n  by r e l e a s i n g   c o n t r o l s  
( 2 )  Recovery from a 6 - t u r n   s p i n   i n  1 %  a d d i t i o n a l   t u r n s   a f t e r   n e u t r a l -  

i z a t i o n  o f  r u d d e r   a n d   e l e v a t o r ,   a i l e r o n s   a t   n e u t r a l  
( 3 )  "Uncon t ro l l ab le   sp in "   check - -a i rp lane   capab le   o f   recove r ing   f rom a 

6 - t u r n   s p i n   w i t h   a i l e r o n s   a t   n e u t r a l   b y   f i r s t   c o m p l e t e l y   r e v e r s i n g  
e l e v a t o r  and  then, i f  n e c e s s a r y ,   f u l l y   r e v e r s i n g   t h e   r u d d e r  

( 4 )  Recovery from "abnormal   sp ins" - -a   2 - tu rn   recovery   a f te r  6 t u r n s  
o f   t h e   s p i n   w i t h   a i l e r o n s   i n i t i a l l y   e i t h e r   f u l l   w i t h  or  f u l l  
a g a i n s t   t h e   s p i n  by n e u t r a l i z i n g   a i l e r o n s  and f u l l y   r e v e r s i n g  
rudder  and e l e v a t o r  

( 5 )  A IS- turn  recovery from a I - t u r n   s p i n  by n e u t r a l i z a t i o n   o f   r u d d e r  
and e l e v a t o r   w i t h   f l a p s  and landing  gear  extended. 

An e x t e n s i v e  amount o f   t e s t i n g   o f   t h i s   l i g h t   a i r p l a n e   i n d i c a t e d   t h a t   s a t i s f a c -  
to ry   recovery   can   be   read i l y   ob ta ined  even i f  t h e   t a i l - d a m p i n g  power f a c t o r  
i s   n o t   v e r y   g r e a t ,   p r o v i d e d   t h e   r e c o v e r y   t e c h n i q u e   u s e d   i s   f u l l   r a p i d   r u d d e r  
reve rsa l   f o l l owed   app rox ima te l y  % t u r n   l a t e r  by fo rward  movement of  t h e   s t i c k .  
The r e s u l t s   a l s o   i n d i c a t e d   t h a t  f o r  recove ry   by   mere l y   neu t ra l i z i ng   bo th  
c o n t r o l s ,   e s p e c i a l l y  fo r  rearward   c .g .   pos i t ions ,   h igh   va lues  of  ta i l -damping  
power f a c t o r  may have  an  adverse e f f e c t  upon recover ies .  I t  was f o u n d   t h a t  
d i f f e r e n t   w i n g   p l a n f o r m s   h a d   l i t t l e   e f f e c t  on t h e  model s p i n  and recovery  
c h a r a c t e r i s t i c s .  I t  was conc luded   tha t   un less   t he   rudder   can   be   des igned   to  
f l o a t   a g a i n s t   t h e   s p i n ,   r e c o v e r y  from a s p i n  by r e l e a s i n g   c o n t r o l s   m i g h t   b e  
d i f f i c u l t   u n l e s s   t h e   e l e v a t o r   c a n  be made t o   f l o a t   a t   d e f l e c t i o n s   f a r t h e r  down 
t h a n   n e u t r a l .  ! t  was a l s o   c o n c l u d e d   t h a t   o t h e r   r e q u i r e m e n t s  for recovery  by 
v a r i o u s  movements o f   t h e   c o n t r o l s   a s   s p e c i f i e d   i n   t h e   a f o r e m e n t i o n e d   r e g u l a -  
t i o n s   c o u l d   p r o b a b l y   b e   m e t   f o r   t h e   v a r i o u s  model c o n f i g u r a t i o n s  and mass 
d i s t r i b u t i o n s   i n v e s t i g a t e d  by m a i n t a i n i n g   t h e   c e n t e r   o f   g r a v i t y   a t  a fo rward  
p o s i t i o n  and u t i l i z i n g  a h igh   t a i l - damp ing  power fac to r .   For   fuse lage  heavy  
load ing  and  low TDPF a p r e m a t u r e   f o r w a r d   s t i c k  movement may r e t a r d   r e c o v e r y .  
Mass changes  were s i g n i f i c a n t   a t  low TDPF b u t   n o t   a t   h i g h  TDPF. I t  may be 
of i n t e r e s t   t o   m e n t i o n   t h a t   t h e  model  spun w i t h  a t o t a l   a n g u l a r   v e l o c i t y  o f  
approximately  0.35 t o  0.5  revolut ions  per   second.  

An i n v e s t i g a t i o n   o f   t h e   e f f e c t   o f   c e n t e r   o f   g r a v i t y   l o c a t i o n   o n   t h e   s p i n n i n g  
c h a r a c t e r i s t i c s  of  a low-wing  monoplane  model i s   g i v e n   i n  TR-672 (Ref. 84) .  
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Moving  the  c .g .   forward  s teepens  the  sp in ,   increases Qb/2U, and  improves 
recove ry ;   s im i l a r l y ,   mov ing   t he   c .g .   back   t ends   t o   f l a t t en   t he   sp in ,   dec rease  
Qb/2U, and re ta rd   recove ry .  A r e p o r t   i n   t h e  same s e r i e s  o f  i n v e s t i g a t i o n s ,  
TR-691 (Ref. 851, g i v e s   t h e   e f f e c t s  of  a i r p l a n e   r e l a t i v e   d e n s i t y .  The f i n d i n g s  
i n   t h i s   r e p o r t   a r e   t h a t ,   i n  most c a s e s ,   a n   i n c r e a s e   i n   r e l a t i v e   d e n s i t y  
p r o d u c e s   f l a t t e r   s p i n s ,   h i g h e r   v e l o c i t i e s ,   l o w e r   v a l u e s  of  Qb/2U, and  slower 
recover  i es. 

NACA TN-570 (Ref. 86)  i s   d i r e c t l y   a p p l i c a b l e   t o   l i g h t   a i r p l a n e   d e s i g n .  
T h i s   p a r t i c u l a r   r e p o r t   i n v e s t i g a t e s   t h e   e f f e c t  of d i f f e r e n t   t a i l   a r r a n g e m e n t s  
o n   t h e   s p i n n i n g   c h a r a c t e r i s t i c s  of a low-wing  monoplane  model.  Results o f  t h i s  
i h v e s t i g a t i o n   i n d i c a t e   t h a t  a r e d u c t i o n   i n   t a i l   l e n g t h   r e s u l t s   i n   s p i n s   w i t h  
h i g h e r   a n g l e s   o f   a t t a c k ,   h i g h e r   v a l u e s  of Qb/2U, and  s lower   ra tes of descent.  
Recover ies from t h e   s p i n  seem t o  depend c r i t i c a l l y  upon t h e   e x a c t   l o c a t i o n  
o f   t h e   v e r t i c a l   s u r f a c e s .   I t   i s   a l s o   c o n c l u d e d   t h a t ,  by   mak ing   cer ta in  
reasonably  small  changes i n   t h e   t a i l  arrangement, a l l   t h e   s p i n n i n g   c h a r a c t -  
e r i s t i c s ,   e x c e p t   t h e  amount o f   s i d e s l i p ,   c a n  be  changed  through  wide  ranges. 
T h i s   a g a i n   p o i n t s   o u t , t h e   i m p o r t a n c e   o f   t a i l   d e s i g n   i n   l i g h t   a i r p l a n e   s p i n  
recovery . 

TN-608 ( R e f .   8 7 )   i s   a n o t h e r   i n v e s t i g a t i o n   i n   w h i c h  a s e r i e s   o f   m o d e l s  were 
t e s t e d   i n   t h e   s p i n   t u n n e l .   I t  was found t h a t   r e c t a n g u l a r  and f a i r e d   t i p s   g i v e  
the   s teepes t   sp ins   and   f l aps   t end   t o   re ta rd   recove ry ;   f o r   con t ro l s   w i th   t he  
s p i n ,   t a i l  B ( b e l o w )   g i v e s   s t e e p e r   s p i n s   t h a n   t a i l  A, w i t h   g e n e r a l l y   s a t i s f a c -  
t o r y   r e c o v e r y   f o r   e i t h e r   t a i l ,   w h i l e   t a i l  C genera l l y   g i ves   s lower   recove r ies .  

Empennage  Arrangements  Investigated 

F i g u r e  77.  E f f e c t s   o f   v a r i o u s   a i r c r a f t   t a i l s   o n   s p i n   r e c o v e r y .  
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The e f f e c t  o f  s u c h   d e v i c e s   a s   a n t i s p i n   f i l l e t s  a n d   d o r s a l   f i n s   o n   s p i n  
r e c o v e r y   c h a r a c t e r i s t i c s   c a n  be  found i n  TN-1779 (Ref. 8 8 ) .  Data from 21 
d i f f e r e n t  models  were  used t o  d e t e r m i n e   t h e   a c t i o n  o f  f i l l e t s   i n  damping of  
s p i n   r o t a t i o n ,  and 30 models  were  invest igated f o r  t h e   e f f e c t  of d o r s a l   f i n s ;  
The e f f e c t i v e n e s s  of  a n t i s p i n   f i l l e t s  f o r  sp in  recovery  appear  t o  depend 
p r i m a r i l y  upon t h e   f a c t   t h a t   t h e   f u s e l a g e   a r e a   b e l o w   t h e   f i l l e t s  becomes 
e f f e c t i v e   i n  damping t h e   s p i n   r o t a t i o n .  Whether or  n o t   t h e   f i l l e t s  improve 
t h e   r e c o v e r y   c h a r a c t e r i s t i c s  of a g i v e n   d e s i g n   i s   s t i l l  a f u n c t i o n  o f  t h e  
ta i l -damping  power f a c t o r  of t h e   d e s i g n  and t h e  mass d i s t r i b u t i o n .   D o r s a l  
f i n s   g e n e r a l l y  have l i t t l e   e f f e c t   o n   s p i n  and r e c o v e r y   c h a r a c t e r i s t i c s .  

TN-1801 (Ref.  89)  should  be  mentioned  because it i s  a ;pin i n v e s t i g a t i &  
o f  a t w i n - t a i l   l i g h t   a i r p l a n e  model w i t h   l i n k e d  and u n l i n k e d   a i l e r o n   c o n t r o l s .  
I t  was f o u n d   t h a t  when t h e   r u d d e r s  and a i l e r o n s   a r e   l i n k e d  fo r  two-contro l  
ope ra t i on ,   t he  model g e n e r a l l y  does n o t   s p i n .  The s p i n s   o b t a i n e d   i n   t h i s  
s t u d y   w e r e   s t e e p ,   a n d   t h e   t e s t s   r e s u l t e d   i n   s a t i s f a c t o r y   r e c o v e r y .  

TN-2923 (Ref. 77) i s   a n o t h e r   r e p o r t   i n   w h i c h  a l i g h t   a i r p l a n e  was 
t e s t e d .  The  motion of  a p e r s o n a l - o w n e r   o r   l i a i s o n   a i r p l a n e   t h r o u g h   t h e  
i n c i p i e n t   s p i n  was analyzed. I t  was f o u n d   t h a t ,   a f t e r   t h e   i n i t i a l   s t a l l  and 
i m m e d l a t e l y   a f t e r   t h e  model becomes u n s t a l l e d ,   t h e   r a t e s   o f  yaw and p i t c h  
a r e   r e l a t i v e l y   s m a l l ,  and t h e   r a t e s   o f   r o l l   b e g i n   t o   d e c r e a s e .   T h e r e   a l s o   i s  
l i t t l e  loss o f   a l t i t u d e  up t o   t h i s   t i m e  and t h e   r e s u l t s   i n d i c a t e   t h a t ,  even 
t h o u g h   t h e   a i r p l a n e  may be inver ted ,  a t i m e   s o o n   a f t e r   t h e   r o l l - o f f  has 
s t a r t e d   a p p e a r s   t o  be a d e s i r a b l e   t i m e   t o   a t t e m p t   t o   t e r m i n a t e   t h e   m o t i o n .  
I t  i s   f e l t   t h a t   t h e   m o t i o n s   a t t a i n e d   i n   t h i s   i n v e s t i g a t i o n   a r e   i n d i c a t i v e   o f  
t h e   m o t i o n s   o f  a low-wing, l i g h t   a i r p l a n e   i n   t h e   i n c i p i e n t   s p i n .   A l t h o u g h  
e v a l u a t i o n  of  t h e   p a r a m e t e r s   i n   i n c i p i e n t - s p i n   m o t i o n   i s   n o t   t r e a t e d  
s p e c i f i c a l l y   i n   t h e   e q u a t i o n s   o f   m o t i o n   p r e s e n t e d  i n  Appendix A o f   t h e   p r e s e n t  
s tudy,   these  parameters  could  be  obta ined  by  proper   appl icat ion of  t h e   t e c h -  
n iques   used   i n   t ha t   de r i va t i on .   Be low  a re  some example p l o t s   o f   a n g u l a r  
displacements and a n g u l a r   v e l o c i t i e s   v e r s u s   t i m e   f o r   t h e   i n c i p i e n t   s p i n  caused 
by  a r i g h t   r o l l - o f f  shown i n   F i g u r e s  78 and 79. 
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F i g u r e  79. A n g u l a r   v e l o c i t i e s   v e r s u s   t i m e   f o r   t h e   i n c i p i e n t   s p i n  
caused by a r i g h t   r o t  I-off . 



HUMAN FACTORS 

For maximum s a f e t y   t o  an a i r c r a f t  and i t s  o c c u p a n t s ,   t h e   p i l o t   m u s t  be 
a b l e   t o   c o n t r o l   a i r c r a f t   m o t i o n   d u r i n g   a l l   f l i g h t   c o n d i t i o n s .  One p o s s i b l e  
means of a t t a i n i n g   t h i s   o b j e c t i v e   i s   t o   d e s i g n   t h e   a i r c r a f t   c o n t r o l s   f o r   t h e  
"average" man; however, AFSC DH 1-3 (Ref. 90)  i n d i c a t e s   t h a t   l e s s   t h a n   o n e  
p e r   c e n t   o f   t h e   p o p u l a t i o n   i s   " a v e r a g e "   i n   t h e   f i v e   d i m e n s i o n s   c o n s i d e r e d .  Thus, 
d e s i g n i n g   f o r   t h e   " a v e r a g e "  man appears  unsound.  The  concept o f   "des ign  I i m i t s "  
o f f e r s  a  more r e a l i . s t i c   a p p r o a c h .   W i t h   t h i s   i d e a   i n  mind, t h e   f o l l o w i n g  
d i s c u s s i o n   c e n t e r s   o n   t h e   p i l o t l s   c o m f o r t   f r o m  a "design limit" v iewpo in t .  
U s i n g   a n t h r o p o l o g i c a l   d a t a ,   c o m f o r t   l i m i t s   f o r   p i l o t s   o f   g e n e r a l   a v i a t i o n   a i r -  
c r a f t   a r e  examined. 

S e t t i n g   t h e   p r o p e r  minimum f o r c e   r e d u c e s   t h e   l i k e l i h o o d   o f   a c c i d e n t a l  
a c t i v a t i o n   o f  a con t ro l ,   espec ia l l y   t hose   con t ro l s   on   wh ich   t he   p i l o t   mus t  
con t inuous ly  keep h i s  hands o r   f e e t .  An upper l i m i t   i s  needed t o   i n s u r e   t h a t  
r e q u i r e d   c o n t r o l   f o r c e s  do n o t   e x c e e d   t h e   p i l o t l s   c a p a b i l i t i e s .   S e v e r a l  
g e n e r a l l z a t i o n s   c o n c e r n i n g   f o r c e   a p p l i c a t i o n s   t o   c o n t r o l   d e v i c e s   a r e   g i v e n   i n  
AFSC DH 1-3 (Ref .   90) :  

a )   F o r c e   a p p l i c a t i o n   i s   e q u a l l y   a c c u r a t e   f o r  
hands 

b )  Contro 
p e r m i t  

c )   Con t ro  

a 

I 

nd f e e t ;  

s c e n t e r e d   i n   f r o n t   o f   t h e   o p e r a t o r  
maximum f o r c e   a p p l i c a t i o n ;  

f o r c e   g r e a t e r   t h a n  30 t o  40 Ibs I 
appl   ied by  hand o r   g r e a t e r   t h a n  60 I bs 
by f o o t   i s   f a t i g u i n g ;  

d )  The p r e f e r r e d  hand  and a r m  a r e   g e n e r a l l y  
10% s t ronger   than  the   non-pre fer red .  

The c a p a b i l i t y   w h i c h  9 5 $ ,  o r   t h e   f i f t h   p e r c e n t i l e ,   o f  a popu la t ion   can  be 
expected t o   e x e r t   i s   c o n s i d e r e d   t h e   s t a n d a r d .  

From AFSC DH 1-3, t h e   t a b l e   b e l o w  shows arm s t r e n g t h   f o r   d i f f e r e n t   a n g l e s  
o f  e lbow  f l ex ion .  
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Arm Strength 

4 
in 

SEATED 

ELBOW 
FLEX I ON OUT I N  DOWN  UP PULL PUSH 

R L R L  L R   L R L R L R  
””” 

1 80° 

15 10 22  20  26 21 24 17 42  34  36  26 1200 
15 8 20 15 20 18  18  15 56  42 42 30 1 50° 
14 8 20 13 17  13  14 9 52  50 50 42 

900 36  22  37  32 20 17 
17 12 20 17 20 18 20  15  24  26  34  22 60’ 
16 10 18  16 26 21 

Table 19. A r m  s t r e n g t h   f o r   d i f f e r e n t   a n g l e s   o f   e l b o w   f l e x i o n .  

The maximum f o r c e   e x e r t e d   o n   a n   a i r c r a f t   c o n t r o l   s t i c k   b y   t h e   r i g h t  arm o f  male 
Air F o r c e   p e r s o n n e l   i n   t h e   s i t t i n g   p o s i t i o n ,   a c c o r d i n g   t o  Morgan  (Ref. 911, i s  
reproduced  in   Tab le  20. 
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RIGHT ARM  ON AIRCRAFT CONTROL STICK (POUNDS) 

ISTANCE I N  INCHES FROM 

SRP* 

9 

12  1/2 

15  1/2 

18 3/4 

23 3/4 

MIDPLANE 

8 ( l e f t )  
44 ( l e f t )  
0 
44 ( r i g h t )  
8 ( r i g h t )  

8 ( l e f t )  
8 ( r i g h t )  

8 ( l e f t )  
0 
8 ( r i g h t )  

8 ( l e f t )  
0 
8 ( r i g h t )  

8 ( l e f t )  
0 
8 ( r i g h t )  

PUSH 

12 
18 
26 
34 
37 

18 
43 

23 
43 
53 

36 
64 
70 

29 
54 
56 

~ 

PULL 

26 
28 
34 
39 
39 

33 
49 

39 
54 
55 

45 
56 
58 

51 
62 
58 

LEFT 

24 
31 
30 
26 
26 

23 
22 

20 
24 
24 

16 
8 

22 

1 1  
14 
20 

*Forward; c o n t r o l   i s  13 1/2 inches  above  seat 
re fe rence po i n t .  

R I GHT 

34 
31 
23 
15 
12 

31 
16 

25 
20 
13 

22 
15 
14 

19 
13 
12 

Table 20. Maximum f o r c e   e x e r t e d   o n   a n   a i r c r a f t  
c o n t r o l   s t i c k  by t h e   r i g h t  arm. 
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From t h i s  same r e f e r e n c e ,   s i m i l a r   i n f o r m a t i o n  f o r  amount o f  f o r c e   o n   a n   a i r -  
c r a f t   c o n t r o l  wheel i s  g i v e n   i n   t h e   t a b l e  below. 

19 

13: 

R I G H T  ARM ON AIRCRAFT  CONTROL  WHEEL  (POUNDS) 

D I STANCE 
IN INCHES 
FORWARD 
FROM  SRP* 

10 3/4 

13 1/4 

15 3/4 

19 

23  1/4 

CONTROL 
P O S I T I O N  

900 ( l e f t )  
45O ( I e f t )  

450 ( r i g h t )  
80° ( r i g h t )  

90' ( l e f t )  
90' ( r i g h t )  

goo ( I e f t )  

90° ( r i g h t )  

900 ( l e f t )  

90' ( r i g h t )  

900 ( l e f t )  

90° ( r i g h t )  

0 

0 

0 

0 

PUSH 

32 
48 
52 
40 
19 

32 
25 

32 
61 
32 

37 
64 
33 

82 
105 
49 

P U L L  

23 
40 
44 
39 
18 

33 
31 

42 
66 
49 

60 
73 
61 

73 
77 
74 

LEFT 

23 
21 
26 
31 
21 

26 
25 

27 
27 
29 

22 
25 
33 

21 
20 
26 

R I GHT 

27 
24 
20 
24 
15 

21 
19 

19 
27 
20 

27 
30 
22 

26 
35 
22 

*Wheel g r i p s  18 inches  above SRP and 15 inches  apar t .  

Table 21. Amount o f   f o r c e   e x e r t e d   o n   a n   a i r c r a f t   c o n t r o l   w h e e l .  
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Since  each o f   t h e s e   t e s t s   g i v e s   t h e  maximum f o r c e   f o r   t h e   r i g h t  arm of a  male, 
it must be  remembered t h a t   t h e   s t a n d a r d   l e f t  arm, which i s   u s u a l l y  weaker, 
and t h e   p o s s i b i l i t y   o f   f e m a l e   p i l o t s   f o r   g e n e r a l   a v i a t i o n   a i r c r a f t   w o u l d  
d i c t a t e   l o w e r  maximum fo rces .  These l i m i t s  on  wheel f o r c e s  need n o t  be so 
s t r i n g e n t  i f  a wors t   case  ana lys is  shows them t o  be i m p r a c t i c a l ,   s i n c e   t h e  
p i l o t   c o u l d  use  both hands i f  necessary. When poss ib le ,   use o f  two  hands  on 
t h e  wheel shou ld   be   avo ided  on   land ing ,   as   the   p i lo t  may need h i s   r i g h t  hand 
t o  pe r fo rm  o the r   t asks .  Damon (Ref. 92) g i v e s   t h e   l e f t   r o t a t i o n   o f   t h e  wheel 
as  approx imate ly  25 Ibs  and r i g h t   r o t a t i o n  as  about 30 Ibs.  

The maximum f o r c e   t h a t   c a n  be e x e r t e d   i n   e x t e n s i o n  
h i p  and  knee f o r  17 t e s t   c o n d i t i o n s   o n   m a l e   B r i t i s h   c i v  
p o s i t i o n   i s   g i v e n   i n  Morgan  (Ref. 91). 

I 

"""""""" "_ 

o f   t h e  
i I ians 

leg a t   t h e  
i n   t h e   s i t t  

0 0  
0 0  
0 0  
0 5  
0 6  
0 8  
0 10 
0 10 
0 10 
0 10 
0 15 
0 15 
0 15 
0 16 
0 17 
0 17 
0 33 

Tes t   Cond i t i ons  Avg . 
f o r c e  

A B C  D ( I b )  

63 
89 

156 
559 

73 
87 
77 
59 

27 0 
346 
227 
845 
530 
31 9 
272 
684 
184 

0 90 
0 113 
0 135 
0 164 
0 94 
0 93 
0 80 
0 90 
0 135 
0 165 
0 149 
0 160 
0 169 
0 129 
0 117 
0 151 
0 106 

Table 22. Maximum f o r c e   e x e r t e d   i n   e x t e n s i o n  
o f   t h e   l e g   a t   t h e   h i p  and  knee. 

i ng 

Morgan (Ref.  91) a l s o   c o n s i d e r s   t h e  maximum f o r c e   t h a t  can  be exe r ted   i n   ex ten -  
s ion   o f   t he   ank le ,   co r respond ing  t o  foo t   peda l   ope ra t i on   (Tab le  231, by male 
Air Force  personnel   for  18 t e s t   c o n d i t i o n s .  
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I 
Tes t   Cond i t ions   Percent  i I es ( I b 1 

A E F G 5 t h  

13  10 35t 37  14 
13 10 384 37 54 
13  30 358 37  25 
13  30 38; 37  64 
13 50 35$ 37  24 
13 50 384 37  48 
13  10 35; 39 15 
13  10 384 39  37 
13  30 35; 39  26 
13  30 38; 39  60 
13 50 358 39  22 

13  10 35; 41 18 
13 10 384 41  35 
13 30 35; 41  32 
13  30 384 41  50 
13  50 35; 41  23 
13  50 384 41  50 

13 50 38;  39  50 

Tab 

The f o l l o w i n g  
t h e  e I eva tor ,  

l e  23. Maximum f o r c e   e x e r t e d   i n   e x t e n s i o n  of t h e   a n k l e .  

tab le ,   adapted  from MIL-F-8785B (Ref. 41, g i v e s   f o r c e   l i m i t s   f o r  
a i l e r o n s ,  and  rudder. 

CONTROL  MAXIMUM ( I b s )  MINIMUM ( I b s )  

E I eva to r  
S t i c k   c o n t r o l l e r s  
Wheel c o n t r o l l e r s  

A i  I erons 
S t i c k   c o n t r o l l e r s  
Wheel c o n t r o l l e r s  

Rudder 
Peda I s 

f o r   s h o r t   d u r a t i o n  
fo r   s teady   coo rd ina ted  

t u r n s  

28.0 
120.0 

20.0 
40.0 

100.0 

40.0 

3.0 
6.0 

5.5 
10.5 

Table 24. Force l im i t s  f o r   t h e   e l e v a t o r ,   a i l e r o n s ,  and  rudder. 
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Bureau o f   Ae ronau t i cs   Repor t  AE-61-4-11 (Ref. 9 3 )  d i s c u s s e s   f r i c t i o n  
f o r c e s   i n   t h e   c o n t r o l   s y s t e m   a s   t h e y   a f f e c t   t h e   p i l o t ' s   t r a c k i n g   a c c u r a c y  and 
recommends t h a t   f r i c t i o n   f o r c e s   f o r  hand c o n t r o l s   i n   e x c e s s  o f  t h r e e  pounds 
be  avoided,  s ince  they  do  not  improve  performance  but do i n c r e a s e   p i l o t   f a t i g u e .  
A t  t h e  same t i m e ,   t h i s   r e p o r t   a l s o  recommends t h a t  no  hand c o n t r o l   r e q u i r e  
l ess   t han  two pounds o f   f o r c e  and  no  pedal  movement requ i re   less   than  seven 
pounds o f  f o r c e  f o r  i n c r e a s e d   p i l o t   t r a c k i n g   a c c u r a c y .  

I t  i s   n o t   c o n s i d e r e d   n e c e s s a r y   t o   s e t   s t a n d a r d s   f o r   s w i t c h e s   a n d   d i a l s ,  
s i n c e   t h e y  wi l l  most l i k e l y   n o t   r e q u i r e  limit forces ;  however, Woodson and 
Conover   (Ref .   94)   suggest   tha t ,   fo r   inc reased  e f f i c iency ,   ro ta ry  knob  diameters 
range  f rom  one-hal f  t o  two inches and  have a  maximum r e s i s t a n c e  of  one  pound 
or less. 

O f t e n ,   t h e   f o r c e   t o   b e  overcome i s  used  as a feedback  cue;  thus, it i.c 
necessary t o  reproduce a p r e v i o u s l y   e x p e r i e n c e d   f o r c e  and a s s o c i a t e   w i t h  i t  a 
c e r t a i n   r e a c t i o n  o f  t h e   a i r c r a f t .  The a b i l i t y   t o  reproduce a g iven  fo rce ,   as  
s ta ted   by  McCormick  (Ref. 951, v a r i e s   w i t h   t y p e   o f   c o n t r o l  and  amount o f   f o r c e  
t o  be exer ted,   as shown in   the   g raph  be low.  The c o n t r o l s   t e s t e d   w e r e   o f   t h e  
pressure   type ,  so v a r i o u s  amounts o f   p r e s s u r e   c o u l d  be a p p l i e d   w i t h   l i t t l e   o r  
no  displacement,  making  amount o f   d i sp lacemen t   cons tan t .  The d e v i c e s   t e s t e d  
were a s t i c k ,  an a i r c r a f t - t y p e  wheel,  and a rudder - l  i ke peda I .  The d i f f e r e n c e  
between t h e   a c t u a l   f o r c e   r e p r o d u c t i o n  and t h e   d e s i r e d   r e p r o d u c t i o n  was expressed 
i n  I imens ( t h e   s t a n d a r d   d e v i a t i o n   d i v i d e d - b y   t h e   s t a n d a r d   p r e s s u r e ) .   T h i s  
f i g u r e   i n d i c a t e s   t h a t ,   f o r   p r e s s u r e s   o f   f i v e  pounds o r   l e s s ,   t h e   e r r o r s   i n  
r e p r o d u c i n g   t h e   d e s i r e d   f o r c e s   a r e   p r o p o r t i o n a l l y   g r e a t e r .   F o r   f i v e   t o   t e n  
pounds, t h e   e r r o r s   a r e  somewhat less,   but  s t i l l   g r e a t e r   t h a n   t h o s e  o f  f o r c e s  
t e n   t o   f o r t y  pounds; p r e s s u r e s   g r e a t e r   t h a n   f o r t y  pounds, o v e r   l o n g   p e r i o d s   o f  
t i m e ,   a r e   a p t   t o   c a u s e   p i l o t   f a t i g u e .  

- stick control 
- - - - - wheel control 
- - - -o----  pedal control 

J 
5 10  15 20 25 30 35 

Pressure,  pounds 

F i g u r e  80. Resu l t s  of  da ta   on   reproduc lng   con t ro l   fo rces .  
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O f  cons ide rab le   impor tance   i n   t he   des ign  of any c o n t r o l   s y s t e m   a r e   t h e  
l i m i t a t i o n s   o n   t h e   p i l o t ' s   r e s p o n s e   t i m e ,  o r  t h e  speed, c o n s i d e r i n g   t h e   e f f e c t  
of  load, a t  w h i c h   t h e   p i l o t   c a n   a c t u a t e   t h e   c o n t r o l s .   O r l a n s k y   ( R e f .  9 6 )  
repor ts   an   exper iment  t o  de te rm ine   t he  maximum r a t e   a t   w h i c h   p i l o t s  can  push 
or p u l l  a c o n t r o l   s t i c k   a s   t h e   l o a d   p e r   u n i t   d i s p l a c e m e n t  changes.  From t h i s  
and o the r   s tud ies ,   he   conc ludes   t ha t ,  fo r  a 35- lb   load,   the maximum r a t e  of  
s t i c k  movement i s  about 50 in./sec,  pushing a s t i c k   i s   n e a r l y  25% f a s t e r   t h a n  
p u l l i n g ,   a n d   t h e   r a t e  of c o n t r o l   s t i c k   m o t i o n   d e c r e a s e s   a s   t h e   l o a d   o n   t h e  
s t i c k   i n c r e a s e s .  The  Handbook of Human Engineer ing  Data  (Ref.  9 7 )  i n d i c a t e s  
t h a t ,  as t h e   d i s t a n c e  f o r  a p o s i t i o n i n g  movement inc reases ,   the   opera tor   inc reases  
h i s  speed of movement; t h e   t i m e   r e q u i r e d   f o r   t h e   r e s p o n s e  does no t   inc rease  as  
much as  would  be  expected.  For  example,  data from t h i s  handbook i n d i c a t e   t h a t  
t h e   t i m e   f o r   t o t a l  movement increases 15% when t h e   d i s t a n c e   i s   d o u b l e d  and 25% 
i f  t h e   d i s t a n c e   i s   t r i p l e d .  Also n o t e d   i s   t h e  loss of  t ime   i n   mak ing  a p o s i t i o n  
movement when t h e   p i l o t  must  change d i r e c t i o n s   w i t h   t h e   c o n t r o l ,  when about 
15% t o  24% o f   t h e  movement t i m e   i s   i n v o l v e d   i n   s t o p p i n g   t h e  movement i n one 
d i r e c t i o n  and beg inn ing  i t  in   another   d i rec t ion .   Cont inuous   curved  mot ions ,  
t h e r e f o r e ,   a r e   d e s i r e d   o v e r   m o t i o n s   w i t h   s h a r p   d i r e c t i o n a l   c h a n g e s .  

The p i l o t ' s  r e s p o n s e   t i m e   i s   t h e  sum of  h i s   r e a c t i o n   t i m e  and h i s  movement 
t ime.   React ion   t ime,   as   de f ined  in  AFSC DH 1-3 (Ref.  901, i s   t h e   p e r i o d  between 
t h e   o n s e t   o f   t h e   s i g n a l  t o  respond  and  the  beginn ing of the   ac tua l   response.  
Among t h e   f a c t o r s   a f f e c t i n g   r e a c t i o n   t i m e   a r e   t y p e   o f   s i g n a l ,   m o t i o n   u n i t  
respond ing ,   p rec is ion   o f   the   response,  age  and  sex of  the   responder ,   p repara t i on  
fo r  the  response,   pract ice  for   complex  responses,  and amb ien t   cond i t i ons .  
AFSC DH 1-3 r e p o r t s   t h a t  hand  response i s  20% f as te r   t han   f oo t   response ,  and 
t h e   p r e f e r r e d   l i m b   i s   a b o u t   t h r e e   p e r c e n t   f a s t e r   t h a n   t h e   n o n - p r e f e r r e d .  
The  Handbook of Human Engineering  Data  (Ref. 9 7 )  g i v e s  mean r e a c t i o n   t i m e s  for 
s imp le  movements ranqinq  f rom  about  0.22 sec t o  0.3 sec.  The  conclusion from 
t h e s e   d a t a   i s   t h a t   t h e   a u d i t o r y   s y s t e m   r e a c t s   f a s t e r   t h a n   t h e   v i  sua I system. 

The fo rego ing   i n fo rma t ion   has  been i n c l u d e d   t o   i n d i c a t e   t h e   a n t h r o p o l o g i c a l  
b a s i s   f o r   s a t i s f a c t o r y   h a n d l i n g :   t h e   a c t u a t i o n   f o r c e   l e v e l s ,   l i m b   d i s p l a c e -  
ments,  and  phase r e l a t i o n s h i p s   w i t h   w h i c h  a p i l o t   i s   c o m f o r t a b l e .   I t   i s   t h e n  
the   des igne r ' s   t ask  t o  p r o v i d e   s a t i s f a c t o r y   a i r c r a f t   r e s p o n s e   u s i n g   t h e s e  
an th ropo log ica l   da ta  t o  d e s c r i b e   t h e   i n p u t   t o   t h e   a i r c r a f t   c o n t r o l  system. The 
r e a d e r   w i l l   n o t e   t h a t   t h e   p r i m a r y   e m p h a s i s  of  t h i s   r e p o r t   i s  on i n s u r i n g   s a t i s -  
f a c t o r y   a i r c r a f t   r e s p o n s e .   W h i l e  many f u t u r e   l i g h t   a i r c r a f t   w i l l   r e t a i n  en- 
t i r e l y  manual con t ro l   sys tems  wh ich   requ i re   the   des igner  t o  make c e r t a i n  com- 
promises  between  what   forces,   d isp lacements,   e tc .   he  would  l ike t o  p r e s e n t   t h e  
p i l o t   w i t h   t h e  responses tha t   these  inpu ts   can   p roduce,  some f u t u r e   l i g h t   a i r -  
c r a f t  wi l l  employ a r t i f i c i a l   f e e l  sys tems   wh ich   can   p resen t   t he   p i l o t   w i th  
what  he  would l i k e   w h i l e   a t   t h e  same t i m e   p r o v i d i n g   s a t i s f a c t o r y   r e s p o n s e s .  
When the  system i s  capable of  o p t i m i z i n g   b o t h   t h e s e   f a c e t s  it then becomes 
i m p o r t a n t   t o   i n s u r e   t h a t   a n t h r o p o l o g i c a l   r e q u i r e m e n t s   a r e   c o n s i d e r e d   i n   d e t a i l .  
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DESIGN FOR DESIRABLE RIDING QUALITIES 

I n   t h e   p a s t   t h e   p r i m a r y   d e s i g n  and s p e c i f i c a t i o n   e f f o r P s  fo r  a i r c r a f t  
have r i g h t l y  been  concerned w i t h   i n s u r i n g   s a f e   o p e r a t i o n  and successfu l  com- 
p l e t i o n  of  the   m iss ion .   P rog ress   i n   t hese   a reas  now appears t o  have  reached 
t h e   p o i n t   t h a t  some a t t e n t i o n  may b e   d i r e c t e d   t o w a r d   p r o v i d i n g   t h e   p i l o t   w i t h  
a comfor tab le   r ide   as   w.e l l .  A s i g n i f i c a n t   p o r t i o n  of what t h e   p i l o t   d e s c r i b e s  
a s   r i d i n g   q u a l i t i e s  depends  upon t h e   d e s i g n  of h i s   s e a t  and o t h e r   r e s t r a i n t s .  
N o i s e - i n d u c e d   v i b r a t i o n s   a l s o   c o n t r i b u t e  t o  t h e   p i l o t ' s   g r o s s   i m p r e s s i o n  of  
t h e   r i d e .   F o r   t h e   p r e s e n t   d i s c u s s i o n ,  however, c o n s i d e r a t i o n   w i l l   b e   r e -  
s t r i c t e d  t o  t h o s e   a s p e c t s   o f   r i d e   w h i c h   c a n  be a l t e r e d  by the  aerodynamic  de- 
s i g n   o f   t h e   a i r c r a f t .  Thus t h e   c o n c e r n   w i l l  be des i rab le   va lues  of  l i n e a r  
and angu la r   acce le ra t i ons   assoc ia ted   w i th   t he   a i r f rame  dynamics .  

As s t a t e d   e a r l i e r  it i s   t h e s e  changes i n   v e l o c i t y   w h i c h   t h e   p i l o t   f e e l s  
as  imposed f o r c e s   o n   h i s  body  and  which  he  in terprets   as  major   cont r ibutors  
t o  t h e   r i d i n g   q u a l i t i e s  of  h i s   a i r c r a f t .   U n f o r t u n a t e l y ,  no s u b s t a n t i v e   d i s -  
c u s s i o n   o f   t h e   r e l a t i o n  between the  magni tude and f requency   o f   t hese   acce le r -  
a t i o n s  and t h e   a c c e p t a b i l i t y   o f   t h e   r i d e  was f o u n d   i n   t h e   l i t e r a t u r e .  The 
fol lowing  arguments,  however,  lead t o   c r i t e r i a   w h i c h  may f i n d   u t i l i t y .  

T h e r e   a r e   f i v e   c h a r a c t e r i s t i c   m o t i o n s   a s s o c i a t e d   w i t h   r i g i d   a i r c r a f t .  
The s p i r a l  mode has a very   long   t ime  cons tan t  and i s   a p e r i o d i c .  I t  i s   t h e r e -  
f o r e   u n l i k e l y  t o  i n d u c e   s i g n i f i c a n t   a c c e l e r a t i o n s   i n  n o r m a l   o p e r a t i o n   o r   t o  
o c c u r   a t  a r a t e   w h i c h   w i l l  be  uncomfortable.  The r o l l  mode, a l s o   a p e r i o d i c ,  
i s   v e r y   h e a v i l y  damped and i s   s e n e r a l l y   n o t  sensed  by t h e   p i l o t .   T h i s   l e a v e s  
t h e   t h r e e   o s c i l l a t o r y  modes as   t he   sou rce   o f   r i de   d i scomfo r t s .  

Consider f i r s t   t h e   l o n g i t u d i n a l   c a s e .  From t h e  second e q u a t i o n   o f  A-34 
i t  i s   e v i d e n t   t h a t   t o  a f i r s t   o r d e r  

a, - - w - Uoq = ZUu + Zww + Z ~ G ~ G  

The n o t a t i o n  dG i s  used  here t o   i n d i c a t e  an e f fec t i ve   ae rodynamic   i npu t ,  
s i m i l a r   t o  a f l a p  o n   e l e v a t o r   d e f l e c t i o n ,  due t o  a v e r t i c a l   g u s t ,  w. Thus, 

- 

S i n c e   t h i s   f o r m   i s   s i m i l a r  
may be  used t o   d e s c r i b e   p i  
o s c i l l a t i o n s .   O n l y   t h e  va 
tack,   then 

t o  t h a t   r e s u l t i n g  from a s i m p l e   c o n t r o l   i n p u t  it 
l o t  induced  osc i l la t ions   as   we l l   as   gus t   induced 
lue of Z6G and 6~ must  be  changed.  Following t h i s  

T h i s  may be   eva lua ted   th rough  the   use   o f   Equat ions  C-4 and C-7. 
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The r e s u l t i n g  Bode p l o t  has two we l l -de f i ned   peaks   co r respond ing   t o   t he  
Phugoid mode and t h e   s h o r t   p e r i o d  mode. S ince   the   peak   acce le ra t ions   a re  
r e a l l y   t h e   v a l u e s  of i n t e r e s t ,  it i s   h e l p f u l   t o   d e v e l o p   a p p r o x i m a t e   f o r m s  
for  t h e   a m p l i t u d e  of a,/bE co r respond ing   t o   t hese   two   peaks .  The numerator 
o f   t h e   t r a n s f e r   f u n c t i o n   c o n t a i n s   f o u r   z e r o s :   o n e   a t   t h e   o r i g i n ,  one j u s t  
t o  t h e   r i g h t   o f  it, one f a r   t o   t h e   r i g h t   o f   t h e   o r i g i n  and  one f a r   t o   t h e  
l e f t   o f   t h e   o r i g i n .  The la t te r   two   have   no   i n f l uence   on   t he   phugo id  mode 
and v e r y   l i t t l e  o n   t h e   s h o r t   p e r i o d  mode. 

The denominator   has   the   two  second  o rder   fac to rs   cor respond ing   to   the  
phugoid  and  shor t   per iod modes. I t   w i l l  be r e c a l l e d   t h a t   t h e   p h u g o i d   f a c t o r  

25 s 

7 w  
s2 + p + 1  

n  n 
P P 

reduces t o  2Cp when w = wn and  can  be  approximated by Wn 2/wnp2 when 
w = wnsp.  The s h o r t   p e r i o f j   f a c t o r  is about I .O when w = wp and  2cSp when 
w = wsp. Fo r   t hese  two c o n d i t i o n s   t h e   t r a n s f e r   f u n c t i o n  becomes 

SP 

K Talwn 2 a 
" = -  P 
& E  25P 

When t h e   g a i n  and t ime   cons tan t ,   Ta l ,   a re   eva lua ted   as   g i ven  by  Ref. 17 one 
has 

p u  4 'L n a 
w 2  

z -  * cm 
o! 

" - 
6E 

I + -  
o! 

where t h e  damping - r a t i o   r e f e r s  t o  t h e  mode be ing   cons idered.   In   te rms  o f   the  
g u s t   v e l o c i t y ,  w, t h i s  can  be w r i t t e n  

The q u a n t i t i e s   i n   p a r e n t h e s e s   a r e   r e l a t i v e l y   c o n s t a n t   w i t h  speed i n   t h e  
range   ove r   wh ich   l i gh t   a i r c ra f t   ope ra te .   S ince  

w w  = cons tan t  n n  
P SP 

and 

w n - uo 
SP 
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t h e n  

aZ ... W u0/s 

ssp is   approx imate ly   independent  o f  speed  wh i le  sp i n c r e a s e s   w i t h  Uo . z 

N o t e   t h a t   i n c r e a s i n g   t h e   w i n g   l o a d i n g  is f a v o r a b l e   f o r   i m p r o v e d   r i d e  
w h i l e   r e d u c i n g   o s c i l l a t o r y  damping r e s u l t s   i n  a p o o r e r   r i d e .  Two a d d i t i o n a l  
comments a r e   i n   o r d e r   r e g a r d i n g   t h i s   r e l a t i o n :  ( 1 )  w' h e r e   i s   t h e   a m p l i t u d e  
o f  an o s c i l l a t o r y   g u s t   h a v i n g  a f requency of  e i t h e r  Unp or wnssp. aZ wi l l  be 
l ess  f o r  o s c i l l a t o r y   g u s t s  of  any o the r   f requency .  ( 2 )  The  equat ions from 
w h i c h   t h e   r e l a t i o n  was d e r i v e d  assume n o   s t e a d y   p i t c h i n g   v e l o c i t y .  Hence 
o n e   c a n n o t   f i n d   t h e   v a l u e  of  az/6E i n  a s t e a d y   p u l l - u p   f r o m   t h i s   r e l a t i o n .  

T y p i c a l l y ,   t h e  damping o f   t h e   p h u g o i d  mode i s   a b o u t  1/10 t h a t  o f  t h e  
s h o r t   p e r i o d  mode w h i l e   i t s   f r e q u e n c y   i s   a b o u t  1/20 t h a t   o f   t h e   s h o r t   p e r i o d  
mode. T h i s  means t h a t   t h e   a c c e l e r a t i o n s   a s s o c i a t e d   w i t h   t h e   p h u g o i d  mode 
can   be   t en   t imes   as   l a rge   as   t hose   assoc ia ted   w i th   t he   sho r t   pe r iod  mode. On 
t h e   o t h e r  hand, s i n c e   d e s i r a b l e   v a l u e s   o f   s h o r t   p e r i o d  mode frequency  range 
between  about I and 6 r a d i a n s / s e c   f o r   e f f e c t i v e   h a n d l i n g ,   t h e   p e r i o d  of  t i m e  
r e q u i r e d  fo r  t h e   p h u g o i d   a c c e l e r a t i o n  t o  b u i l d  up t o  i t s  peak i s  o n   t h e   o r d e r  
of 5 t o  30 s e c o n d s .   D u r i n g   t h i s   p e r i o d   o f   t i m e   t h e   p i l o t   h a s   t h e   o p p o r t u n i t y  
t o  t a k e   c o r r e c t i v e   a c t i o n .   A u t o p i l o t s   a l s o  damp t h i s   m o t i o n   e f f e c t i v e l y .   I n  
any  case, a p i l o t   i s   n o t   l i k e l y   t o   a s s o c i a t e   p h u g o i d   i n d u c e d   a c c e l e r a t i o n s  
w i t h   r i d e   b u t   r a t h e r   w i t h   h a n d l i n g .   I t   i s   e v i d e n t ,  however, t h a t   b o t h   r i d e  
and hand l i ng   and   t he re fo re   sa fe ty   can  be  improved s i g n i f i c a n t l y  by i nc reas ing  
t h e  damping. 

The phugoid mode i s   a l s o  accompanied  by a l o n g i t u d i n a l   a c c e l e r a t i o n   w h i c h  
has a magnitude  about 1/10 t o  1/6 as l a r g e   a s   a z .   S i n c e   e i t h e r   t h e   p i l o t   o r  
an a u t o p i l o t  wi l l  a t t e m p t   t o   s u p p r e s s   a z   a t  wnp, it seems reasonable t o   i g n o r e  
ax.  Note t h a t   v a r i a t i o n s   i n  ax a r e   e s s e n t i a l l y   z e r o   a t  wnsp. Other  than  pos- 
s i b l e  nausea r e s u l t i n g  from the   l ong   pe r iod   sway ing   mo t ion   and   t he   p i l o t   f a -  
t i g u e   i n c u r r e d   i n   c o n t r o l l i n g  it, t h e   p h u g o i d   o s c i l l a t i o n   c a n   p r o b a b l y  be i g -  
nored. I t  appears   t he re fo re   t ha t   one  may t a k e   t h e   f o l l o w i n g   a s   t h e   r i d e   c r i t e r i a  
i n   t h e  x-z  p lane: 

w"sp between I and 6 rad/sec. 

A s imi lar   argument   can  be made fo r  t h e   l a t e r a l  
t h a t  

* The an thropo l o g i c a l   b a s  i s  f o r  s u i t a b l e   v a l u e s  

a c c e l e r a t i o n   w i t h   t h e   r e s u l t  

i s   t r e a t e d   l a t e r .  
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where 

. .  

In   te rms of a l a t e r a l   g u s t   w i t h   o s c i  I l a t i o n  amp1 i t u d e  v ,  t h i s  becomes 

Psuo 2 Wd 

4w <d 
a = v K a  '-- 

Y 

- 
Y 

where Ka ' i n d i c a t e s   t h a t  Cn6R and CYQ have  been  replaced  by cn6G and C Y ~ G .  
Wd i s   d i r e c t l y   p r o p o r t i o n a l  t o  Uo whl l e  5d i s   a p p r o x i m a t e l y   c o n s t a n t .  The 
c r i t e r i a   f o r   s i d e   a c c e l e r a t i o n   a r e ,   t h e r e f o r e ,  

Psuo 2 Wd 
a = ; K ~ ' " - - -  

Y Y 
4w Sd 

w between I and 6 rad/sec. 
d 

w i t h   t h e  maximum v a l u e   f o r   a y   t o  be s p e c i f i e d .  ay of  c o u r s e   r e f e r s   o n l y   t o   p e r -  
t u b a t i o n s   f r o m   s t r a i g h t   l i n e   f l i g h t .  

A d d i t i o n a l  components  must  be  added t o   t h e   a c c e l e r a t i o n s   t o   a c c o u n t  for  
s teady   ro ta t ion .   For   example ,   in  a s t e a d y   t u r n   w i t h  0 = 0 the   acce le romete r  
i n d i c a t i o n s   a r e  

A = U R   - g s i t ~ @ ~  
Y 0 0  

A, = QoUo - COS @o . 
I f   t h e   t u r n   i s   c o o r d i n a t e d ,  

R = - s i n  0, , 9 
o u  

A = O  
Y 

0 

9 

g 
l -cos2@o 

Qo = - uo cos@o ' 

and 

A z - 9  . 
z cos @ 

0 
The a c c e l e r a t i o n s   f e l t   b y   t h e   p i l o t   a r e   t h o s e   v a l u e s   w h i c h   d i f f e r   f r o m  A, = g 
and Ay = 0. Thus i n  a c o o r d i n a t e d   t u r n   t h e   c o m f o r t   l i m i t   i s   d e t e r m i n e d   b y  

AZ = g (cos 1 @o - 1) . 
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McFarland  (Ref. 9 8 )  suggests a comfort limit of IO f t / s e c  
acce le ra t i ons .   Acco rd ing  t o  t h i s   c r i t e r i o n   c o o r d i n a t e d   t u r n s  
should  not  exceed  bank  angles o f  40°. I f  t h e   a i r  i s  t u r b u l e n t  
bank  angle  apparently  would  be  reduced. 

2 fo r  
n c  
t h e  

I i near 
l e a r   a i r  
a l   l o w a b l e  

Whi le a p i l o t  may t o l e r a t e   t h e s e   a c c e l e r a t i o n   l e v e l s   d u r i n g   t u r n i n g  
f l i g h t  because  they  are  unavoidable  and  are  imposed fo r  r e l a t i v e l y   s h o r t  
p e r i o d s  of  t ime,  it does no t   appear   reasonab le   t ha t  a 180 I b .   p i l o t   w o u l d  
f i n d   n e a r l y  60 Ibs.  of f o r c e   a p p l i e d   s i n u s o i d a l l y   a l o n g   a n y  of h i s   p r i n c i p a l  
axes f o r  an ex tended   pe r iod  of  t ime  comfor tab le .  I t  i s   a l s o   r e a s o n a b l e  t o  
expec t   tha t   because of h i s   c o n s t r u c t i o n ,  a p i l o t  wi l l  be   more   sens i t i ve  t o  
l a t e r a l   f o r c e s   t h a n  t o  v e r t i c a l   f o r c e s .   W h i l e   n o   s u b s t a n t i v e   i n f o r m a t i o n   i s  
a v a i l a b l e  t o  s u p p o r t   t h e   a u t h o r ' s   q u a l i t a t i v e   e x p e r i e n c e ,  it i s  suggested 
t h a t  because of  these   cons ide ra t i ons  

a = 4 f t / s e c  
2 

Z 

and 

a = 2 f t / s e c  2 
Y 

may be  more s u i t a b l e   a c c e l e r a t i o n   l i m i t s  f o r  t h e   d u t c h   r o l l  and s h o r t   p e r i o d  
m o t i o n s   t h a n   t h a t   o f f e r e d  by  McFarland.  Since  such  accelerat ions  are  substan- 
t i a l l y  be low  those   imposed   by   s teady   t u rns ,   t he   p i l o t   p robab ly   w i l l   no t   be   as  
s e n s i t i v e   t o  them  du r ing   t u rns   as   a t   o the r   t imes .  The 40° bank   ang le   l im i t  
may the re fo re   be   accep tab le   du r ing   t u rns ,   p rov ided   t he  ay  and a Z   l i m i t s   q u o t e d  
above a r e  met d u r i n g   s t r a i g h t - l i n e   f l i g h t .  

I n t e r e s t i n g l y  enough,  McFarland  suggests a l i m i t   o f  5 O  bank  angle a t  low 
a l t i t u d e s  and 25O bank  angle a t   h i g h   a l t i t u d e s  fo r  t i l t  ang les   w i th   wh ich  
passengers  would  be  comfortable. I f   t h e  2 5 O  t i l t  o c c u r r e d   i n  a s teady   tu rn ,  
i t  wou I d correspond t o  a 3.2 f t / s e c 2   a c c e l e r a t i o n  i ncrement a I ong t h e  z- 
d i r e c t   i o n .  

McFarland was a l s o   c o n c e r n e d   w i t h   t o l e r a b l e   l e v e l s  of a n g u l a r   a c c e l e r a t i o n .  
However, it can  be shown t h a t   t h e   g a i n   o f  

i s   a b o u t   t i m e s   t h e   g a i n  of 

I t  a p p e a r s ,   t h e r e f o r e ,   t h a t   a n g u l a r   a c c e l e r a t i o n s   a r e  of no s i g n i f i c a n c e  i f  
az and ay a r e   m a i n t a i n e d   a t   t h e   l e v e l s   i n d i c a t e d . .  

hand I i ng qua 
w i  I I v i r t u a l  
here.  

F i g u r e  81. T h i s  shows a summary o f  p 
l i t i e s  o f  a j e t   f i g h t e r .  
l y   i n s u r e  good r i d i n g  qua 

Other   data of i n t e r e s t  t o  t h e   r i d i n g   q u a l i t y   d i s c u s s i o n   a r e   p r e s e n t e d   i n  
i l o t  comments o n   t h e   s h o r t   p e r i o d  mode 

l i t i e s   a c c o r d i n g  t o  t h e   c r i t e r i a   d e v e l o p e d  
N o t e   t h a t  good h a n d l i n g   c h a r a c t e r i s t i c s  
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a 

.7 

.3 

.l .2 3 .I 5 .6 .7 .8 .9 1.0 

Damping Ratio 

F i g u r e  81. R e s u l t s  of p i l o t   o p i n i o n   r a t i n g s  on   the  
h a n d l i n g   q u a l i t i e s  o f  a j e t   f i g h t e r  (Ref. 9 9 ) .  

One f i n a l  comment r e g a r d i n g   t h e   r i d i n g   q u a l i t i e s  o f  an a i r c r a f t   i n   g u s t y  
a i r  may be made. R i g i d   a i r c r a f t   e x h i b i t   f a i r l y   r a p i d   a t t e n u a t i o n   o f  normal 
acce le ra t i on   response  fo r  w>wsP. For  example, a t   f r e q u e n c i e s   i n   t h e   r a n g e  
where human in te rna l   o rgan  resonances   a re   exc i ted  ( -42 rad/sec),  aZ i s   l e s s  
than 10% as much as a t  wsp f o r  a g i v e n   a m p l i t u d e   o s c i l l a t o r y   g u s t .   O n l y  i f  
t h e   a i r c r a f t  has a p o o r l y  damped fuselage  bending mode or wing  bending mode 
a t   these  f requenc ies   wou ld   one  expec t   there  t o  be s i g n i f i c a n t   s t r u c t u r a l  
shake r e s u l t i n g   i n   p i l o t   d i s c o m f o r t .  
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INTRODUCTION 

S p e c i f i c a t i o n  o f  a i r c r a f t  geometry, mass d i s t r i b u t i o n ,  and con t ro l   sys tem 
c h a r a c t e r i s t i c s  t o  y i e l d   g i v e n   r i d i n g  and h a n d l i n g   q u a l i t i e s   i s   u n f o r t u n a t e l y  
an i n t e r a t i v e   p r o c e d u r e  and t h e r e f o r e  a labor ious   p rocess .  One can   cons t ruc t  
t he   necessa ry   t rans fe r   f unc t i ons ,   bu t   t he re   i s   no   un ique   me thod  t o  a s s i g n  
numerical   values t o   p a r t i c u l a r   s t a b i l i t y   d e r i v a t i v e s   w h i c h  assumes t h a t   t h e s e  
v a l u e s   w i l l   b e a r   t h e   o f t e n   n e c e s s a r y   i n t e r r e l a t i o n   w i t h   o n e   a n o t h e r   n o r  
correspond t o   p h y s i c a l l y   r e a l i z a b l e   g e o m e t r y  o r  mass d i s t r i b u t i o n s .  The 
approach  employed  here  proceeded  through  several  phases. $he f i r s t  was t o  
t a k e   a n   e x i s t i n g   l i g h t   a i r c r a f t ,   i n   t h i s   c a s e  a Cessna  182 , compute i t s  
s t a b i l i t y   d e r i v a t i v e s ,   s u b s t i t u t e   i n   t h e   t r a n s f e r   f u n c t i o n ,  and e x t r a c t   t h e  
r o o t s .  The d e r i v a t i v e s  w e r e   t h e n   v a r i e d   i n d i v i d u a l l y   t o   d e t e r m i n e   t h e  sen- 
s i t i v i t y  o f  the   l ocus  o f  r o o t s   t o  changes i n   t h a t   p a r t i c u l a r   p a r a m e t e r .  
Th i s   p rocedure   a l so   pe rm i t s   one   t o   de te rm ine   app rox ima te l y   t he   range  of  va lues 
w h i c h   t h e   p a r t i c u l a r   d e r i v a t i v e  may have fo r  sa t is fac to ry   per fo rmance.  I t  i s  
only  an  approximate  range  because some d e r i v a t i v e s   c a n n o t   p h y s i c a l l y  be 
v a r i e d   i n d e p e n d e n t l y   o f   o t h e r s .   T h i s   a s p e c t  o f  the   p rocedure  and i t s   s i g n i -  
f i c a n c e   w i l l  become c lea r   i n   t he   subsequen t   d i scuss ion .  Once reasonable 
v a l u e s   a r e   o b t a i n e d   f o r   t h e   d e s i r a b l e   v a l u e s  of  t h e   s t a b i l i t y   d e r i v a t i v e s ,  
p a r t i c u l a r l y   t h o s e   w h i c h  have a s t r o n g   e f f e c t   o n  movement o f  the   roo ts ,   one 
then  proceeds t o  de termine  the   geomet r ic  and mass d i s t r i b u t i o n s   w h i c h   w i l l  
produce  these  values  and  are a t   t h e  same t i m e   s e l f - c o n s i s t e n t .   T h i s  phase 
will be e l a b o r a t e d   l a t e r .  

I n   p r e p a r i n g   t h e   f i g u r e s   f o r   t h e   s t a b i l i t y   d e r i v a t i v e   v a r i a t i o n ,   t h e  
d e r i v a t i v e s   c h o s e n   f o r   e x a m i n a t i o n   w e r e   g e n e r a l l y   w i t h i n  !IUS o r  minus  one 
o r d e r   o f   m a g n i t u d e   o f   t h o s e   c a l c u l a t e d   f o r   t h e  Cessna 182 , a t   c r u i s e .  
I n c l u d e d   w i t h   t h e   f i g u r e s  f o r  t h e   l o c u s   o f   r o o t s  due t o  a v a r i a t i o n   o f  a 
s i n g l e   s t a b i l i t y   d e r i v a t i v e   a r e   t a b l e s  whIch   ind ica te  how t h e   g a i n   o f  each 
p a r t i c u l a r   t r a n s f e r   f u n c t i o n   v a r i e s   a s  a f u n c t i o n  o f  t h e   s t a b i l i t y   d e r i v a t i v e .  
Table 16 through  Table 31 and  Table 35 t h rough   Tab le   46   a re   t abu la t i ons  o f  
t h e   n u m e r a t o r   r o o t s   f o r   t h e   l o n g i t u d i n a l  and l a t e r a l   s t a b i l i t y   d e r i v a t i v e  
v a r i a t i o n s ,   r e s p e c t i v e l y .   I n c l u d e d   a t   t h e  end o f   t h i s   s e c t i o n   a r e  a s e r i e s  
o f  s i x  Bode p l o t s   ( F i g u r e s  90 th rough 9 5 )  i l l u s t r a t i n g   t h e   m o t i o n s   o f   t h e  
a i r c r a f t   i n  response t o  c o n t r o l   s u r f a c e   s t e p   i n p u t s .  The  numerical  values 
used t o  prepare   these  g raphs   a re   those fo r  a Cessna  182 a t   c r u i s e .  

* The p r inc ipa l   geomet r i c   d imens ions   f o r   t he  Cessna  182 a r e  shown i n  
F igures  61a and  61b.  The l o n g i t u d i n a l  and l a t e r a l  derivatives used f o r  
t h e   a n a l y s i s   a r e   t a b u l a t e d   i n   T a b l e s  1 4 ~  and 14b. 

** The va lues   were   ca lcu la ted   by   the   methods   p resented   in   ear l ie r   sec t ions  
of t h i s   r e p o r t .  They  compare f a v o r a b l y   w i t h   t h o s e   c a l c u l a t e d   b y  Cessna 
accord ing t o  a personal  communication. 
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Figure 82b. Three View Drawing  Continued 
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cmct 
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-12.43/rad. 
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Y O0 

Tab le  25a. L o n g i t u d i n a l   s t a b i l i t y  
d e r  i v a t  i ves. 

GYB 

c%3 
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cgr- 
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-0.0292 

0.2103 

0.0958 

-0.09924 

'Y6R 0.187 

0.0147 

-0.0658 C 
n6R 

P 0.00205 S I   u g s / f t .  

U 219.0 f t . / s e c .  

Y 00 

Tab le  25b. L a t e r a l   S t a b i l i t y  
d e r i v a t i v e s   ( p e r   r a d i a n ) .  
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LONGITUDINAL VARIATIONS 

F igu res  83a  and  83b show t h e   e f f e c t  of  CL v a r i a t i o n s   o n   t h e   l o n g i t u d i n a l  
dynamlcs. I t  w i l l  be  seen t h a t   t h e r e   i s   l i t t l e  change i n   t h e   l o c a t i o n  of  t h e  
s h o r t   p e r i o d   r o o t s  fo r  a l l  usual   va lues of  CL. The  phugoid mode, however, 
i s   s i g n i f i c a n t l y   a l t e r e d  by  changes i n  CL. A t  h i g h  C L ' S ,  bo th   t he   f requency  
and  damping r a t i o   a r e   i n c r e a s e d .  A t  C L ' S  near   zero ,   the   roo ts  become r e a l  
w i t h  one  go ing   uns tab le .   Thus   one  wou ld   expec t   d i f f i cu l ty  i p  m a i n t a i n i n g  
speed s t a b i l i t y   i n  a shal low,  h igh-speed  dive.  

The e f f o r t   t o   p r o v i d e  low drag fo r  good performance  leads t o  a n e u t r a l l y  
damped phugo id ,   as   po in ted   ou t   in   F igures  84a  and  84b. S t a b i l i t y   a u g m e n t a t i o n  
i s   t h e r e f o r e   r e q u i r e d  i f  one i s  t o  o b t a i n   b o t h  low (QO) drag  and  good r i d i n g  
and h a n d l i n g   ( l o w   w o r k   l o a d )   q u a l i t i e s .  

Cm and CT must  be  considered  s imultaneously  because Cm p r o v i d e s   t h e  
aerodynamic moment t o   c o u n t e r   t h e  moment produced by t h e   t h r u s t .   I n   g l i d i n g  
f l i g h t ,  Cm = 0. F igu res  85a  and  86a show t h a t   t h e   s h o r t   p e r i o d  mode i s   n o t  
a f f e c t e d  by changes i n   e i t h e r  Cm o r  CT. F i g u r e s  85b and 86b show t h e   e f f e c t  
on  the  phugoid mode o f   a l t e r i n g  Cm and CT respec t i ve l y .   Add ing   power   w i l l  
make CT p o s i t i v e  and Cm n e g a t i v e .   R e f e r e n c e   t o   t h e   f i g u r e s   w i l l  show t h a t  
making Cm n e g a t i v e   w i l l   c a u s e   t h e   p h u g o i d   r o o t s   t o   s p l i t   a l o n g   t h e   r e a l   a x i s  
w i t h  one  go ing  unstable.  On t h e   o t h e r  hand  making CT p o s i t i v e   r e s u l t s   i n  an 
u n s t a b l e   p h u g o i d   o s c i l l a t i o n .  Thus w h i l e  i t  i s   n o t   p o s s i b l e  t o  conclude from 
t h e s e   f i g u r e s   a l o n e   t h e   d e t a i l e d   a i r p l a n e   b e h a v i o r  when power i s  added  (because 
Cm and CT c a n n o t   b e   v a r i e d   i n d e p e n d e n t l y   i n   f l i g h t   b u t   o n l y   t h r o u g h   d e s i g n  
changes  such  as t h e   l o c a t i o n  of t h e   e n g i n e   t h r u s t   l i n e ) ,  i t  i s   o b v i o u s   t h a t  
t h e   a p p l i c a t i o n   o f  power i s   d e s t a b i l i z i n g .  

F igu res  87a  and 87b i n d i c a t e   t h e   v a r i a t i o n s   i n   l o n g i t u d i n a l   d y n a m i c s  
produced by changing C L ~ .  I n c r e a s i n g  CL  i s  seen t o  reduce  the   f requency  and 
t o   i n c r e a s e   t h e  damping of t h e   s h o r t   p e r l o d  mode. A s u f f i c i e n t l y   l a r g e   v a l u e  
of C L ~  s u g g e s t   a p e r i o d i c   s h o r t   p e r i o d   r o o t s .   T h e   t i m e   f o r   t h e   p h u g o i d   t o  
damp t o  h a l f   a m p l i t u d e   i s   l i t t l e   a f f e c t e d  by  changing C L ~  (F igu re   87b ) ,   bu t  
t h e   o s c i l l a t i o n   f r e q u e n c y   i s  a d i r e c t   f u n c t i o n   o f  C L ~ .  A l l   u s u a l   v a l u e s  of 
C L ~  a r e   t h e r e f o r e   a c c e p t a b l e   f o r   s a t i s f a c t o r y   a i r c r a f t   r i d i n g   q u a l i t i e s .  

From F i g u r e  88a, i t  i s  seen t h a t   t h e   s h o r t   p e r i o d  mode i s   v i r t u a l l : !  
i n s e n s i t i v e  t o  moderate  changes i n  CDa. I n c r e a s i n g   v a l u e s   o f  C D ~  d e s t a b i l i z e s  
the   phugo id  mode ( F i g u r e   8 8 b ) .   I n s t a b i l i t y   i s  most l i k e l y   t o   o c c u r   i n   t h e  
approach  conf igurat ion  where C D ~  i s   g r e a t e s t .  The maximum accep tab le   va lue  
i s   a b o u t   t w i c e   t h e   v a l u e   c a l c u l a t e d  fo r  t h e  Cessna  182. 

zr. 

F igu res  89a  and  89b show t h e  movement o f   t h e   s h o r t   p e r i o d  and  phugoid 
r o o t s   r e s p e c t i v e l y  due t o  a v a r i a t i o n   i n  Cma. Fo r   mos t   l i gh t   a i rp lanes   as  
usual ly   loaded,  Cma wil l p r o b a b l y   l i e  between -.3 and  -1.5. I n   t h i s  range, 
t h e   t i m e   t o  damp t h e   s h o r t   p e r i o d   o s c i l l a t i o n  t o  ha l f -amp l i t ude   i s   i ndependen t  
of  t h e   v a l u e  of  Cma, wh i le   the   f requency   inc reases   as  Cma assumes g r e a t e r  
n e g a t i v e  v-al-ues. Cma w i t h   g r e a t e r   n e g a t i v e   v a l u e s   t h a n  -1.5 g i v e s   s h o r t  
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p e r i o d  mode f r e q u e n c i e s   h i g h e r   t h a n   t h e  5-6 r a d / s e c   l i m i t   d e s i r e d .   V a l u e s  
o f  Cma g r e a t e r   t h a t   a b o u t  -0.23 c a u s e   t h e   s h o r t   p e r i o d   o s c i l l a t i o n  t o  d isappear  
and become t w o   a p e r i o d i c  modes. 

R e a s o n a b l e   v a r i a t i o n s   i n  Cma ( F i g u r e   8 9 b )   a l s o   h a v e   l i t t l e   e f f e c t   o n   t h e  
t i m e  t o  damp the   phugo id   osc i l l a t i on .   The   phugo id   f requency   i nc reases   as  
Cma becomes more  negat ive,   whi le  values  more  than  about -0.05 cause  the  
phugoid t o  d e g e n e r a t e   i n t o   a p e r i o d i c   m o t i o n s .  I t  i s  seen t h e r e f o r e   t h a t   t h e  
p r o p e r   v a l u e   o f  Cma i s  usua l ly   de termined  by   requ i rements  fo r  a c c e p t a b l e   s h o r t  
p e r i o d  mode c h a r a c t e r i s t i c s .  A n o t a b l e   e x c e p t i o n  may be  mentioned,  however. 
A recent   paper   (Ref .  116) d i s c u s s e d   r e s u l t s   o b t a i n e d   w i t h  a l i g h t   a i r c r a f t  
m o d i f i e d  t o  e v a l u a t e   t h e   p i l o t   a c c e p t a n c e  of  v a r i o u s   s h o r t   p e r i o d  mode 
damping r a t i o s .  The  damping r a t i o  was  made u n i t y   ( i . e .   b o t h   r o o t s   l i e   o n   t h e  
n e g a t i v e   r e a l   a x i s )   b y   i n c r e a s i n g  Cma (making i t  l e s s   n e g a t i v e ) .  One would 
e x p e c t   t h a t   t h e   p i l o t   w o u l d  b e   p l e a s e d   w i t h   t h i s   c o n d i t i o n   s i n c e  it means 
t h a t   t h e   a i r c r a f t  w o u l d   t r a c k   r a p i d   e l e v a t o r  commands w i t h o u t   o s c i l l a t i n g .  
I n s t e a d ,   t h e   p i l o t   f o u n d  it q u i t e   o b j e c t i o n a b l e ,   s a y i n g   t h a t  it was 
d i f f i c u l t   t o   m a i n t a i n   a i r s p e e d   s t a b i l i t y .  The  paper   therefore recommends 
t h a t  damping r a t i o s   a p p r o a c h i n g   u n i t y   n o t  be  used.,  The f a l a c y   i n   t h e  
argument i s   i m m e d i a t e l y   o b v i o u s  when one  examines t h e   e f f e c t s  of near   zero 
Cma va lues   on   the   phugo id  mode. The r o o t s  become a p e r i o d i c   w i t h   o n e   g o i n g  
uns tab le   as  Cma increases.  O f  c o u r s e   t h e   p i l o t   w o u l d   f i n d   t h i s   u n d e s i r a b l e .  
I t   i s   t h e r e f o r e   i m p o r t a n t   t h a t   u n i t y  damping r a t i o  fo r  t h e   s h o r t   p e r i o d  mode 
not be achieved  by  increas ing Cma a lone.  As discussed  below  the  most 
s a t i s f a c t o r y   s i n g l e  means o f   o b t a i n i n g   t h i s   b e h a v i o r   ( u n i t y  damping r a t i o )   i s  
t o  make Cmq more n e g a t i v e .   I n c r e a s i n g   t h e   t a i l   l e n g t h   i s   t h e   m o s t   e f f e c t i v e  
geometric  change  one  can make t o  a c c o m p l i s h   t h i s   i n c r e a s e   i s  damping. 
Because o f   t h e   v e r y   s i g n i f i c a n t   l e n g t h e n i n g   r e q u i r e d ,  however, it i s   d e s i r a b l e  
t o  combine t h i s   w i t h   s m a l l   r e a r w a r d   s h i f t   i n   o p e r a t i n g   c . g .   ( e f f e c t i v e l y  a 
sma l l   i nc rease   i n  Cma).  

F i g u r e s  90a, 90b,  91a,  and  91b show t h a t   t h e   r o o t s   a r e   r e l a t i v e l y  
i n s e n s i t i v e   t o  changes i n  CL& and CQ&. Changing CL& by  an o rde r   o f   magn i tude  
f r o m   i t s   o r i g i n a l   v a l u e  moves t h e   r o o t s   o n l y   s l i g h t l y   f o r   b o t h   t h e   s h o r t  
p e r i o d  and  phugoid modes. CD& i s   u s u a l l y   c o n s i d e r e d   t o  be z e r o   f o r   m o s t  
l i g h t   a i r c r a f t .   I f  a va lue   were   ca l cu la ted ,  i t  would  be a t   l e a s t  an o r d e r  
o f   magn i tude   sma l le r   t han  C&, a t   l e a s t  as  small  as .177. Thus, f o r   a l l  
normal   va lues   o f  CD&, bo th   phugo id  and s h o r t   p e r i o d   r o o t s   r e m a i n   i n   v i r t u a l l y  
t h e  same l o c a t i o n .  

F i g u r e s  92a  and  92b i n d i c a t e   t h a t  Cm& i s   q u i t e   i m p o r t a n t   i n   t l l e   s h o r t  
p e r i o d  mode b u t   u n i m p o r t a n t   i n   t h e   p h u g o i d  mode. More   negat ive   va lues   o f  
Cm& decrease  the   f requenc ies  and i n c r e a s e   t h e  damping.  High  negat ive  values 
can  even  lead t o  t w o   h i g h l y  damped a p e r i o d i c  modes. Va lues   g rea te r   t han   ze ro  
should  be  avoided.  In  the  normal  range of v a l u e s ,   a n   e r r o r   i n  Cm& o f  20% 
could  cause a 5% e r r o r   i n   t h e   c a l c u l a t e d   f r e q u e n c y   o f   o s c i l l a t i o n .  The  phugoid 
mode r o o t s   a r e   r e l a t i v e l y   u n a f f e c t e d ,   e v e n  when Cm&, i s  changed  by  an o r d e r   o f  
magnitude. 

F i g u r e s  93a, 93b,  94a, and  94b i n d i c a t e   t h a t   b o t h   t h e   s h o r t   p e r i o d  mode 
and the   phugo id  mode a r e   r e l a t i v e l y   i n s e n s i t i v e  t o  v a r i a t i o n s   i n  CLq and C D ~ .  
I t   i s  n o t e w o r t h y   t h a t  a v a l u e   o f  C L ~  = 0 wou ld   g i ve   a lmos t   t he  same c h a r a c t e r -  
i s t i c s  a s   t h e   v a l u e   c a l c u l a t e d .  199 
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Cmq i s   q u i t e   i m p o r t a n t  t o  the  frequency  and  damping of t h e   s h o r t   p e r i o d  
mode b u t   r e l a t i v e l y   u n i m p o r t a n t  t o  t h o s e  of the   phugo id  mode. The s h o r t  
p e r i o d  roots f o r  v a r i o u s   v a l u e s  o f  Cmq a r e   s i m i l a r   i n   b e h a v i o u r  t o  t h e   r o o t s  
f o r  v a r i o u s   v a l u e s  of  Cm&.(see above). As Cmq becomes more   negat ive ,   the  
f requency  decreases  and  the  damping  increases f o r  t h e   s h o r t .   p e r i o d  mode 
(F igure   95a) .   For   the   normal   range o f  Cmq values,  the  damping i s  more  sensi-  
t i v e  t o  changes i n  Cm than   t he   f requency  of o s c i l l a t i o n .   F o r   v e r y   n e g a t i v e  
va I ues of Cmq, a p e r i o a i c   m o t i o n s   a r e   a c h i e v e d .   V a r i a t i o n s  of Cmq have a Imos-t 
no e f f e c t   o n   t h e   p h u g o i d  damping.  The  frequency o f   t h e   p h u g o i d  mode decreases 
as Cmq becomes more  negative,  as  can  be  observed from Figure  95b. Cmq, of 
course, i s   a l w a y s   n e g a t i v e .  

The  above r e s u l t s   a r e   d i s c u s s e d   b e l o w  from t h e   v i e w p o i n t  of  accep tab le  
r i d i n g   q u a l i t i e s ,   s i n c e   t h e   p r o p e r   r a n g e   o f   t h e  more i m p o r t a n t   s t a b i l i t y  
d e r i v a t i v e s   i s   s i g n i f i c a n t   i n   a c h i e v i n g   t h e s e   q u a l i t i e s .  The   impor tan t   de r i -  
v a t i v e s   w h i c h   a f f e c t   t h e   s h o r t   p e r i o d  mode appear t o  be C L ~ ,  Cma, Cm&, and 
Cmq. I t  would be d e s i r a b l e  t o  have t h e   s h o r t   p e r i o d  damp t o  one-ha l f   ampl i tude 
i n  one  second o r   l e s s ,   w i t h  a damping r a t i o   g r e a t e r   t h a n  0.6 and t o  have t h e  
f requency   l ess   t han   f i ve   rad ians   pe r   second  fo r  a c c e p t a b l e   r i d i n g   q u a l i t i e s  
and l e s s   t h a n   f o u r   r a d i a n s   p e r   s e c o n d   f o r  good r i d i n g   q u a l i t i e s .  Any 
reasonable  va lue of  C L ~  w i l l   p r o v i d e  a damping r a t i o   g r e a t e r   t h a n  0.6, a 
f requehcy less t han  4.25  rad/sec  and a t i m e  fo r  damping t o  one-ha l f   ampl i tude 
of l ess   t han  0.25  seconds. Cma values  between -.23 and -1.0 g i v e   a c c e p t a b l e  
s h o r t   p e r i o d   r i d i n g   q u a l i t i e s   w i t h  a f requency  o f   less  than  5 .0  rad/sec  and 
a damping r a t i o   g r e a t e r   t h a n  0.6. I t   i s   d e s i r a b l e   t o  have Cm& l i e  between 
-4.0  and -17.0; t h e  more nega t i ve   t he   va lue ,   t he   l ower   t he   f requency  and 
h i g h e r   t h e  damping. Cmq should  have  values  between -6.0 and  -29.0 f o r  good 
r i d . i n g   q u a l i t i e s .  

The frequency  and  damping c r i t e r i a   men t ioned   above   p robab . l y   shou ld   be  
regarded  as   app ly ing   on ly  t o  a i r c r a f t   w i t h o u t   a r t i f i c i a l   s t a b i l i t y  augmenta- 
t i o n .  The  geometric  changes  necessary t o  i m p r o v e   t h e   r i d i n g  and h a n d l i n g  
q u a l i t i e s   f u r t h e r   ( i . e .  t o  o b t a i n   u n i t y  damping r a t i o   f o r  an undamped n a t u r a l  
f requency   o f  6 r a d i a n s   p e r   s e c o n d )   s u f f i c i e n t l y   d e g r a d e   a i r c r a f t   p e r f o r m a n c e  
and  payload  capaci ty  as t o  make these  changes  unat t rac t i ve .   Improvements   in  
r i d i n g  and h a n d l i n g   q u a l i t i e s ,  however,  can be o b t a i n e d   w i t h   s t a b i l i t y  augmen- 
t a t i o n   w i t h o u t   s a c r i f i c i n g   e i t h e r   p e r f o r m a n c e   o r   p a y l o a d .  

The  phugoid mode must   a lso  be  cons idered when d i s c u s s i n g   r i d i n g   q u a l i t i e s .  
T h i s  mode should  have a damping r a t i o   o f   a t   l e a s t  0.04, w i t h  a maximum f r e -  
quency o f   abou t  0.3 rad/sec. I f   t h e   p e r i o d  i s  o v e r   t h r e e   t o   f o u r  seconds, 
it c a n   b e   t r a c k e d   b y   t h e   p i l o t   a l t h o u g h   t h e   p i l o t   w o r k   l o a d   w i l l  be  h igh. 
T h e   p h u g o i d   f r e q u e n c y   i s   r e a l l y   n o t   v e r y   c r i t i c a l   a s   l o n g   a s  i t  does n o t  
app roach   t he   sho r t   pe r iod   range .   The   de r i va t i ves  Cm and CT c o n t r i b u t e   o n l y  
t o   t h e   p h u g o i d  mode and  should  be  cons idered  together .   More  pos i t ive  va lues 
o f  CT y i e l d   u n s t a b l e   p h u g o i d   r o o t s ;   f o r   t h e   p a r t i c u l a r   a i r p l a n e   a n a l y z e d ,  
Cm becomes more negat ive   as  CT became more p o s i t i v e   w h i c h   l e a d s   t o  an  increase 
in   phugo id   f requency  and a decrease  in  damping. CL has t h e  most e f f e c t  on 
t h e   f r e q u e n c y   o f   t h e   p h u g o i d  mode, w h i l e  CD m a i n l y   a f f e c t s  damping.  For 
t h e  normal  range of CL va lues  ( .1-1.5) ,  t h e   f r e q u e n c i e s  may t a k e  on values 
as h igh  as 0.3 t o  0.4  rad/sec;  however,  as  the  frequency  increases,  the 
damping a l s o   i n c r e a s e s .   T h e   l a r g e r   t h e   v a l u e   o f  CD, t h e   b e t t e r   t h e   r i d i n g  
q u a l i t i e s ;  however ,   pe r fo rmance   requ i remen ts   mus t   d i c ta te   t he   va lue   o f  CD. 
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Values of  Cma between -0.01 and  -2.5  appear t o  g i v e   s a t i s f a c t o r y   p h u g o i d  
response   by   a f fec t i ng   t he   f requency   wh i l e   keep ing   t he   damp ing   essen t ia l l y  
cons tan t .  Cmq has a sma l l   e f fec t   on   t he   phugo id   f requency ,   bu t   va lues  
between 0.0 and -30 g i v e   d e s i r a b l e   p h u g o i d   r i d i n g   q u a l i t i e s .  

I n   t h e  above  d iscuss ion,  a range o f  d e s i r a b l e  o r  accep tab le   va lues  of 
t h e   i m p o r t a n t   s t a b i l i t y   d e r i v a t i v e s  has  been  given for  the   phugo id   and   sho r t  
p e r i o d   r i d i n g   q u a l i t i e s .  I t  should  be  emphasized t h a t   t h e   d e r i v a t i v e s   h a v e  
been  discussed  as i f  they   were   i ndependen t   o f   t he   o the r   de r i va t i ves ,   wh i l e  
i n   r e a l i t y   t h e y   a r e   n o t .   I n   t h e   t a b l e  below, t h e  mos t   impor tan t   l ong i tud ina l  
s t a b i l i t y   d e r i v a t i v e s   a r e   g i v e n   w i t h   t h e   r a n g e  of  v a l u e s   w h i c h   s h o u l d   r e s u l t  
i n   t h e   d e s i r a b l e   h a n d l i n g   q u a l i t i e s   i n d i c a t e d  above. I t  should  be remembered 
t h a t  even  though  values of  Cmq between 0.0 and -30.0 appear  acceptable,  i f  
t h e   v a l u e s   a r e   v e r y   n e a r   z e r o   t h e n  it w i l l   p r o b a b l y  be  impossib le  t o  o b t a i n  
acceptab le   va lues  f o r  o t h e r   s t a b i l i t y   d e r i v a t i v e s .  

S t a b i l i t y   D e r i v a t i v e   A c c e p t a b l e  Ranqe 

0.03" t o  1 .O 

-0.23 t o  -1.0 

-4.0 t o  -17.0 

0 . 0  t o  -30.0 

Tab le  26. Acceptable range for  l o n g i t u d i n a l   s t a b i l i t y  de r  i v a t  i ves. 

S i n c e   t h e   l o n g i t u d i n a l   s t a b i l i t y   d e r i v a t i v e s   c a n n o t   r e a l l y  be v a r i e d  
independent ly,  i t  was f e l t   t h a t   t h e  movement of t h e   r o o t s  due t o   t h e  changes 
in   t he   a i rp lane ' s   geomet ry   wou ld   be  more i n f o r m a t i v e   t h a n   j u s t  a v a r i a t i o n  
o f  t h e   l o n g i t u d i n a l   s t a b i l i t y   d e r i v a t i v e s .   I n   t h e   c a s e  o f  l o n g i t u d i n a l  
dynamics, t h e  movement o f   t h e   r o o t s  was ca l cu la ted   f o r   va r ious   c .g .   l oca -  
t i o n s ,   h o r i z o n t a l   t a i l   a r e a s ,   t a i l   l e n g t h s ,  and t a i l   e f f i c i e n c i e s .   I t   s h o u l d  
be n o t e d   t h a t   t h e s e   v a r i a t i o n s   w e r e  made w i t h o u t   c h a n g i n g   t h e   o r i g i n a l  
i n e r t i a   c h a r a c t e r i s t i c s  of  t h e   a i r p l a n e .  As an  example o f  how i n e r t i a  changes 
would e f f e c t   t h e   g e o m e t r i c   v a r i a t i o n s ,   t h e   s h o r t   p e r i o d   p l o t   o f  Rt i n d i c a t e s  
t h e   r o o t s   w i t h  and w i t h o u t   t h e   i n e r t i a  changes. I t  shou ld   a l so   be   po in ted  
o u t   t h a t   t h e   t a i l   a r e a  was v a r i e d   i n   s u c h  a way t h a t   t h e   t a i l   a s p e c t   r a t i o  
was h e l d   c o n s t a n t .   T h e   f i g u r e s   a n d   t a b l e s   b e l o w   c a n   b e   u s e d   t o   t r a c k   t h e  
r o o t s .  

The  phugoid  and  shor t   per iod  f requencies  decreased  as  the  c .g .  was moved 
a f t ,   u n t i l   a p e r i o d i c  modes were   ob ta ined   f o r   bo th   (F igu re  96 and  Table  44) .  
The s h o r t   p e r i o d  damping  decreased  and the  phugoid  damping  remained  almost 
c o n s t a n t   a s   t h e  C.Q. moved a f t  UP t o  42.5% m.a.c. The s h o r t   p e r i o d   r o o t s  . a t  45% were a p e r i o d i c  wi th  t h e   c . g .   a t  42.5% m.a-.c., wh 

*Lower  va lues  o f  CD wi l l  r e q u i r e   a r t i f i c i a l  
damping c r i t e r i o n .  

i l e   w i t h   t h e   c . g  

damping t o  meet t h e  phugo i d 
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m.a.c., t he   phugo id  roots were   ape r iod i c   w i th   one   uns tab le   roo t .   Fo r  a 
c . g .   l o c a t i o n   a t  47.5%, t h e r e  was a phugo id -sho r t   pe r iod   coup l i ng   as   we l l  
a s   o n e   v e r y   s t a b l e   s h o r t   p e r i o d   r o o t  and  an uns tab le   phugo id   roo t .  

The v a r i a t i o n s   i n   h o r i z o n t a l   t a i l   a r e a   w i t h   t a i l   a s p e c t   r a t i o   h e l d  
c o n s t a n t  showed t h a t   t h e   s h o r t   p e r i o d  damping  increased  and  the  frequency 
decreased f o r   t a i l   a r e a s   g r e a t e r   t h a n   t h a t  of  t h e  Cessna 182. T a i l   a r e a s   l e s s  
than   t he   o r i g ina l   a rea   gave   l ower   f requenc ies   and   l ower   sho r t   pe r iod  damping 
(F igure   97a) .  The  phugoid  damping was v i r t u a l l y   u n a f f e c t e d  by t h e   v a r i a t i o n s  
i n   t a i l   a r e a   w h i l e   t h e   n a t u r a l   f r e q u e n c y  showed only  smal l   changes. 

F o r   t h e   v a r i a t i o n   i n   t a i l   l e n g t h   w i t h o u t   i n e r t i a   e f f e c t s ,   t h e   s h o r t  
p e r i o d  damping  increased  and  the  f requency  decreased  for  t a i l   l e n g t h s  
g r e a t e r   t h a n   t h a t   o f   t h e  Cessna  182 ( F i g u r e   9 8 a ) .   T a i l   l e n g t h s   l e s s   t h a n   t h e  
o r ig ina l   l eng th   gave   l ower   f requenc ies   w i th   l ower   sho r t   pe r iod   damp ing .  Two 
a p e r i o d i c   r o o t s   a r e   o b t a i n e d   f o r   t a i l   l e n g t h s   s l i g h t l y   b e l o w  45% o f   t h e  
o r i g i n a l   l e n g t h .  The t r a j e c t o r y   o f   t h e   s h o r t   p e r i o d   r o o t s   c o n s i d e r i n g  
i n e r t i a  changes was s i m i l a r  t o  t h a t   c a l c u l a t e d   w i t h o u t   c o n s i d e r i n g   i n e r t i a  
changes b u t   e x h i b i t e d   h i g h e r  damping r a t i o s   f o r   l o n g e r   t a i l   l e n g t h s  and 
l o w e r   d a m p i n g   r a t i o s   f o r   s h o r t e r   t a i l   l e n g t h s .  The  phugoid  damping was 
a l m o s t   u n a f f e c t e d   b y   v a r i a t i o n   i n   t a i  I l eng th   f rom 200% t o  45% o f   t h e   o r i g i  na I 
value,  as  seen i n   F i g u r e  98b.  The  f requency  did  decrease  as t a i l   l e n g t h  
decreased,   but   no  unreasonable  f requencies  were  obta ined fo r  the   range  of 
t a i l   l e n g t h   v a r i a t i o n s .  As may b e   e x p e c t e d ,   t h e   v a r i a t i o n   o f   t a i l   e f f i c i e n c y ,  
qt, gave r e s u l t s   s i m i l a r  t o  t h o s e   f o r   t a i l   l e n g t h   v a r i a t i o n   ( F i g u r e s  99a 
and  99b). 
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LATERAL VARIATIONS 

F i g u r e  100  shows t h e   e f f e c t  of  CYB v a r i a t i o n s   o n   l a t e r a l   d y n a m i c s .   I n  
F i g u r e  100a, the   Du tch  R o l l  natura l   f requency   appears   near ly   unaf fec ted   by  
changes i n  CY@; however, Dutch Roll damping  increases  s lowly fo r  more n e g a t i v e  
va lues of  cy^. F o r   p r a c t i c a l   a i r f r a m e   c o n f i g u r a t i o n s ,   cy^ i s   n e v e r   p o s i t i v e .  
F.igures 100b  and 1OOc show t h e   n e a r l y   n e g l i g i b l e   e f f e c t  of   cy^ o n   t h e   s p i r a l  
and P o l l  modes, r e s p e c t i v e l y .   I n   g e n e r a l ,   t h e   t h r e e  modes seem r e l a t i v e l y  
i n s e n s i t i v e  t o  changes i n  CY6. 

The e f f e c t  o f  CQ v a r i a t i o n  on  the  Dutch Roll mode i s  seen i n   F i g u r e  
l o l a ,  where  large  negat ive  va lues of  CQ decrease  the  damping  and  increase  the 
na tura l   f requency ,  and pos i t i ve   va lues   improve  damping  and  decrease t h e  
natural  frequency;  however, fo r  t y p i c a l   v a l u e s  of  CRB, t h e   D u t c h   R o l l  mode 
i s   o n l y   s l i g h t l y   a f f e c t e d .  The s p i r a l  mode, a s   p o i n t e d   o u t   i n   F i g u r e  101b, 
i s  more s t a b l e  fo r  l a rge   nega t i ve   va lues   o f  Cj$ b u t   l e s s   s t a b l e   f o r   b o t h  
smal l   negat ive   va lues   and  any   pos i t i ve   va lues .   Thus   an   a i rc ra f t  may be made 
more s p i r a l l y   s t a b l e  by i n c r e a s i n g   t h e   w i n g   d i h e d r a l ;  however, t h e r e   i s  a 
l i m i t  t o  t h e  amount o f   d i h e d r a l  because of t h e   a d v e r s e   e f f e c t  of la rge  nega- 
t i v e   v a l u e s   o f  C@ on  the   Dutch   Ro l l  mode. The r o l l  mode ( F i g u r e   1 0 1 c )   i s  
a l s o  more s t a b l e   f o r   l a r g e r   n e g a t i v e   v a l u e s   o f  CQ, b u t  s u b s t a n t i a l  changes 
a r e   n e c e s s a r y   f o r   t h e   e f f e c t  t o  be ve ry   no t i ceab le .  

The Dutch R o l l  f r e q u e n c y   i s   h i g h l y   s e n s i t i v e   t o  changes i n  CnB, F i g u r e  
102a, w i t h   l a r g e   p o s i t i v e   v a l u e s   c a u s i n g   v e r y   h i g h   f r e q u e n c i e s ;   s m a l l   n e g a t i v e  
v a l u e s ,   w h i c h   a r e   p o s s i b l e   f o r   a i r f r a m e s   w i t h   s m a l l   v e r t i c a l   t a i l s ,   p r o d u c e  
an unstable  system.  Dutch Ro l l  damping i s   r e l a t i v e l y   u n a f f e c t e d  by changes 
i n  Cng. The s p i r a l  mode ( F i g u r e  102b) i s   m o d e r a t e l y   s e n s i t i v e   t o  changes i n  
Cng; it becomes more s tab le   as  CnB grows  smal ler  and becomes negat ive .  The 
r o l l  mode ( F i g u r e   1 0 2 ~ )   i s   u n a f f e c t e d  by  changes i n  CnB. 

i n   F i g u r e s  103a, 103&, and  103c. 
V a r i a t i o n   i n  Cy has no e f f e c t  on  any o f   t h e   l a t e r a l  modes, as   i nd i ca ted  

F i g u r e  104a  shows t h a t   t h e   D u t c h  R o l l  mode i s   o n l y   s l i g h t l y   a f f e c t e d  by 
v a r i a t i o n   i n  CgP.  The s p i r a l  mode i n   F i g u r e  104b i s  somewhat  more s e n s i t i v e ;  
l ess   nega t i ve   va lues   o f  Cgp i n c r e a s e   t h e   s t a b i l i t y ;   p o s i t i v e   v a l u e s   o f  CgP 
a r e   n o t   p h y s i c a l l y   p o s s i b l e .   O b v i o u s l y ,   t h e   r o l l  mode i n   F i g u r e  104c i s  
h i g h l y   s e n s i t i v e  t o  changes i n  CkP, the   damping- in - ro l l   der iva t ive ,   as  it 
becomes more s t a b l e   f o r   i n c r e a s i n g l y   n e g a t i v e   v a l u e s   o f  Cf, For   very   smal l  
n e g a t i v e   v a l u e s   a n d   f o r   p o s i t i v e   v a l u e s ,   t h e  r o l l  and s p i r a l  modes couple 
t o  p r o d u c e   t h e   r o l l - s p i r a l   o s c i l l a t o r y  mode. MIL-F-8785B, (Ref .  41, spec i -  
f i c a l l y   p r o h i b i t s   t h i s .  

P '  

F i g u r e  105a  shows t h e   e f f e c t   o n   t h e   D u t c h  Ro l l  mode of  v a r i a t i o n s   i n  Cnp. 
Large   negat ive   va lues   cause  an   inc rease  in   na tura l   f requency ,   whereas   pos i t i ve  
values  decrease  the  f requency  and  damping  unt i l   the  system becomes uns tab le .  
The s p i r a l  mode ( F i g u r e  105b) i s   v i r t u a l l y   u n a f f e c t e d  by  changes i n  Cnp, and 
t h e  r o l l  mode ( F i g u r e   1 0 5 ~ )  becomes l e s s   s t a b l e  for  large, -   negat ive  va lues 
of  Cnp. 203 



V a r i a t i o n   i n  Cyr has  a lmost  no e f f e c t   o n  any of  t h e   l a t e r a l  modes, as 
F i g u r e s  106a, 106b, and  106c i n d i c a t e .  

L a r g e r   p o s i t i v e   v a l u e s  of C R r  ( F i g u r e  107a)   inc rease  the   Dutch  Roll  
damping, b u t   h a v e   l i t t l e   e f f e c t   o n   t h e   n a t u r a l   f r e q u e n c y .   M o r e   p o s i t i v e  
values,  though, seem t o  g i v e   a n   u n s t a b l e   s p i r a l  mode ( F i g u r e  107b)  and a 
s t a b l e  ro l  I mode ( F i g u r e   1 0 7 ~ ) .  

I ess 

F igure  108 shows t h e   e f f e c t  of v a r i a t i o n s   i n  Cnr o n   a l l   t h r e e  modes. 
F o r   l a r g e r   n e g a t i v e   v a l u e s  of  Cnr, t h e   D u t c h  Roll  becomes two a p e r i o d i c  modes, 
w i t h  one root mov ing   toward   the  r o l l  mode r o o t  and  another   roo t   approach ing  
t h e   s p i r a l  root. These  roots  meet and, a t  one p o i n t ,  two o s c i l l a t o r y  modes 
e x i s t .   T h i s   s i t u a t i o n ,  however, may n o t   b e   p h y s i c a l l y   o b t a i n a b l e .   F o r   l e s s  
n e g a t i v e   v a l u e s  of Cnr, t he   Du tch  Roll  damping  decreases, b u t   t h e  r o l l  and 
s p i r a l  modes a r e   l i t t l e   a f f e c t e d .  

T h e   p r e v i o u s   r e s u l t s   a r e  examined  below from t h e   v i e w p o i n t   o f   a c c e p t a b l e  
r i d i n g   q u a l i t i e s .   C o n s i d e r a t i o n   i s   g i v e n   s p e c i f i c a l l y   t o   t h e   a l l o w a b l e   r a n g e  
of  s e v e r a l   i m p o r t a n t   s t a b i l i t y   d e r i v a t i v e s   g o v e r n i n g   t h e s e   q u a l i t i e s .  Two 
s t a b i l i t y   d e r i v a t i v e s ,  CnB and  Cnr, seem t o  have t h e   m o s t   e f f e c t   o n   t h e   D u t c h  
RoI.1 mode. Us ing  a minimum  <d (Dutch Rol l  damping r a t i o )  of t h e   l a r g e r  of  
.19 and .35/wnd  and l i m i t i n g   t h e   n a t u r a l   f r e q u e n c y  t o  a range from one  rad ian  
per  second t o   a b o u t   f i v e   r a d i a n s   p e r  second, a r a n g e   o f   v a l u e s  fo r  these  
t w o   d e r i v a t i v e s  was determined. CnB, which  determines  the  natura l   f requency,  
s h o u l d   l i e  between  about .01 and  about  .15  per  radian. A lso Cnr, t h e  yaw- 
damping d e r i v a t i v e ,  was found t o  have a minimum v a l u e  of  -.45 p e r   r a d i a n  
t o  s a t i s f y   t h e   r e q u i r e m e n t  for  minimum  and  and a maximum v a l u e  of  -.09 p e r  

a t   l e a s t  .19. r a d i a n  t o  g i v e  a damping r a t i o  of  

The s t a b i l i t y   d e r i v a t i v e  Cg,g 
mode. F o r   b e s t   r i d i n g   q u a l i t i e s ,  
des i red .  To a t t a i n   t h i s ,  a v a l u e  
T h i s  may be accompl ished,  physica 
w ing   d ihed ra l ,   bu t   l a rge   nega t i ve  
R o l l  mode by   i nc reas ing   t he  
Cg,g o f   a b o u t  -0.4 p e r   r a d i a n  

seems t o  have t h e   m o s t   e f f e c t   o n   t h e   s p i r a l  
a t   l e a s t  a n e u t r a l l y   s t a b l e   s p i r a l  mode i s  
o f  Cg,g more n e g a t i v e   t h a n  -.05 i s  needed. 

I l y ,  by   i nc reas ing   t he  amount of a i r c r a f t  
v a l u e s   o f  Cgg a d v e r s e l y   a f f e c t   t h e   D u t c h  

i s   c o n s i d e r e d   t h e   m o s t   n e g a t i v e   v a l u e   p e r m i s s i b l e .  
frequency  and  decreasing  the  damping,  thus, a 

The s t a b i ! i t y   o f   t h e   r o l l  mode i s   d e t e r m i n e d   p r i m a r i l y  by Cg, , t h e  
dampi ng- i   n- ro l  I d e r i v a t i v e .   F o r  a ~ / T R  l ess   than  about  0.7, wh icR seems 
d e s i r a b l e   f o r  e a s y   h a n d l i n g ,   t h e   v a l u e   o f  CgP must   be  less  than -.04 p e r  
rad ian;   however ,   too  large a n e g a t i v e   v a l u e   o f  Cg, may c a u s e   t h e   a i r c r a f t  
t o   r e a c t   s l u g g i s h l y  t o  t h e   p i l o t ' s  commands, and  one of the   requ i remen ts  
for  e a s y   m a n e u v e r a b i l i t y   i s   t h a t   t h e   a i r c r a f t  be a b l e   t o   r o l l  a c e r t a i n  
number o f   d e g r e e s   i n  a f i n i t e  amount of t ime .  

P 

The f o l l o w i n g   t a b l e   l i s t s   t h e   i m p o r t a n t   l a t e r a l   s t a b i l i t y   d e r i v a t i v e s  
w i t h   t h e i r   s u g g e s t e d   r a n g e   o f   v a l u e s   f o r   d e s i r a b l e   h a n d l i n g   q u a l i t i e s .  
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S t a b i l i t y   D e r i v a t i v e s  Acceptable Range 

- ~~ 

" ~ ~" ~ ( p e r   r a d  i an) 

c"B 

'nr 

QB 

QP 

.01 t o  .15 

-0.45 t o  -0.09 

-0.40 t o  -0.05 

less   than  -0 .04  

T a b l e  27. Acceptable  range fo r  l a t e r a l   s t a b i l i t y   d e r i v a t i v e s .  

S i n c e   t h e   l a t e r a l   s t a b i l i t y   d e r i v a t i v e s   c a n n o t   p h y s i c a l l y   b e   v a r i e d  
independent ly,  it seems necessary t o  d i s c u s s   t h e  movement o f   t h e   r o o t s   o f   t h e  
c h a r a c t e r i s t i c   e q u a t i o n  due t o  a v a r i a t i o n  of the   a i rp lane ' s   geomet ry .   Fo r  
t h e   l a t e r a l  dynamics  case, t h e   l e n g t h   t o   t h e   v e r t i c a l   t a i l ,  Rv, t h e   a r e a   o f  
t h e   v e r t i c a l   t a i l ,  Sv, t he   w ing   d ihed ra l   ang le ,  and a c o m b i n a t i o n   o f   v e r t i c a l  
t a i l  area  and  wing  dihedral   were  var ied.  

The e f f e c t   o n   t h e   D u t c h   R o l l   ( F i g u r e  109a) o f   i n c r e a s i n g  Rv i s  t o  i n -  
c rease  bo th   f requency  and  damping  of t h i s  mode. The  reason  fo r   th is   can   be  
ga the red   by   examin ing   t he   e f fec t   on   Du tch   Ro l l   cha rac te r i s t i cs  of  CnB and 
Cnr v a r i a t i o n s .   I n c r e a s i n g  Rv makes Cng more p o s i t i v e .   T h i s   h a s  a d i r e c t  
i n f l uence   on   t he   f requency  of  t h e   D u t c h   R o l l .   I n c r e a s i n g  Rv a l s o  makes 
Cnr   more   negat ive .   For   smal l   inc reases   in   the   magn i tude  o f  Cnr, t h e  damping 
of t h e   D u t c h   R o l l  is i n c r e a s e d   b u t   t h e   p e r i o d   i s   u n a f f e c t e d .   F i n a l l y ,  f o r  
l a r g e   n e g a t i v e   v a l u e s  of Cnr, t h e   p e r i o d  of t h e   D u t c h   R o l l   i n c r e a s e s  and t h e  
damping a l so   i nc reases .   Fo r  Rv up t o  150% of  t h e   o r i g i n a l ,  Cng seems t o  
d o m i n a t e   a s   t h e   f r e q u e n c y   r i s e s   q u i t e   r a p i d l y ,   b u t   f o r  Rv g r e a t e r   t h a n  150% 
t h e   f r e q u e n c y   l e v e l s   o f f  and the   sys tem becomes more h i g h l y  damped as Cnr 
becomes dominant.   For  decreasing Rv, bo th   t he   f requency  and  damping  decrease 
u n t i l ,   a t   a b o u t  35% o f   t h e   o r i g i n a l   t a i l   l e n g t h ,   t h e   s y s t e m  becomes uns tab le .  
The s p i r a l  mode (F igure  109b)  becomes more s t a b l e  for  b o t h   i n c r e a s i n g  and 
decreas ing Rv. T h i s   i s   p o s s i b l e   s i n c e   i n   t h e   e x p r e s s i o n ,  CgP Cng/(CgB Cnr - 
Cng Cfir)CyP, wh ich   gove rns   t he   sp i ra l   roo t ,   Cn r ,  CnB, and Cgr a l l  change 
w i t h  Rv v a r i a t i o n .  The r o l l  mode ( F i g u r e   1 0 9 ~ )   i s   u n a f f e c t e d   b y   c h a n g e s   i n  
v e r t i c a l   t a i l   l e n g t h   s i n c e  Cgp i s   no t   dependen t  on Rv. The moment of i n e r t i a  
IZZ was h e l d   c o n s t a n t   f o r   o n e   s e t  of Rv v a r i a t i o n s  and a l l o w e d   t o  change f o r  
t h e  second s e t   o f  Rv v a r i a t i o n s .  The r e s u l t s   o f   b o t h   a r e  shown i n   F i g u r e  109 
and i n e r t i a  changes   p roduce   on l y   sma l l   de f l ec t i ons   i n   t he   cu rves   w i th   t he  
genera l   t rends   rema in ing   t he  same. 

F i g u r e  110a  shows t h e   e f f e c t  of v e r t i c a l   t a i l   a r e a   v a r i a t i o n   o n   t h e  
Dutch Roll  mode. I n c r e a s i n g  S v  g i v e s   b o t h  a h igher   f requency  and a s l i g h t l y  
more damped sys tem  s ince  CnB and Cnr a r e   a g a i n   s u b s t a n t i a l l y   a f f e c t e d   b y  
changes i n   v e r t i c a l   t a i l   a r e a .  (Cnr becomes less   nega t i ve   as  Sv decreases; 
fo r  t h e  same c o n d i t i o n s  CnB  may go   th rough  zero  and become n e g a t i v e )   w i t h  a 
v a l u e  of about  48% of  t h e   o r i g i n a l   t a i l   a r e a ,   t h e   s y s t e m  becomes uns tab le .  
The s p i r a l  mode ( F i g u r e  110b) becomes more s t a b l e   f o r   d e c r e a s i n g   v e r t i c a l  
t a i l  a r e a ,   s i n c e   t h i s   p r o d u c e s   s m a l l   p o s i t i v e  o r  even  negat ive   va lues  of  Cne 
(Figure  102b).   The r o l l  mode ( F i g u r e   1 1 0 ~ )   r e m a i n s   u n a f f e c t e d   s i n c e  CR i s  P 
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only slightly  affected by changes in vertical tai I area. 

The  effect of variations in wing dihedral  on  the  Dutch Roll mode  is  modest 
as  shown in Figure  llla.  However,  the  spiral  mode  (Figure l l l b )  is  heavily 
dependent  on wing dihedral,  since  this  determines  the  value  of C ~ Q B ,  the 
"effective  dihedral"  derivative.  Positive  dihedral  angle  gives a more  stable 
spiral  mode and negative  dihedral  causes  the  mode  to  become  unstable.  The 
roll  mode  (Figure  lllc) i s  essentially  constant  for wing dihedral  variation. 

The  combination  of  changing  both  vertical  tail  area and wing dihedral  is 
shown in Figure  112.  The  Dutch Rol l  mode  (Figure  112a)  is  the  same  as  that 
for SV variation  alone  since  dihedral angle has  little  effect  on  this  mode. 
However,  the  spiral  mode  (Figure 112b1, which  previously  became  less  stable 
for  increasing SV, now  can  be  made  more  stable by an increase in the  dihedral 
angle.  Thus  the  Dutch  Roll  and  spiral  modes may both  be  improved by 
simultaneously  increasing  vertical  tail  area and dihedral angle.  The 
roll  mode  (Figure  112c)  remains  unaffected. 
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Short Psriod Mode Roots for the CL Variation 
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Phugoid Mode Roots for the  CLVariation 
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NUMERATOR  ROOTS 

U 

I STAB I L I TY 
DERIVATIVE 

-0.5 
-0. I 

0. I 
0.3093 
0.75 
I .5 
3.0 
4.0 
4.5 
5.0 

-0.5 
-0. I 

0. I 
0.3093 
0.75 
I .5 
3.0 
4.0 
4.5 
5.0 

-0.5 
-0. I 

0. I 
0.3093 
0.75 
I .5 
3.0 
4.0 
4.5 
5.0 

REAL I MAG I NARY REAL 

- 0.71701 
- I .29165 
- 2.12606 
- 7.68330 
- 5.92058 
- 6.66843 
- 9.03239 
-10.68138 
- I  I .51 191 
- I 2.34472 

-0.28084 
-0. I3526 
-0.0 I509 
-0.0 I 472 
-0.0 I 393 
-0.0 I259 
-0.0099 1 
-0.008 I 2  
-0.00723 
-0.00633 

-0.09750 
-0.03463 
-0.03088 
-0.04605 
-0. I4779 
-0.768 I 7 
- I .04730 
- I ,04790 
- I ,04820 
- I  .0485 I 

0.0 -26.9358 I 
0.0 -2 I .2794 I 
0.0 - I 7.28866 
0.0 - 7.93156 

k15.08719 
k26.45906 
k40.574 I 7  
k47.65224 
k50.80265 
k53.75583 

0.0 
0.0 

k0. 1 I668 
k0.20640 
f0.32196 
k0. 045569 
k0. 64493 
-10.74498 
k0. 79032 
k0. 83322 

e 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
k I .70249 
k2.45078 
k2.81025 
k3.  I6440 

0.24735 
0. I0320 

-9.99285 
-2.0562 I 
-2.06020 
-2.04529 
- I .94407 
- I  .3246 I 

REAL 

2 I .6049 
15. I774 
I I .34820 
6.84425 
I .58786 
0.56020 
0.24139 
0. I7489 
0.15371 
0. I371 I 

-195.51762 
-195.46607 
-195.44030 
-195.41333 
-195.35655 
-195.25991 
-195.06664 
-194.93780 
-194.87339 
-194.80897 

Tab le  2 8  Numera tor   roo ts   fo r  CL v a r i a t i o n s .  
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Short  Period  Mode  Roots for CDVariation 
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Phugoid Mode Roots for the Cg Variation 

Re 

CDValues listed 

beside roots 

F i g u r e  84b 

t --.20 

21 1 



NUMERATOR  ROOTS 

U 

STAB I L I T Y  
DER I VAT I VE 

-0.03 
0.031 I 
0 .3  
0.35 
0.4 
0.5 

-0.03 
0.031 I 
0 . 3  
0.35 
0.4 
0.5 

-0.03 
0.031 I 
0 . 3  
0.35 
0.4 
0.5 

REAL 

-7.  I7723 
-7.68330 
-7.907  I9 
-7.92566 
-7.94408 
-7.98077 

0.01478 
-0.0 I472 
-0.14171 
-0.  I6542 
-0.18914 
-0.35238 

0.01315 
-0.04605 
-0.30099 
-0.34860 
-0.39622 
-0,49148 

I MAG I NARY 

0.0 
0.0 

51.21744 
kl .32588 
51.42569 
*I .60575 

10.20640 
W .  20640 
+O. I5078 
*O. I2430 
k0.08393 
0.0 

0 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

REAL  REAL 

-8.39084 6.82668 
-7.93  I56 6.84425 

6.91800 
6.93144 
6.94479 
6.971 18 

-195.41334 
-195.41333 
-195.41328 
-195.41327 
-!95.4!326 

-0.12191  -195.41324 

-2.0  I60 I 
-2.04529 
-2.17126 
-2.19476 
-2.2 I826 
-2.26524 

Table 24 Numerator r o o t s   f o r  C va r i a t ions .  
D 
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Short Period Mode Roots for the Cm Variation 
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Phugoid  Mode Roots for  the C, Variation 
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NUMERATOR ROOTS 

U 

STAB1 L l T Y  
DERIVATIVE 

-0.5 
-0.25 
-0. I 
0.0 
9.15 
0.30 
0.50 

-0.5 
-0.25 
-0. I 

0.0 
0.15 
0.30 
0.50 

-0.5 
-0.25 
-0. I 

0.0 
0.15 
0.30 
0.50 

REAL 

-7.68330 
-7.68330 
-7.68330 
-7.68330 
-7.68330 
-7.68330 
-7.68330 

I MAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

-0.00400 +O. I4062 
-0,00936 +O. I7668 
-0.0 I 257 *O. I9507 
-0.0 I472 k0.20640 
-0.0 I793 k0. 22227 
-0.021  I5 k0 .23704 
-0.02544 k0. 25535 

-0.01557 0.0 
-0.03078 0.0 
-0.03993 0.0 
-0.04605 0.0 
-0.05524 0.0 
-0.06445 0.0 
-0.07677 0.0 

REAL 

-7.93156 
-7.93156 
-7.93  I56 
-7.93156 
-7.93156 
-7.93  I56 
-7.93156 

-2.05353 
-2.04944 
-2.04696 
-2.04529 
-2.04277 
-2.04022 
-2.03679 

REAL 

6.84425 
6.84425 
6.84425 
6.84425 
6.84425 
6.84425 
6.84425 

-195.43477 
-195.42405 
-195.41762 
-195.41333 
-195.40690 
-195.40047 
-195.39189 

Table 3 0 .  Numerator roots  for C, variations. 
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Short  Period  Mode Roots for the  hr iat ion 
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PhugoM Mode Roots  for the CT Variatlon 
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NUMERATOR  ROOTS 

U 

STAB I L I TY 
DERIVATIVE REAL 

-0.5 
-0.2 
0.0 
0.2 
0.4 
0.5 

-0.5 
-0.2 

0.0 
0.2 
0.4 
0.5 

-0.5 
-0.2 
0.0 
0.2 
0.4 
0.5 

-7.68330 
-7.68330 
-7.68330 
-7.68330 
-7.68330 
-7.68330 

-0.40952 
-0. I0940 
-0.0 I472 

0.07997 
0. ! 7466 
0. I7346 

-0.52  I96 
-0.23624 
-0.04605 

0. I4399 
0.33390 
0.42882 

I MAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

AI2 

0.0 
k0. I7076 
+O. 20640 
k0. I9522 
k0.12527 
0.0 

e 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

REAL  REAL 

-7.93  I56 6.84425 
-7.93  I56 6.84425, 
-7.93 I 56 6.84425 
-7.93 I56  6.84425 
-7.93 ! 56 6.84425 
-7.93  I56 6.84425 

-0.09450  -195.41718 
-195.41487 
-195.41333 
-195.41180 
-195.41027 

0.26937  -195.40950 

-2.04256 
-2.04437 
-2.04529 
-2.04605 
-2.04669 
-2.04697 

Tab le  31. Numera tor   roo ts  for 5 v a r i a t i o n s .  



Short Period Mode Roots for t h e   C L 2 r i a t i o n  
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Phugoid Mode Roots for the C L ~  Variation 

/ 

Re 
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STAB I L I TY 
D E R I V A T I V E  

- 4.0 
0.0 
4.608 
8.0 

12.0 
15.0 
20.0 

- 4.0 
0.0 
4.608 
8.0 

12.0 
15.0 
20.0 

- 4.0 
0.0 
4.608 
8.0 

12.0 
15.0 
20.0 

REAL 

3.8569 I 
0.48723 
6.84425 

- 8.98685 
- IO. 23230 
- I   I .  10984 
- I 2.50753 

-0.0 I472 
-0.0 I 472 
-0.0 I472 
-0.0 I472 
-0.0 I472 
-0.0 I 472 
-0.0 I472 

-0.01518 
0.04672 

-0.04605 
-0.03914 
-0.036 I 9 
-0.03503 
-0.03389 

NUMERATOR  ROOTS 

U 

I MAG I NARY 

Q. 24363 
0.0 
0.0 

k4.  I0263 
k5.68619 
k6.45655 
k7.331 19 

Aa 

k0.20640 
k0. 20640 
k0. 20640 
k0. 20640 
k0.20640 
k0. 20640 
k0.20640 

REAL 

4.46793 
-7.68330 

e 
0.0 2.00513 

0.0 -2.04529 
0.0 -3.66043 
0.0 -5.55989 
0.0 -6.98343 
0.0 -9.35520 

a. I5901 

REAL 

- 12.4401 0 
- I I .56084 
- 7.93156 

7.60946 
8.22106 
8.56664 
9.01289 

-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 

Tab le  32.  N u m e r a t o r  roots for  qCc v a r i a t i o n s .  
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Short  Period  Mode Roots for the  CgaVariation 
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Phugoid Mode Roots tor the Cpa Vartation 
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NUMERATOR  ROOTS 

U 

STAB1 LITY 
DERIVATIVE 

-0.5 
0. t256 
I .5 

-0.5 
0. I256 
I .5 

-0.5 
0. I256 
I .5 

REAL 

-5.98845 
-7.68330 
-0.43878 

-0.01472 
-0.0 I 472 
-0.01472 

-0.09055 
-0.04605 

0.04537 

I MAG I NARY REAL  REAL 

k18.51477 I .I0150 
0.0 - 7.93156  6.84425 
0.0 -32.75372  29.04580 

ACI 

+O .20640 
k0.20640 
+O. 20640 

e 
0.0 -2.00078 
0.0 -2.04529 
0.0 -2.  I367 I 

-195.41333 
-195.41333 
-195.41333 

Tab le  33. Numera tor   roo ts   fo r  C,, v a r i a t i o n s .  
c1 
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Short. &riod Mode Roots for the *Variation 
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Phugoid  Mode  Roots for the Cm,Variation 

Re 

~ m ,  Values listed 

beside roots 
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STAB I L I TY 
DERIVATIVE 

-2.5 
- I  .5 
-0.8852 
-0.6 
-0.3 
-0.25 
-0.2 
-0.08 
-0.02 
-0.01 

0.0 
0 .  I 

-2.5 
- I  .5 
-0.8852 
-0.6 
-0.3 
-0.25 
-0.2 
-0.08 
-0.02 
-0.01 

0.0 
0. I 

-2.5 
- I  .5 
-0.8852 
-0.6 
-0.3 
-0.25 
-0.2 
-0.08 
-0.02 
-0.01 

0.0 
0 .  I 

REAL 

-6.9 I423 
-7.46700 
-7.68330 
-5.99482 
-5.330 I 2  
-5.24383 
-5. I6223 
-4.98270 
-4.90034 
-4.88704 
-4.87385 
-4.74795 

-0.0 I 472 
-0.0 I 472 
-0.0 I472 
-0.0 I472 
-0.0 I472 
-0.0 I472 
-0.0 I472 
-0.0 I472 
-0.0 I472 
-0.0 I 472 
-0.0 I 472 
-0.0 I472 

-0.05433 
-0.04893 
-0.04605 
-0.04480 
-0.04356 
-0.04335 
-0.04315 
-0.04268 
-0.04244 
-0.04240 
-0.04237 
-0.04 I98 

NUMERATOR  ROOTS 

U 

I MAG I NARY 

- +4.94 608 
k2.95479 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0 .0  

Aa 

k0.20640 
k0.20640 
+O. 20640 
+O. 20640 
+O .20640 
+O. 20640 
+O. 20640 
- +O. 20640 
+O. 20640 

k0.  20640 
+O. 20640 

- TO. 20640 

e 

0.0  
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

REAL 

- 7.93156 
- 9.93315 
- I 0.92447 
- I I .06490 
- I I .20053 
- I I .50937 
- I  I .65618 
- I  1.68021 
- I  I .70412 
- I  I .  93702 

REAL 

5.05789 
6. I6344 
6.84425 
7. I5734 
7.48395 
7.53808 
7.59212 
7.72143 
7.78587 
7.79660 
7.80732 
7.91432 

-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 

- I .78232 
- I .94544 
-2.04529 
-2.09151 
-2. I4008 
-2.14816 
-2.  I5625 
-2.  I7565 
-2.  I8535 
-2. I8697 
-2. I8858 
-2.20474 

Tab l e  34. Numerator  roots f o r  C, v a r i a t i o n s .  a 

- .. " 
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Short Period Mode Roots for the CLfariation 
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Phugoid Mode Roots for the Cb%rlation 
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NUMERATOR  ROOTS 

U 

STAB1 L I P /  
DERIVATIVE REAL I MAG I NARY 

- 2.0  -7.81212 f l  .36416 
I .7419 -7.68330 0.0 

20.0 -4.97289 0.0 

- 2.0 -0.0 I472 t-0.20640 
I .7419 -0.0 I472 t-0.20640 

20.0 -0.0 I 472 20.20640 

e 
- 2.0 -0.04604 0.0 

I .7419 -0.04605 0.0 
20.0 -0.04608  0.0 

REAL  REAL 

6.7637 I 
- 7.93156  6.84425 
-10.61842  7.21373 

-195.41333 
-195.41333 
-195.41333 

-2.08659 
-2.04529 
- I  .86499 

Tab le  35. N u m e r a t o r   r o o t s   f o r  G. v a r i a t i o n s .  
c1 
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Phugoid Mode Roots for tbc CM Variation 
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STAB I L I TY 
DERIVATIVE 

- I  .o 
0.0 
I .o 

- I  .o  
0.0 
I .o 

- I  .o 
0.0 
I .o 

REAL 

-4.34161 
-7.68330 
-5.29188 

-0.0 I 472 
-0.0 I472 
-0.0 I472 

-0.0460 I 
-0.04605 
-0.04608 

NUMERATOR  ROOTS 

U 

I MAG I NARY REAL 

0.0 - 16.685 
0.0 

k4.46484 

ACi 

+O. 20640 
*O .20640 
+O. 20640 

e 

0.0 
0.0 
0.0 

REAL 

19 5.55105 
- 7.93156  6.84425 

9.03719 

-195.41333 
-195.41333 
-195.41333 

-2.04686 
-2.04529 
-2.0437 I 

Tab le  36. Numerator  roots f o r  C v a r i a t i o n s .  
D; 
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Short  Period  Mode  Roots  for  the  CmVariation 
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I I 

110 -.OS 

C,, Values listed 
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m 

.20 
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STAB I L I TY 
DER1 VAT I VE 

-50.0 
-20.0 
-15.0 
-10.0 
- 5.237 

0.0 
5.0 

-50.0 
-20.0 
-15.0 
-10.0 
- 5.237 

0.0 
5.0 

-50.0 
-20.0 
- !5 .0 
-10.0 
- 5.237 

0.0 
5.0 

REAL 

-3.90188 
-4.97207 
-5.34358 
-5.9201  5 
-7.68330 
-7. I7309 
-6.59500 

-0.01472 
-0.0 I472 
-0.0 I472 
-0.0 I472 
-0.0 I 472 
-0.0 I472 
'-0.01472 

-0.04594 
-0.0460 I 
-0.04602 
-0.04603 
-0.04605 
-0.04606 
-0.04607 

NUMERATOR ROOTS 

U 

I MAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 

k2.36959 
+3. I5130 

ACi 

+O. 20640 
k0.20640 
+O. 20640 
k0. 20640 
+O. 20640 
+O.  20640 
k0.20640 

0 

0.0 
0.0 
0.0 
0 .0  
0.0 
0.0 
0.0 

REAL  REAL 

-24. I I478 4.43293 
-14.47813 5.79415 
- I 2.77020 6. I I235 
-10.89391 6.46725 
- 7.93156 6.84425 

7.30864 
7.80707 

-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 
-195.41333 

-2.22363 
-2. I0095 
-2.08  I77 
-2.06293 
-2.04529 
-2.02623 
-2.00835 

Tab le  37. Numera tor   roo ts  fo r  C,. v a r i a t i o n s .  
0: 
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I I I I I 
I I I I I 

- 5 .  -4  -3 -2 -1 

C Values listed 

beside roots 
Lq 

5 

4 

3 

2 

1 

__t__tc Re 
1 2 

-1 

-2 

-3 

-4 

-5 

pi,gure 9.3d 
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Phugoid Mode Roots for the CLqVariation 

Im 

-20 

- 
7 10 -.O 5 

CL Values listed 

beside roots 
9 

.10 

.os 

4 5  

720 

F i:gu r.e 9.3h 
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NUMERATOR  ROOTS 

U 

STAB1 LlTY 
DERIVATIVE 

- 5.0 

20.0 
50.0 

3.9168 

- 5.0 

20.0 
50.0 

3.9168 

REAL I MAG I NARY REAL  REAL 

-7.73020 ? I .83643  6.60700 
-7.68330 0.0 - 7.93156  6.84425 
-5.52374 0.0 - I 0.37532  7.27783 
-4.2  I075 0.0 - 12.23076  8.09894 

-0.0 I 475 *0.20171 
-0.0 1472 k0.20640 
-0.0 I465 +O. 2  I575 
-0.0 1449 k0.237 I 8  

e 
- 5.0 -0.04605 0.0 

3.9168 -0.04605 0.0 
20.0 -0.04605 0.0 
50.0 -0.04605 0.0 

-204.55258 
-195.41333 
-178.92893 
-148,18066 

-2.04529 
-2.04529 
-2.04529 
-2.04529 

Tab le  38. Numerator roots f o r  E, v a r i a t i o n s .  
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Short Period Mode Roots for the C h  Variation 

-1.0 11) 
0 

I 
I 

I 
I I 

I 
I 

1 
I 

-5  -4 -3 - 2  -1 

C Values listed 

beside roots 
Dq 

- 1.0 1.0 
0 

p i,gure 94a 

in 

5 

4 

2 

- Re 
. 1  2 

-1 

-2 

-3 

-4 

- 5 
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Phugoid Mode Roots  for  the C b  Variation 

C Values listed 

beside  roots 
Dq 

-1 

tm 

' .a0 

m.10 

5 -A5 

720 

Figure  94b 
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. " ... .....I., I, 

STAB I L I TY 
DER1 VAT I VE 

- I  .o 
0.0 
I .o 

- I  .o 
0.0 
I .o 

- I  .o 
0.0 
I .o 

REAL 

-4.88199 
-7.68330 
-5.50557 

-0.0 I395 
-0.0 I472 
-0.0 I 549 

-0.04605 
-0.04605 
-0.04605 

NUMERATOR  ROOTS 

U 

I MAG I NARY 

0.0 
0.0 

k3.67822 

%. 20645 
3 , 2 0 6 4 0  
%. 20634 

e 
0.0  
0.0 
0.0 

REAL  REAL 

- I 6.37834  5.21643 
- 7.93156  6.84425 

9.51381 

-195.41487 
-195.41333 
-195.41179 

-2.04529 
-2.04529 
-2.04529 

Tab le  39. N u m e r a t o r   r o o t s   f o r  CD v a r i a t i o n s .  
9 
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Short Period Mode Roots for the Cmq Variatkn 

- 12.43/ 

I 3 2 

1 

-10 -9 -8 - 6  - S  - 4  -3 - 2  - 1  1 2 I 
\ t -l 

Values listed Cm, 
beside roots 

Re 

t - 5  

Figure 95a 



Phugoid Mode Roots for the +Variation 

Im 

10 

- -a5 

I 1 ,Re 
-.lo -.os .os ,10 

% Values listed t -mi 
beside roots 

F i g u r e  95b 
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STAB I L I TY 
DERIVATIVE 

-50.0 
-30.0 
-29.0 
-28.0 
-20.0 
- 12.4337 
- 5.0 

0.0 
5.0 

10.0 

-50 .O 
-30.0 
-29.0 
-28.0 
-20 .o 
- I 2.4337 
- 5.0 

0 .o 
5.0 

10.0 

-50.0 
-30.0 
-29.0 
-28 .O 
-20.0 
- 12.4337 
- 5.0 

0.0 
5.0 

10.0 

REAL 

-4.67832 
-5.26804 
-5.3 I 297 
-5.36047 
-5.88484 
-7.68330 
-6.96597 
-6.44403 
-5.96067 
-5.5  I777 

-0.01350 
-0.01413 
-0.01416 
-0.01 4 I 9  
-0 .O t 446 
-0.01472 
-0.0 I498 
-0.01516 
-0.0 I 534 
-0. o i 552 

-0.04605 
-0.04605 
-0.04605 
-0.04605 
-0.04605 
-0.04605 
-0.04605 
-0.04605 
-0.04605 
-0.04605 

NUMERATOR  ROOTS 

U 

I MAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

Q.38 1.45 
k2.89559 
k3.21405 
53.4096 I 

ACi 

+o. 20000 
+O .20333 
+O .20350 
+O .20368 
+O. 20506 
+O .20640 
fO .20774 
+O -20866 
+O. 20958 
+0.21053 

e 

0.0 -2.04529 
0.0 -2.04529 
0.0 -2.04529 
0.0 -2.04529 
0.0 -2.04529 
0.0 -2.04529 
0.0 -2.04529 

REAL REAL 

-21.12196 4.22104 
- 14.83064 5.33863 
-14.51478 5.40867 
-14.19800 5.48035 
- I  I .58404 6.  I1845 
- 7.93156 6.84425 

7.69596 
8.35687 
9.09494 
9.91393 

-208.22433 
-201.40389 
-201.06287 
-200.72185 
- I 97.99364 
-195.41333 
- 192.87823 
-191.17308 
- 189.46792 
- 187.76275 

0.0 
0.0 
0.0 

-2 
-2 
-2 

Table 4 8  Numerator   roots  f o r  C v a r i a t i  

04529 
04529 
04529 

ons . 
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STAB I L I TY 
DERIVATIVE 

-0.5 
-0. I 

0.0 
0.1 
0.25 
0.4268 
0.75 
I .o 
2.0 
5.0 

-0.5 
-0. I 
0.0 
0 .  I 
0.25 
0.4268 
0.75 
I .o 
2.0 
5.0 

-0.5 
-0. I 

0.0 
0 .  I 
0.25 
0.4268 
0.75 
I .o 
2.0 
5.0 

REAL 

-7.585 I 1 
-7.67989 
-7.70387 
-7.72796 
-7.76429 
-7.68330 
-6.59867 
-6.220 I 5 
-5.22593 
-3.  I3507 

-0.0 I 495 
-0.0 I 484 
-0.0 I482 
-0.0 I479 
-0.0 I476 
-0.0 I472 
-0.0 I465 
-0.0 I460 
-0.0 I442 
-0.0 I 406 

-0.0440 I 
-0.04482 
-0.04504 
-0.04526 
-0.0456 I 
-0.04605 
-0.0469 I 
-0.04765 
-0.05 I42  
-0.09587 

NUMERATOR  ROOTS 

U 

I MAG I NARY 

k2.06610 
& I  .57952 
+I .42618 
+I .25 I35 
G.92196 
0.0  
0.0 
0.0 
0.0 
0.0 

Act 

G.21 144 
a. 20920 
S. 20868 
S.20816 
S. 20734 
S. 20640 
%. 20472 
a. 20345 
3. I9859 
S. I8585 

e 
0.0 
0.0 
0.0 
0.0 
0 .0  
0.0 
0 .0  
0.0 
0.0 
0.0 

REAL  REAL 

7.74177 
7.35208 
7.25523 
7.  I5859 
7.01404 

- 7.93156 6.84425 
- 9.17542 6.53544 
- 9.67839 6.29786 
- !  I .  17913 5.35625 
- 14.73205 2.47395 

158.94513 
81 I .6855l 

-820.16606 
-330.61069 
-195.41333 
-113.03072 
- 85.83329 
- 45.03736 
- 20.56030 

-2.30446 
-2.  I939 I 
-2. ! 6597 
-2. I3790 
-2.09556 
-2.04529 
- I .95233 
- I .87948 
- I  .57923 
-0.56084 

Table  41.   Numerator  roots f o r  v a r i a t i o n s .  
&E 

246 



NUMERATOR ROOTS 

U 

STAB I L I TY 
DER I VAT I VE 

-0. I 
-0.05 
0.0 
0.0596 
0. I 
0.5 

-0. I 
-0.05 
0.0 
0.0596 
0. I 
0.5 

REAL 

-2.0983 I 
- I .62690 

-7.68330 
-6.67433 
-4.76  I77 

-0.0 I 590 
-0.0 I553 
-0.01516 
-0.0 I 472 
-0.0 I442 
-0.01 145 

-0. I -0.03843 
-0.05 -0.0408 I 
0.0 -0.04320 
0.0596 -0.04605 
0. I -0.04798 
0.5 -0.0673 I 

I MAG.1 NARY 

k 8.05539 
k IO. 80785 

0.0 
k 2.63517 
k 3.95572 

k0.20626 
k0. 20630 
k0.20635 
k0.20640 
k0.20644 
+O. 20676 

e 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

REAL  REAL 

-3.58753 
-4.16199 
-4.9259 I I 36.99857 
-7.93 I56 6.84425 

4.82778 
I .29735 

-195.52065 
-195.48703 
-195.45341 
-195.41333 
-195.38617 
-195.11722 

-2.05  I90 
-2.04983 
-2.04776 
-2.04529 
-2.0436 I 
-2.02679 

Table  42.  Numerator  roots fo r  C, v a r i a t i o n s .  
&E 

247 



STAB I L 1 TY 
DERIVATIVE 

-15.0 
-10.0 
- 5.0 
- 3.0 
- I .283 
- 0.75 
0.0 
0.5 
1.0 

-15.0 
-10.0 
- 5.0 
- 3.0 
- I .283 
- 0.75 

0.0 
0.5 
I .o 

-15.0 
-10.0 
- 5.0 
- 3.0 
- I .283 
- 0.75 
0.0 
0.5 
I .o 

REAL 

-5,258 I5 
-5.30278 
-5.44662 
-5.66806 
-7.68330 
-6.66992 
-3.963  I7 
-2.55070 
-2.25392 

-0.0 I 522 
-0.01519 
-0.01512 
-0.01503 
-0.0 I472 
-0.0 I 434 
-0.00003 
-0.0 I 682 
-0 .O I602 

-0.04267 
-0.04282 
-0.04327 
-0.04388 
-0.04605 
-0.04899 
0.01042 
-0.03486 
-0.03832 

NUMERATOR  ROOTS 

U 

I MAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
5.51054 
k4.21546 
k6.96412 
k9. I0942 

Aa 

+O.  2085 I 
* O .  20839 
+-0 .20807 
+O. 20767 
k0. 20640 
+-0. 20486 

k0.21467 
kO.21  158 

0.0 

8 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

REAL REAL 

-33.  I889 I 29.6762 I 
-27.27432 23.80632 
-19.44515 l6.lZI06 
-15.01042 I I .9078 I 
- 7.93156 6.84425 

4.56927 
- 0.84424 
- 3.66917 
- 4.26274 

-4.23938 

- 2.  I5785 
- 2. I 5263 
- 2.  I3696 
- 2. I 1600 
- 2.04529 
- 1.95623 
- I 5.26480 
- 2.47223 
- 2.32224 

Tab le  43. Numerator   roo ts   fo r  C v a r i a t i o n s .  
msE 

-2239.746 
- 1494.563 
- 749.381  I3 
- 451.30835 
- 195.41333 
- 115.97763 

0.01042 
70.32293 

I 44.83956 



Sort hriod and mtgoid Roots kr c.g. V a n a t i i  

50 

3 

2 

-1 

-2 

-3 

F i g u r e  96 
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c.g. LOCATION 
( %  m.a.c.1 

0.0 

26.4 

42.5 

45.0 

47.0 

47. I 

47.5 

48.5 

50.0 

52.5 

55.0 

100.0 

SHORT PERIOD ROOTS 

Rea I lmag i nary Rea I 

- 4.6345  k7.5094 

- 4.0848  k4.3679 

- 5.3421 

- 6.1725 

- 6.6547 

- 6.6764 

- 6.7615 

- 6.9626 

- 7.2381 

- 7.6453 

- 8.0056 

- I I .5233 

-2. I568 

- I .  1979 

-0.4796 

SHORT PERIOD / PHUGOID PHUGO I D ROOTS 

Rea I I magi nary Rea I I magi nary Rea I 

-0,0136 k0. 1865 

-0.0136 k0. I801 

-0.0182 +O. I I75 

-0.0763 

-0.3432 

-0,40098  k0.06724 

-0.36069  k0.19146 

-0.26908  k0.30056 

-0.15946  k0.34295 

-0.06470  k0.31623 

-0.03672  k0.28517 

-0.01703  k0.23765 

0.02000 

0. I3957 

0.14501 

0. I6725 

0.22966 

0.3566 I 

0.69487 

I .  I I858 

7.3668 I 

Table 44. Short Period and Phugoid Roots for c.g. Variations. 



Short Period Mode Roots for the St Variation 

50 

ARt =constant 

St values listed beside 

roots as percent of 

original value 

Figure 97a 

n 

6 
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__f_c Re 
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-1 
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-3 

-4 

-5 

-6 

25 1 



Phugoid Mode Roots for the St Variation 

200 

ARt = constant 

St values listed beside 

roots as percent of 

original value 

50 

200 f o  

Figure 976 
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n 

2 0  

10 



Short Period Mode Roots for the It Variation 

I I I I 
1 

-8  -7 -6 -5 -4 -3 -1 

It values listed beside 
mots as percent of 
original value 

25  

m 

5 

4 

3 

2 

1 - Re 
1 

-1 

-2 

-3 

-4 

-5 

Figure  98a 
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Phugoid Mode Roots for  the It Variation 

45 

" 
-05 

It values listed beside 

roots as percent of 

original value 

200 :J 
100 

Figure 98b 

m 

2 0  

15 

10 

720 
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Short Psrlod Mode Roots for the vt Ylrlatlon 

. 
I 

I 
I I 

I I 
I I 

7 6 4 3 2 1 5 
I 

vt values listed 

beside roots 

Figure  99a 
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Phugold Mode Roots  for the  I+ Variation 

bn 

9 values listed 

beside roots 
t t -05 

- - 9.10 

- - 4 5  

-- 720 

Figure 99b 
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% Values listed 

beside roots t -lp 

t" 
Figure  1OOa 
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Spiral Mode Roots for the  Variation % 
- -.oos 

3.0 Q4 9 0 8  -2.0 -LO 
I L. I 
I - I I I ,Re ~n 

" 
a ,  

I I 
-p20 w.015 70  I O  :005 ,005 

C values listed 

beside roots 
ye 

F i g u r e  100b 

Roll Mode Roots for the  Variation 93 Im 

-10 3.0 
a 
I 

I 
I 40 I 

I I 
I 

I *  
I Re - 14 -13 -12 -11 1 

F i g u r e  100c 



I 

NUMERATOR  ROOTS 

6 

STAB1 LlTY 
DERIVATIVE 

-5.0 
-2.0 
- I  .o 
- ,308 

.6 
1.5 
2.5 
3.0 

-5.0 
-2.0 
- I  .o 
- .308 

0.6 
I .5 
2.5 
3.0 

-5.0 
-2.0 
- I  .o 
- .308 

0.6 
I .5 
2.5 
3.0 

REAL 

.02272 

.02272 

.02272 

.02272 

.02272 

.02272 

.02272 

.02272 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

-2. I I867 
- .41643 
- .I7978 
- .01387 

. I9895 

.4 I 204 

.27717 

.2  I422 

I MAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
0.0 
0.0 
0.0 
0 . 0  
0.0 
0.0 
0 .0  

0.0 
f .33074 
f .50051 
k .52896 
f .49324 
k ,33633 

0.0 
0 .0  

REAL 

- I 2.58832 
- I 2.58832 
- 12.58832 
- I 2.58832 
- I 2.58832 
- 12.58832 
- 12.58832 
- I 2.58832 

-6.8  I839 
-5.8646 I 
-5.55962 
-5.29036 
-5.08575 
-4.82705 
-4.54640 
-4.40880 

- .I3344 

I .0204 I 
I .32018 

REAL 

-115.40198 
-115.40198 
-115.4Ol98 
-115.40198 
-115.40198 
-115.40198 
-115.40198 
-115.40198 

9.22719 
9.69719 
9.86678 
9.86759 

IO. I5225 
I 0.32069 
10.51463 
10.61431 

- I 2.65862 
- I 2.65543 
-12.65501 
- 1 2.65493 
- 12.65086 
- I 2.64990 
- 12.64890 
- 1 2.04842 

Tab le45.   Numera tor   roo ts  f o r  C v a r i a t i o n s .  
yB 
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” 5 

’ rnm I a 1 
I m 1 

-7 4 -s -4 

“ - 5  

C, Values listed 

beside mats 
P 

Figure 101a 
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- -1.0 +a9 

-Q5 

I 

Spiral Mode Roots for the C Variation lp 

CI values listed 

beside roots 
e 

Figure 101b 

Roll Mode Roots for the C Variation t3 Im 

“1 

- 1.0 7089 0.5 1.0 1.5 
I n I t -  t rn I 
I 

1 - I w I “  m -  I L I *Re 
-14 - 13 -12 -11 -10 -9 1 

-- -1 

Figure 101c 



NUMERATOR  ROOTS 

B 

STAB1 LlTY 
DERIVATIVE REAL 

-I .o .02272 
- .089 .02272 

.5 .02272 
I .o .02272 
I .25 .02272 
I .5 .02272 

I MAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

REAL  REAL 

-12.588 - I  15.42 
-12.588 - I  15.42 
-12.588 - I  15.42 
-12.588 - I  15.42 
- 12.588 - I  15.42 
-12.588 - I  15.42 

- I  .o 
- .089 

.5 
I .o 
I .25 
I .5 

-21.8216 0.0 
- 5.2904 0.0 

.54328 k19.03747 
- .96334 k26.74 I 
- I .71665 529.8279 
- 2.4700 k32.6067 

31.9475 0.0 
9.8676 0.0 

0.0 
0.0 
0.0 
0.0 

- I  .o 
- .089 

.5 
I .o 
I .25 
I .5 

. I6499 + I  .8909 -13.0132 
- .01387 k .52896 - 12.65493 
- I .5533 0.0 I .268l I -12.3981 
-2.2648 0.0 I .74875  -12.16725 
-2.57468 0.0 I .9370 - I 2.04559 
-2.8686 I 0.0  2. I0452 - I  I .91919 

Table 46. Numerator  roots  for  CQ v a r i a t i o n s .  B 



Dutch Roll Mode Roots for the %Variation 

Im 

.6 

.5 

.4 

-25  

.I! 

.064t 

C 

C Values listed 

beside roots 
"P 

.064 6 

.2 5 

Figure 102a 
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Spiral Mode Roots for the Variation c"p Im 
A 

- *  1 

71 0 -.Os -.o 2 
1 I 1 m I c. I c . 1  I 0.0 AM6 
I 

I 
1 1 w 1 " 1 - 1  I U I Re 

-7  -6 -5 -4 -3 -2 -1 *?bo 1 

Cn, values listed 

beside roots 
t -l 

Figure 102b 

Roll Mode Roots for the Cn Variation P Im A 
" 1 

I I I I I 
# @  I 1 I 

Re 
- 5  - 4  -3 - 2  - 1  1 

- "1 
Figure 102c 



NUMERATOR  ROOTS 

STAB1 LlTy 
DERIVATIVE 

- .05 
- .02 
0.0 

,06455 
. I5  
.25 
.4 
.5 
.6 

- .05 
- .02 
0.0 

.06455 

. I5  

.25 

.4 

.5 

.6 

- .05 
- .02 

0.0 
0.06455 
0. I5 
0.25 
0.4 
0.5 
0.6 

REAL 

.02272 

.02272 

.02272 

.02272 

.02272 

.02272 

.02272 

.02272 

.02272 

I I .0918 
10.81052 
10.61768 
9.86759 
8.9962 
7.6478 
4.3478 
2.3181 I 
2.3181 I 

- ,08494 
- .0664 I 
- .05405 
-.01387 

.03877 . I0076 

.00538 -. 12719 -. I9755 

I MAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

3-3.47434 
3-5.31620 

REAL 

- 12.588 
-12.588 
- 12.588 
- 12.588 
-12.588 
- 12.588 
- 12.588 
- 12.588 
- 12.588 

-6.4556 
-6. I7427 
-5.98  I44 
-5.29036 
-4.3599 
-3.01 16 

.28833 

3- .60700 
t- .5886 
2 .5756 
3- .52896 
3- .45654 
3- ,34167 

0.0 .38233 
0.0 .63929 
0.0 .834 I9 

Table 47. Numerator  roots for  Cn va r ia t i ons .  
B 

REAL 

-I  15.402 
- I  15.402 
- I  15.402 
- I  15.402 
- I  15.402 
- I  15.402 
- I  15.402 
- I  15.402 
- I  15.402 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

- 12.66270 
- 12.6598 
- 12.65785 
- 12.6549 
- 12.64358 
- I 2.63429 
- 12.62066 
-12.61 I77 
- 12.60305 



Dutch Roll Mode  Roots  for the CypVariation 

Im 
4 
- -3.5 

- -3.Q 

- -25 

- -m 

"l.5 

--LO 

"0.5 

CypValues listed 

beside roots 

7.0 w5 

I -95 -lD 

-15 

I -2B -25 

-3.0 

-35 

Figure 103a 
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Spiral Mode Roots for the Cyp Variation 

-z5 zo 
I I 
I 

I 
I 8 I 

-.020 -,OlS -.a373 -.o 10 ,oos 

Cyp values listed 

beside roots 
F i gure 103b 

Roll Mode Roots for the CrpVariatlon 

:" 
w . 0 0 5  

" R e  
.005 

- 4 0 5  

C" 

T' - 7.5 -.a373 7.0 
1 - I r  1 1 -  I W - I-  I I '  Re - 14 - 13 -12 - 11 1 

I 

Figure 103c 



STAB1 L I N  
DERIVATIVE 

-7.5 
- .0373 
7.0 

-7.5 
- .0373 
7.0 

NUMERATOR  ROOTS 

B 

REAL I MAG 1 NARY REAL 

0.02177 0.0 
0.02272 0.0 
0.02373 0.0 

0.0 
0.0 
0.0 

0.0 
0.0 
0.0 

J, 

-7.5 0.25191 a. 45598 
- .0373 -0.0 I387 S. 52896 
7.0 -0.29057 a. 45964 

-15.624 
-12.588 
-10.552 

-5.2904 
-5.2904 
-5.2904 

Tab I e 48 . Numerator   roots   for  Cy v a r i a t i o n s .  
P 
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REAL 

- 98.470 
- I  15.402 
-133.746 

9.8676 
9.8676 
9.8676 

-13.187 
-12.655 
-12.102 



Dutch Roll Mode Roots for the C Variation 'P 

CI values listed P 
beside roots - "lD 

- "ls 

-" 
- "25 

Figure 104a 
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0.0 -.os -. 2 -.4707 -4.0 
I 1 I I a I I t -  

I I I -  I I I - I I w I - v u  
I c Re 

716 714 “12 710 ~ 0 8  -.06 -.04 -*02 -1.0 .02 

Clp values listed 

beside roots F i g u r e  104b 

t-,02 

Roll Mode Roots  for the ClpVariation 

Im 

“10 

-3.0 -2.0 -1 .o -4707 -.2 -.os 
I - I I L .  I 1 -  I - I  . P  

I I w I I V I  I I -   - I  
I 

I * ”  Re - 90 -80 - 70 - 60 -50 = 40 - 30 - 20 -10 .02 
10 

- “10 
F i g u r e  104c 



NUMERATOR  ROOTS 

STAB1 LlTY 
DERIVATIVE 

-4.0 
-3.0 
-2.0 
-I .o 
- .4708 
- .2 - .05 

0.0 
.02 

-4.0 
-3.0 
-2.0 
- I  .o 
- .4708 
- .2 
- .05 
0.0 
.02 

-4.0 
-3.0 
-2.0 
-I .o 
- .4708 
- .2 
- .05 
0.0 
.02 

REAL 

.00270 

.00360 

.00539 . 0 I 076 

.02272 

.05256 . I7927 

.49080 
I. I5326 

-5.29036 
-5.29036 
-5.29036 
-5.29036 
-5.29036 
-5.29036 
-5.29036 
-5.29036 
-5.29036 

IMAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

REAL 

-107.822 
- 79.796 
- 53.132 
- 26.599 
- 12.588 
- 5.4426 
- I .5962 
- .58346 
- .3527 I 

9.8676 
9.8676 
9.8676 
9.8676 
9.8676 
9.8676 
9.8676 
9.8676 
9.8676 

REAL 

-I 15.135 
-I 16.713 
- I  16.934 
-I 17.025 
- I  17.032 
-I 17.066 
-I 17.0724 
- I  17.0743 
- I  17.0769 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

- .03070 
- .03039 
- .02969 
- .02673 
- .01387 
,03660 
.3534 I 
.70033 

I .00127 

k .I8119 
k .20996 
k .25798 
+ .36562 
k .52896 
k .79875 
k I .20658 
+ I  .30297 
? I  . I7834 

- 105.960 
- 79,514 
- 53.068 
- 26.628 
- 12.6549 
- 5.59728 
- 2.26388 
- I .63539 
- I .45731 

Table 49. Numerator   roots   for  C A  va r ia t i ons .  
P 
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Dutch Roll Mode Roots for the Cnp Variation 

Cnp values listed 

beside roots 

I 
s 

I 
1 

-2 
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m 
5 

4 

3 

2 

1 

-1 

-2 

-3 

-4 

-5 

Figure  105a 



Spiral M o d s  h o t s  for tbo Cnp Varlrrtlelr 

0.25 0.15 -.0292 -05 -1.0 - I I I * I I n ~. I 
I * I I I U I w I W W  , ,Re 

-.06 -.OS -.04 - ,03 -802 -.Ol .01 

Cnp values listed 

beside roots 
Figure  105b 

Roll Mode Roots for the CllpVarlatian 

t -.O1 

t 1 

. .  



NUMERATOR  ROOTS 

STAB1 LIP( 
DERIVATIVE 

- I  .o 
- .5 
- .02923 
.I5 
.25 
.30 
.4 I 

- I  .o 
- .5 
- .02923 
.I5 
.25 
.30 
.4 I 

- I  .o 
- .5 
- .02923 
.I5 
.25 
.30 
.4 I 

REAL 

. 0 I 584 

.O 1 877 

.02272 

.02472 

.02599 

.02667 

.0283 I 

9.86759 
9.86759 
9.86759 
9.86759 
9.86759 
9.86759 
9.86759 

.04698 

.02029 
-.01387 
- .0337 I -. 04523 
-.05145 
- ,06638 

I MAG 1 NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

cp 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

1cI 

k. 43785 
k. 48044 
k. 52896 
k.55521 
k .56965 
f .57728 
k.59510 

REAL 

- I  9.1345 
-15.6501 
- I 2.58832 
- I  I .4622 I 
-10.84717 
- IO. 54233 
- 9.87778 

-5.29036 
-5.29036 
-5.29036 
-5.29036 
-5.29036 
-5.29036 
-5.29036 

Table 50. Numerator r o o t s   f o r  Cn var ia t ions.  
P 
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REAL 

- I  10.497 
- 1  13.984 
- I  15.402 
- I  18.  I78 
- I  18.794 
- I  19.099 
- I  19.766 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

- 18.45365 
- I 5.47606 
-12.655 
- I I ,56659 
-10.95871 
- IO. 65385 
- 9.98065 



Dutch Roll Mode Roots for the %Varktion 

,2103 

Cy, values listed 

beside roots 

- 4.0 

Figurc 
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I 
' I  

I 

i 
I 

Spiral Mode Roots for  the CyrVarlation 
Im 

4.0 0.2103 -4.0 
I n e  
I I 

" 8  v r I I , .L Re 
-.020 -.015 -.010 -.m ,005 

Cyr  values listed 

beside roots 

Figure 106b 

Roll Mode Roots for the Cy,Variatlon 

I' 
t" 

Figure 1Q6c 



STAB I L I TY 
DERIVATIVE 

-4.0 
.2103 

4.0 

-4.0 
.2103 

4.0 

-4.0 
.2 I03 

4.0 

REAL 

. 0 I 953 

.02272 

.02666 

0.0 
0.0 
0.0 

NUMERATOR ROOTS 

B 

I MAG I NARY 

0.0 
0.0 
0.0 

0.0 
0.0 
0.0 

9 

-.Of387 k. 52896 
-.01387 +. 52896 
-.01387 +. 52896 

REAL  REAL 

-12.589  -136. I67 
- 12..588 - I  15.402 
- 12.5767 - 99.875 

-5.8982 10.5344 
-5.2904 9.8676 
-4.8256 9.4618 

-12.655 
-12.655 
-12.655 

Table 51. Numerator r o o t s   f o r  Cy, var iat ions.  



Dutch Roll Roots for the  qrVariation 

n 

4 

I . 
-4  -3 - 2  -1 

I I 

Clr values listed 

b e s i d e  roots 

Figure 107a 
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Short Mode Roots for the C,rV.*latkm 
A h  

-3.0 - 2.0 0 .o .0959 2,o 4 0  
I a r I  

* I  - I 
I Re 1 -  \. 1 -  - 1 -  

-15 - 1.0 -a5 Qs ip 

Clr values listed 

beside roots 

"-Qs 

F igure  107b 

Roll Mode Roots for the Clr Variation 

! 

F igure  107c 



NUMERATOR  ROOTS 

STAB1 L I N  
DERIVATIVE 

-5.0 
-3.0 
-2.0 
0.0 
0.0959 
2.0 
4.0 
5.0 
7.0 

-5.0 
-3.0 
-2.0 
0.0 
0.0959 
2.0 
4.0 
5.0 
7.0 

-5.0 
-3 .O 
-2.0 

0.0 

2.0 
4.0 
5.0 
7.0 

.0959 

REAL 

- I  .8946 
- I .03898 
- .66903 
- .00695 
0.02272 
0.57860 
I . I0784 
I .35548 
I .82262 

-289.2 I 
-174.06 
-I 16.57 
- 7.75308 
- 5.29036 
- .52488 
- .29323 
- .24677 
- . I9355 

-.01387 
-.01387 
-.01387 
-.01387 
-.01387 
-.01387 
-.01387 
-.01387 
-.01387 

I MAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

2 .  52896 
f ,52896 
f . 52896 
2.52896 
2 .  52896 
2 .  52896 
f .52896 
f .52896 
f .52896 

REAL 

-10.261 I7 
- I  I .2754 
- I  I .72497 
- 12.5467 I 
-12.588 
- 13.29262 
- 13,98292 
-14.31  I36 
- I 4.94063 

0. I2108 
.24276 
.39352 
6.85029 
9.8676 

114.8989 
229.9438 
287.5357 
402.759 

Table 52. Numerator roots for Cg v a r i a t i o n s .  
r 
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REAL 

- I  16.459 
-116.30101 
- I  16.0221 
-I  15.8325 
- I  15.402 
- I  14.901 
- I  14.740 
- I  14.659 
- I  14.497 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

- 12.65493 
-12.65493 
- 12.65493 
-12.65493 
- I 2.65493 
-12.65493 
-12.65493 
- I 2.65493 
- 12.65493 



Roots for the Cnr Variatkn 

F i g u r e  108 



NUMERATOR  ROOTS 

B 

STAB1 LIT"  
DERIVATIVE 

- I  .o 
- .9  
- .6 
- .55 
- .5 
- .4 
- .2 
- .09924 
- .07 
- .05 

0.0 

- I  .o 
- - 9  
- .6 
- -55 
- .5  -. 4 
- .2 
- .09924 
- .07 
- .05 

0.0 

- 1  .o 
- . 9  
- .6 
- .55 
- .5 
- .4 
- .2 
- .09924 
- .07 
- .05 

0.0 

282 

REAL 

-. 03548 
- .02947 
-.01077 -. 00755 -. 00430 

.00229 

.O I586 

.02272 

.02496 

.02638 
,02996 

4.93162 
5.28858 
6.6698 
6.94212 
7.2278 
7.8399 
9.2274 
9.8676 

IO. 2420 
10.4055 
10.823 

-.01387 
-.01387 
-.01387 
-.01387 
- .O I387 
-.01387 
-.01387 
-.01387 
-.01387 
-.01387 
-.01387 

I MAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

@ 

- I  I .748 
-10.840 
- 8.3875 
- 8.0225 
- 7.6709 
- 7.0084 
- 5.8466 
- 5.2904 
- 5.2042 
- 5.1 128 
- 4.893 

4) 
f .52896 
f . 52896 
f ,52896 
k. 52896 
f .52896 
k. 52896 
f .52896 
2.52896 
&. 52896 
f . 52896 
k. 52896 

REAL 

- I 2.4639 
- I 2.4762 
-12.51447 
-12.521 I 1  
- 12,5278 
-12.5415 
- 12.5697 
-12.588 
-12.589 
-12.592 
-12.599 

Tab l e  53 . Numerator  roots  for  $, v a r i a t i o n s .  
r 

REAL 

- 128.568 
- I 27.287 
-123.444 
- I 22.803 
-122. I63 
-120.881 
- I  18.317 
- I  15.402 
- I  14.650 
- 1  14.394 
- 1  13.752 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

- I 2.65493 
- 12.65493 
- 12.65493 
-12.65493 
- 12.65493 
- I 2.65493 
- I 2.65493 
- 12.65493 
- 12.65493 
- 12.65493 
- 12.65493 



NUMERATOR  ROOTS 

B 

STAB I L I TY 
DERIVATIVE 

- 1  .o 
- .75 
- .5 
- .25 

0.0 
. I874 
.25 
.5 
-75 

I .oo 

- I  .o 
- .75 
- .5 
- .25 

0.0 
. 187 
.25 
.5 
.75 

I .oo 

- 1  .o 
- .75 
- .5 
- .25 

0.0 
. I874 
.25 
.5 
.75 

I .oo 

REAL 

.02418 

.02377 

.02333 

.02272 

.02297 

.02272 

.02264 

.02232 

.02202 

.02 172 

0.0 
0.0 
0.0 
0.0 
0 .0  
0 . 0  
0.0 
0.0 
0.0 
0.0 

-.31014 -. 24760 -. 18515 
- . I2278 -. 06049 
-.01386 

.00171 

.06384 . I2589 . I8787 

I MAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

4 
0.0  
0.0 
0 .0  
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0 .0  

YJ 

f .4297 
f .46833 
k.49616 
f.51497 
f . 52576 
k. 52892 
f .52906 
f .52503 
f.51353 
f . 49407 

REAL 

-12.55031 
- 12.55567 
-12.56214 
- 12.57005 
- 12.58048 
- 12.59078 
-12.59431 
-12.61223 
- 12.63853 
-12.68051 

-6.57089 
-6.26998 
-5.98623 
-5.7191 I 
-5.46802 
-5.2899 I 
-5.23228 
-5.01 I16 
-4.80392 
-4.60975 

REAL 

20.22192 
27.3650 
4 I .64652 
84.47888 

-115.40684 
- 86.7928 I 
- 43.95034 
- 29.64899 
- 22.46934 

7.74879 
8. I6388 
8.5961 I 
9.04498 
9.50987 
9.86846 
9.99012 

IO. 48499 
IO. 99373 
I I .51555 

-12.61691 
- 12.62560 
-12.6341 I 
- 12.64245 
- 12.65062 
- 12.65664 
- 12.65863 
- I 2.66649 
- I 2.67420 
- 12.68 I76 

Table 54 . Numerator  roots f o r  v a r i a t i o n s .  5 6.R 
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STAB I L I TY 
DERIVATIVE 

-3.0 
-2.0 
- I  .o 
0.000 I 

.o I475 

.05 

.I5 

.50 
I .o 
2.0 
3.0 

-3.0 
-2.0 
-I .o 
0.0001 

.o I475 

.05 
; 15 
.50 

I .o 
2.0 
3.0 

-3.0 
-2.0 
- I  .o . 000 I 

.o I475 

.05 

.I5 

.50 
I .o 
2.0 
3.0 

REAL 

- .48468 
- .57868 
- 1.17612 
- I 2.32283 
- I 2.59078 
- 13.24437 
-15.16965 
-22.91592 
-39.3933 
-58.6349 
-55.98877 

- .72027 
- .72763 
- .74972 
- IO. 29436 
- 5.28991 
- 2.69752 
- .41  106 
- .6172 
- .66137 
- ,68346 
- .69082 

2.51434 
3.29649 
I .70459 

- .01042 
- ,01386 
- .02153 
- .48245 
- I .09987 
- I ,42295 
- I  .68133 
- I .79385 

NUMERATOR ROOTS 

B 

I MAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

'4 I .37965 
+62.391  19 

4 
+3.  I5419 
+3.  I7672 
k3.24328 

0.0 
0.0 
0.0 

+ 1 ,96457 
k2.81787 
k2.967  I2 
k3.03875 
k3.06222 

* 
0.0 
0.0 
k3.08103 
+ .58161 * .52892 
f .38078 

REAL 

-168.74511 
-153.71383 
-136.61884 
-115.75927 
-115.40684 
-114.55102 
- I  12.0589 
-102.37878 
- 83.20187 

REAL 

25.38497 
15.71  175 
4.47829 
.03009 
.02272 
.00605 

- .03437 
- . 12576 
- .I9315 
- .25419 
- .28250 

0.0 
0.0 
0.0 

892.35499 0.0 
9.86846 0.0 
3.05337 0.0 

0.0 
0.0 
0.0 
0.0 
0.0 

22.92565 - 2.50023 
10.61332 - 2.78665 

- 4.  I0259 
- I 2.49040 
- I 2.65664 
- 13.05783 

.40343 - 14.20363 

.94997 - I 8.26858 
I .23465  -24.  I3854 
I .47382  -35.93603 
I .58414  -47.75055 

Table 55. Numerator  roots  for C variations. % 
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NUMERATOR ROOTS 

B 

STAB I L I TY 
DERIVATIVE 

-. 12 
-.IO 
-.08 
- .0658 
-.04 
-.02 -. 005 

,005 
.01 
.02 

-. 12 
-. IO 
-.08 
-. 0658 
-.04 
-.02 -. 005 

.005 

.o I 

.02 

-. 12 
-.IO 
- .08 
- ,0658 
- .04 
-.02 
- .005 

.005 

.01 

.02 

REAL 

- I 2.47042 
- 12.49848 
-12.54195 
- 12.59078 
- I 2.78700 
- 13,49442 
- I  I .  14076 
-10.91735 
- I I .38982 
- I  I .761 14 

-6.5992 I 
-6.20569 
-5.7  I878 
-5.2899 I 
-4 .  I9447 
-2.62335 
- .23002 
- .64437 
- .85155 
- I .2659 I 

-. 0335 
- .0287 I 
-.02155 
-.01386 

.O I380 
,08232 

-.28175 -. 78637 
- .37960 
-.21060 

I MAG I NARY 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
0.0 
0.0 

f4.97905 

0 
0.0 
0.0 
0 .0  
0.0 
0.0 
0 .0  * 2.27629 

f 3.77708 
f4.32203 
k5.22012 

f .55252 
f .54692 * .53837 
f .52892 * .4925 I * .37954 

f .85217 

* ,7084 I 
= * .79577 

REAL 

.026  I7 

.02532 

.02407 

.02272 

.O I796 

.00657 

.2 1055 

.09625 

.05942 

-. 04503 

REAL 

-209.71058 
-174.92893 
-140.13146 
-115.40684 
- 70.374.82 
- 34.90327 

5.75643 
15.03131 
32.81567 

15.66940 0.0 
13.61845 0.0 
I 1.4741 I 0.0 
9.86846 0.0 
6.63494 0.0 
3.40639 0.0 

0.0 
0.0 
0.0 
0 .0  

- 12.57804 
-12.59717 
-12.62581 
- I 2.65664 
- 12.76809 
- I 3.04833 

I .  I6989  -14.63102 
- 9.87907 
- 1  I 626536 
- I I .88973 

Table 56. Numerator  roots  for  C;, v a r i a t i o n s .  
6R 
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Dutch Roll Mode Roots for I,Variatkn 

Im 

a -  
0 -  

I I 
I 1 lo 1 -  

-3 -2  -1 1 

I, V~I- 11~t.d 

beside mots as 

percent of 

original v a l u e s  

A-5 
Figure 109a 

Ru 
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A- with  inertia effects 

0 -without  inertia  effects 
I, values listed beside roots as 

percent of original value 
Figure 109b 

Roll Mode Roots for Iv Variation 

all values 
I . 1 
I " I I >R8 

-13 -1 2 -1 1 0 

Figure 109c 



Dutch Roll Mode Roots  for S,, Variation with Camtant AR 

150 

i I 
I 

-3 -2 -1 
I 

50! 
Sv Values listed beside roots as I 
percent of original Value 

150 

F i g u r e  110a 
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-1 

-2 
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Spiral Mode Roots for S,Variation 

50 75 1 0 0  
I n  a a I I * Re 
I -  F I I I I - 

-.30 - .2S - .20 -.Is -.lo - .05 0.0 

S, vakes listed beside roots 

as percent of original values 

F i g u r e  110b 

Roll Mode Roots  for S, Variation 

Im 
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- 13 -11 

V V  lo 
F i g u r e  110c 



Dutch Roll Mode Root for the Dihedral  Variation 

!m 

4 

‘3 
-7 

Dihedral  angle in degrees 

listed beside roots 

I 

-2 -1 

-7 

w3 5 
Figure  1 1  
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-1 

-2 

-3 

-4 
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7 5 

Splral Mode Roots for  Dihedral Varlrtion 

Dihedral angk in degrm 

listed beside roots 
Figure 1 1  l b  

Roll Mode  Roots  for  Dihedral  Variation 

Figure 1 1  I C  



Dutch Roll Mode Roots for D i h e d r a l  nd S, Writtion 

t I I 
I R 

-3 -2 -1 

Values of dihedral in degrees  and 

Sv as percent of original value 

are given  beside roots 

75  

5 / 1.73 100 

4 

3 

2 

1 

-1 

-2 

-3 

-4 

-5  
F i g u r e  112a 
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Spiral Mode Roots for Dihedral and S, Variation 

Im 

t 
11) 5 1.73 3 

I - I  

' -75 
I * I I Re 

-.OM - .o;o ' 5 9 0  ;s - .O$- - ,008 - .ow 0.0 

Values of dihedral in degrees and 

S, as percmt of original value 

are given  beside roots 
Figure 112b 

M I  Mode Roots  for Dihedral and SVVariation 
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I I Re - "0 13 - 12 - 11 0 
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Figure 112c 
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Bcde H o t  for - Aa 
6E 

.01 .02 .os A .2 .5  10 2~ 50 10.0 2ao 50.0 l o ~ o  200.0 SOQO 1000 

Frequency G.ad/sec) 

Figure 114 
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Frequency (rad / s e d  

F i g u r e  115 
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Bode Plot for - P 
6R 

.001 .002 .005 .01 .02 .os .1 .2 .5 LO 21) 50 10.0 20.0 50.0 IM) 

Frequency (rad /sec ) 
F i g u r e  116 
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50- - Bode Plot for - @ 
6R 
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DERIVATION OF THE EQUATIONS OF MOTION 

D e r i v a t i o n  f o r  t h e   e q u a t i o n s  o f  mot ion,   fo l lowing  Dynamics of  t h e   A i r f r a m e  
(Ref. 12, i s  based  on  Newton's  laws,  ie.,   motion  with  reference t o  a x e s   f i x e d  
i n  space.  The several   assumptions  which form t h e   b a s i s  f o r  t h i s   d e r i v a t i o n  
will be   p resented   th roughout   the   fo l low ing   d iscuss ion   as   they   a re  needed t o  
c l a r i f y   t h e   v a r i o u s   s t e p s  o f  t h e   d e r i v a t i o n .  The f i r s t  two o f  these  assumptions 
s p e c i f y   t h e   n a t u r e   o f   t h e  body  being  stud  ied  and  the  atmosphere  in  which it 
i s   s e t .  

Assumption I 

Assumption I I  

The a i r f r a m e   i s  assumed t o  be a 
r i g i d  body; t hus ,   t he   d i s tance  
between  any s p e c i f i e d   p o i n t s   i n  
t h e  body a r e   i n v a r i e n t .  

The e a r t h   i s  assumed t o  be f i x e d  
i n  space,  and t h e   e a r t h ' s  atmos- 
p h e r e   i s  assumed t o  be f i x e d   w i t h  
r e s p e c t  t o  t h e   e a r t h .  

Tab le  A-1, w i t h   t h e   a i d  of F i g u r e  A-1, d e f i n e s   t h e   d i r e c t i o n  of the   axes   w i th  
respec t   t o   t he   a i rp lane ,   as   we l l   as   t he   nomenc la tu re  needed to   app ly   Newton ' s  
laws. 

Y 

F i g u r e  A - 1 .  D i r e c t i o n   o f   t h e   a x e s   w i t h   r e s p e c t  t o  t h e   a i r p l a n e .  

31 2 



L i near 
V e l o c i t y  
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hx I IXX I 
hy I IYY I 

Tab le  A - 1 .  D i r e c t i o n  of t h e   a x e s   w i t h   r e s p e c t   t o   t h e   a i r p l a n e  and 
nomenclature needed t o  apply  Newton's Laws. 

Newton's  second  law o f   m o t i o n   s t a t e s   t h a t   t h e   r a t e  o f  change of momentum of 
a body i s   p r o p o r t i o n a l  t o  t h e   n e t   f o r c e   a p p l i e d  t o  t h e  body  and t h a t   t h e   r a t e   o f  
change of t h e  moment of momentum i s   p r o p o r t i o n a l  t o  t h e   n e t   t o r q u e   a p p l i e d  t o  t h e  
body.  The  mathematical   statements  of   the  law  can be w r i t t e n  

I F x  = ( m u )  d 

and 

dhz CN = - 
d t  

( A - 2  1 

Assumption I l l  The mass of t h e   a i r p l a n e   i s  
assumed t o  rema i n   c o n s t a n t   f o r  
t h e   d u r a t i o n  f o r  a n y   p a r t l c u l a r  
dynamic  ana,lysis. 
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Assumption I l l  perm i t s   t he  mass of t h e   a i r p l a n e  t o  be w r i t t e n   o u t s i  
f e r e n t i a t i o n   s i g n   i n   E q u a t i o n s  (A-1). 

The moments of momentum r e f e r r e d   t o   i n   E q u a t i o n s  (A-2) can be 
using  an  element of mass o f ' t h e   a i r p l a n e  dm which i s   r o t a t i n g   w i t h  
v e l o c i t y  ZJ(U = P i  + Q.j + Rk). This   e lement   o f  mass i s  a t   t h e   p o i n  

de t h e  d 

expanded 
t h e  angu 

( X , Y , Z )  

i f -  

by 
l a r  

t 
measured r e l a t i v e   t o - t h e  c.g. o f   t h e   a i r p l a n e .  The motion of the  element of mass 
ca'n  be approximated by s i x   l i n e a r   v e l o c i t y  components (Py, Pz, Qx, Qz, Rx, and Ry), 
as seen I n   F i g u r e  A-2. 

# "". 
0 

0 
0 

0 
" - -" 

"_"" """ 

Figure A-2. L inea r   ve loc i t y  components o f  an element  of mass caused 
by  an  angular  veloci ty E having components P, Q, and R. 

The x, y, and z components of t h e  moment o f  momentum a re   ca l cu la ted  by summing 
t h e  moments o f   t hese   ve loc i t y  components about each a x i s  and m u l t i p l y i  
dm. For examp le, 

dhx = y(yP1dm + z(zP)dm - z(xRi)drn - y(xQ)drn. 

Thus, i f  t h e  moments are  taken  about   the x, y, and z axes, t h e   f o l l o w i  
equations i s  obta i ned : 

dhx = (y2  + z2>P dm - zx R dm - yx Q dm 

dhy = (z2  + x2)Q dm - xy P dm - yz R dm 

dhz = ( x2  + y2)R dm - zx P dm - zy Q dm 

ng by mass 

ng se t   o f  

(A -3 )  

For a f i n i t e  mass, t h e  components o f   t h e  moment o f  momenturn a r e   t h e   i n t e g r a l s  of 
Equations (A-3 ) .  Taking I,, = j ( y 2  + z2)dm, -Ixz = lxzdm, and Iyz = Izy t h e  
i n t e g r a l   r e l a t i o n s  become 

hx = PIxx - QIxy  -RTxz 
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The de r i va t i ve   dh /d t  may be  found by d i f f e ren t i a t i ng   Equa t ions  (A-4) w i t h  
respect  t o  time. Thus, the  equat ions of m o t i o n   r e l a t i v e  t o  i n e r t i a l  axes become 

dU 

dV 

dW 

CF, = m 

CFy = m 

CF, = m 
dh 
d t  

EL =x=  PIxx + Pixx  - 61xy - Q&y - k I x z  - Rtxz 

dh 
CM = # = Gryy + Q?,, - - ~f~~ - PIxy - Pfxy 

For ease i n   i n t e r p r e t i n g   f l i g h t  measurements,  one d e s i r e s   t o  change t h e  
f i x e d  axes  system t o  an Eu le r ian   ax i s  system, ie., a right-hand  system of or tho-  
gona I coordinate  axes  which has ' i t s   o r i g i n  a t  t h e   c e n t e r   o f   g r a v i t y   o f   t h e   a i r -  
plane and i t s   o r i e n t a t i o n   f i x e d   w i t h   r e s p e c t   t o   t h e   a i r p l a n e .   V e l o c i t i e s   o f   t h e  
a i r p l a n e  measured r e l a t i v e   t o   t h e s e  axes a r e   a b s o l u t e   v e l o c i t i e s ,   s i n c e ,   a t  any 
instant ,   the  Euler ian  axes  are  cons idered  to  be f i x e d   i n  space. Also, moments 
and products of i n e r t i a   i n   t h e   E u l e r i a n   a x i s  system are  independent of time, 
s ince   these  axes   a re   f i xed   in   the   a i rp lane;   thus ,  d I / d t  = 0. S ince  the  Euler ian 
a2 is  system moves w i th   respec t  -Po i n e r i t a l  space, the   abso lu te   acce le ra t ion  
(measured in  the  Euler ian  system)  can be w r i t t e n  

I f  U, V, and W a r e  components o f  v-r and P, Q, and R a r e   t h e  components of w, then 

a x  = IJ + QW - RV . 
ay  = V + RU - PW 

a Z  = W + PV - QU 
. 

I n  a s i m i l a r  manner, t h e  change i n   t h e  moment o f  momentum can  be w r i t t e n  

diiabs/dt = dK/dt + w x K 

(A-6) 

i j k  
where w x K = P Q R 

hxhyhz 
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Thus, 

( % l b s  d t  
- " dhz + hyP - hxQ (A-7 1 

Assumption IV The x z   p l a n e   i s  assumed t o  be a 
p lane of symmetry. 

Using  Assumption IV and t h e   o r i e n t a t i o n   c o n v e n t i o n  of  F i g u r e  A - I ,  t h e  equa- 
t i o n s  of mot ion   can   be   wr i t ten  . 

CF, = m ( U  + QW - R V )  

Eu l e r i a n   a n g l e s   a r e   t h o s e   a n g l e s  
t o  superimpose it upon  another  having 

through  which  one  ax is   system  must   be  ro tated 
a n   i n i t i a l   a n g u l a r   d i s p l a c e m e n t   f r o m   t h e  

f i r s t .  Because t h e   a n g l e s   a r e   n o t   o r t h o g o n a l ,   t h e   o r d e r   o f   r o t a t i o n   i s   i m p o r t a n t ,  
i f  t h e   i n d i c a t e d   o p e r a t i o n s   a r e  t o  y i e l d   c o r r e c t   r e s u l t s .  The  sequence o f   t hese  
angular  changes  are yaw, p i t c h ,  and r o l l .  To c a r r y   o u t   t h i s   s u p e r p o s i t i o n ,   o n e  
f i r s t  yaws th rough a p o s i t i v e   a n g l e  + i n  accordance  wi th a r ight-hand  system so 
t h a t  

X, = X cos + + V s i n  @ 
- 

- 
Y1 = Y cos $ - ' X  s i n  @ 

- - 

(see   F igu re  A-3) 
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F i g u r e  A-3. Yaw th rough a p o s i t i v e   a n g l e  $ i n   a c c o r d a n c e   w i t h  a 
r ig   h t -ha  nd system. 

The n e x t   r o t a t i o n   ( F i g u r e  A-4) i s  a p o s i t i v e   p i t c h   t h r o u g h   t h e   a n g l e  8, which 
g i ves 

- - 
x2 = X1 COS 8 - Z1  s i n  8 

- 

- 
Y* = Y1 

z2 = Z, COS e + kl s i n  e 

- 

- - 
(A-1  0 )  

F i g u r e  A-4. P o s i t i v e   p i t c h   t h r o u g h   t h e   a n g l e  8. 
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The f i n a l   r o t a t i o n   ( F i g u r e  A-5) i s   t h r o u g h   t h e  r o l l  ang le  9, which  gives 

( A - 1  1 )  

F igure  A-5. Rota t i on   t h rough   the   ro l l   ang le  4 .  

Subst i tu t ing  Equat ions (A-9) and (A-10) in to   Equat ions ( A - 1 1 )  y i e l d s   t h e   t r a n s -  
format ion needed t o   c o n v e r t   t h e   i n i t i a l  a x i s  system t o   t h e   f i n a l  system: 

- x3 = X cos e cos IC, + U cos e s i n  $ - z s i n  e 

Y3 = X(cos $ s i n  8 s i n  $ - s i n  $ cos $ 1  

- - 

- - 

+ Ytcos $ cos 4 + s i n  I,IJ s i n  e s i n  $1  

The a n a l y s i s   o f   f l i g h t   m o t i o n s   i s   c o n c e r n e d   p r i m a r i l y   w i t h   t h e   v e h i c l e ' s  
behavior  in  response to d i s t u r b a n c e s   f r o m   i n i t i a l   c o n d i t i o n s .   I t   i s   c o n v e n i e n t ,  
there fore ,   to   chose  as   the   in i t ia l   cond i t ions   f l i gh t   behav io r   fo r   wh ich   the   ve lo -  
c i t i e s  and acce le ra t ions   a re   we l l  known and i n  w h i c h   t h e   a i r c r a f t  spends most  of 
i t s  f 1 ight   t ime.  Equi  I ibr ium  (unaccelerated) f I i g h t  i s  f I i gh t   a long  a s t r a i g h t  
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p a t h   d u r i n g   w h i c h   t h e   l i n e a r   v e l o c i t y   v e c t o r  measured r e l a t i v e  t o  a f i x e d  space 
i s   i n v a r i e n t ,  and t h e   a n g u l a r   v e l o c i t y  i s  z e r o .   " S t e a d y   f l i g h t "   i s   f l i g h t   d u r -  
i n g   w h i c h   t h e   l i n e a r  and a n g u l a r   v e l o c i t i e s   i n   t h e   E u l e r i a n   r e f e r e n c e   f r a m e  
remain  constant .  Hence, equi  I i b r i u m  f I i g h t  and f I i g h t   w i t h   c o n s t a n t   a n g u l a r  
v e l o c i t y   a r e   b o t h   f o r m s  of s t e a d y   f l i g h t .  

A l w a y s   a c t i n g   o n   t h e   a i r c r a f t   e v e n   d u r i n g   p e r i o d s   o f   s t e a d y   f l i g h t  i s  grav-  
i t y .   S i n c e  it i s   u n i d i r e c t i o n a l ,  it p r o v i d e s   a n   o r i e n t a t i o n  t o  the   mo t ion .  The 
components of g r a v i t y   a c t i n g   a l o n g   t h e   s t e a d y  f I i g h t   a i r c r a f t   a x e s   r e l a t i v e  t o  
i n e r t i a l  space  can  be  determined  from  Figure A-6 by d i r e c t   r e s o l u t i o n  of the.  
g r a v i t y   f o r c e   a l o n g   t h e  xo, yo, and zo ( s t e a d y   f l i g h t )   a x e s .  

' Y O  

F i g u r e  A-6. G r a v i t y   a c t i n g   o n   a n   a i r p l a n e   i n   s t e a d y  f I i g h t   w i t h   i n i t i a l  
ang l e s  6, and @o w i t h   r e s p e c t  t o  t h e   g r a v i t y   v e c t o r .  

Thus, 
X, = -W s i n  6, 

Yo = W cos 6, s i n  $o 

2, = w cos 8, cos $o (A-1 3) 

The  components o f  g r a v i t y ,   a c t i n g   a l o n g   t h e   d i s t u r b e d   E u l e r i a n  axes, a r e   t h e n  

X 3  = ( -W s i n  6,)cos 8 cos I) + ( W  cos 6, s i n   $ o ) c o s  6 s i n  I) 

- ( W  COS 8, COS $,)sin 8 
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Y3 = (-W s i n   B O ) ( c o s  J, s i n  0 s i n  4 - s i n  J, cos 4 )  

+ ( W  cos 8, s i n   $ o ) ( c o s  $ cos $ + s i n  $ s i n  8 s i n  $ 3  

+ ( W  cos 8, cos @o) (cos 0 s i n  $1 

Z3 = (-W s i n  B0>(cos I) s i n  0 cos 4 + s i n  $ s i n  4 )  

+ ( W  cos 8, s i n   $ o ) ( s i n  Q s i n  8 cos $ - cos Q s i n  $1  

The r igh t -hand  s ides   o f   Equat ions  (A-8) e x p r e s s   t h e   a i r c r a f t   a c c e l e r a t i o n  
i n   t e r m s   o f   t h e   l i n e a r  and a n g u l a r   v e l o c i t i e s .  The le f t -hand   s ides  of Equat ions 
(A-8) represent   the   unba lanced  fo rces   ( th rus t   fo rces ,   aerodynamic   fo rces ,  and 
g r a v i t y   f o r c e s )   w h i c h   p r o d u c e   t h e   a i r p l a n e   m o t i o n .  The g r a v i t y   f o r c e s  have 
a l r e a d y  been  expanded  and  transformed t o   t h e   E u l e r i a n   a x e s  ( A - 1 3 ) ;  i d e a l l y ,   t h e  
same procedure  could be a p p l i e d   t o   t h e   t h r u s t  and  aerodynamic  forces.  Because 
o f  t h e   d i f f i c u l t y   i n   e x p r e s s i n g   t h e   a e r o d y n a m i c  and t h r u s t   f o r c e s   e x p l i c i t l y   i n  
t e r m s   o f   t h e   l i n e a r  and a n g u l a r   v e l o c i t i e s ,  it i s  customary t o   r e p r e s e n t   t h e s e  
f o r c e s  by Tay lo r   se r ies   expans ions ,   t ak ing  a s u f f i c i e n t  number o f   t e rms  t o  in -  
sure   adequate   accuracy   fo r   the  maneuver  being  considered. 

Because of t h i s   s p e c i a l   r e q u i r e m e n t ,  it i s  h e l p f u l   t o   s e p a r a t e   t h e   a e r o d y -  
namic and t h r u s t   f o r c e s  from t h e   g r a v i t y   f o r c e s ,   t h u s :  

CF, = CF’, + X3 

CFy = CF’), + Y3 

CF, = IF’, + Z3 (A-1  5 )  

where the   p r imed  quant i t ies   a re   the   summat ions   o f   the   aerodynamic  and t h r u s t  
forces,  and X3,  Y3, and Z3 a r e   t h e   g r a v i t y  components  derived i n   E q u a t i o n s  (A-14) .  
I t  should  be  noted  that ,  i f  t he   i ns tan t   under   cons ide ra t i on   occu rs   du r ing   t he  
s t e a d y   f l i g h t   c o n d i t i o n ,   t h e n  8 = @ = $ = 0, and t h e  components X3, Y3, and 23 
reduce t o  Equat ions (A-13). The f o r c e   r e l a t i o n s  from Equat ions (A-81, w i t h   t h e  
g rav i t y   t e rms   t ransposed  t o  t h e   r i g h t   s i d e ,   a r e   r e w r i t t e n  . 

CF’, = m(U + QW - RV)  - X3 

CF’y = m(V + RU - PW) - Y3 

CF’, = m ( i  + PV - QUI - z3 (A-1  6 )  

By s u b s t i t u t i n g   E q u a t i o n s  (A-14) i n   E q u a t i o n s  (A-161, Equat ions (A-8) may be 
w r i t t e n  
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I '  

CF', = m t i  + QW - RV)  + ( W  s i n   e o ) c o s  e cos 9 

- ( W  COS eo s i n  $O)COS 8 s i n  1c) + ( W  cos 8, cos  cbo)sin 8 

CF'y = m ( V  + RU - PW) + ( W  s i n   B 0 > ( c o s  $ s i n  8 s i n  9 - s i n $   c o s  $ 1  
a 

- ( W  cos 8, s i n   $ o ) ( c o s  9 cos $ + s i n  $ s i n  8 s i n  $1 

- ( w  COS 8, COS $ o ) ( ~ ~ s  8 s i n  $1 

CF', = m(W + PV - Q U I  + ( W  s i n  B0)(cos I) s i n  8 cos $ + s i n  9 s i n  $1 

- ( W  cos 8, s i n  $,)(sin $ s i n  8 cos $ - cos  I) s i n  $1 

- ( w  cos eo COS $ o ) ( ~ ~ ~  e COS $1 

CL = bTXx - k t x z  + QRCI,, - I,,) - PQI,, 

CM = GrYy + PR(I,, - I,~) - R ~ I ~ ~  + P~I,, 

IN = I%,, - k x ,  + po(rYy - T ~ , )  + QRI,, (A-1  7 )  

These  equat ions   a re   then  comple te ,   except   fo r   the   ex te rna l   fo rces  and moments 
on   the   le f t   s ide ,   wh ich   inc lude  aerodynamic  and t h r u s t   f o r c e s   a s  we1 I as moments 
r e s u l t i n g  from c o n t r o l   s u r f a c e   d e f l e c t i o n s .  

D e f i n i t i o n s   o f   t h e   E u l e r i a n   a x i s  system and t h e   E u l e r i a ?  a;gles, d iscussed 
above, show t h a t   t h e   r a t e s   o f  change o f   t h e   E u l e r i a n   a n g l e s  I), 8, and 6 a r e   n o t  
o r thogona l .  The f i x e d   a x i s   a n g u l a r   v e l o c i t i e s  when w r i t t e n   i n   t e r m s  of t h e   r a t e s  
o f  change of  t h e  Eu l e r i a n   a n g l e s  become 

P = 4 - $ s i n . 8  

Q = 8 COS $I + I) s i n  $I COS e 
. 

a . 
R = I) cos $I cos 8 - 8 s i n  9 ( A - 1  8)  

Equat ions (A -17 )  ma tch   t he   ae rodynamic   and   t h rus t   f o rces   ac t i ng   on   an   a i r -  
p lane t o  t h e   g r a v i t y  and r e s u l t i n g   i n e r t i a   f o r c e s .  These  equat ions  are  non- l inear ,  
s i n c e  ( 1 )  t hey   can   con ta in   p roduc ts   o f   t he   dependen t   va r iab les   and  ( 2 )  t h e  depen- 
dent   var iab les   appear   as   t ranscendenta l   func t ions .  The a i r f rame  mot ion   can   a lways  
b e   c o n s i d e r e d   t h e   r e s u l t  of d is tu rbances  t o  t h e   a i r f r a m e   f r o m  some s t e a d y   f l i g h t  
cond i t ion .   Accord ing ly ,   each of  t h e   t o t a l   i n s t a n t a n e o u s   v e l o c i t y  components of  
t h e   a i r f r a m e   c a n   b e   w r i t t e n   a s   t h e  sum of  a v e l o c i t y  component  dur ing  the  steady 
f l  i g h t   c o n d i t i o n  and a change i n   v e l o c i t y  caused by t he   d i s tu rbance :  

u = u o + u  

v = v o + v  

W = W o + w  

32 1 



P = P o + p  

Q = Q o + q  

R = R o + r  (A-1  9) 

The z e r o   s u b s c r i p t s  o f  Equat ions ( A - 1 9 )  i n d i c a t e   t h e   s t e a d y   f l i g h t   v e l o c i t i e s ,  
and t h e   l o w e r   c a s e   l e t t e r s   r e p r e s e n t   t h e   d i s t u r b a n c e   v e l o c i t i e s .  By s u b s t i t u t i n g  
Equat ions (A-19) i n t o   E q u a t i o n s  ( A - 1 7 )  and n o t i n g   t h a t   d e r i v a t i v e s   w i t h   r e s p e c t  
t o   t i m e  o f  t h e   s t e a d y   s t a t e   c o n d i t i o n s   a r e   z e r o ,   E q u a t i o n s  ( A - 1 7 )  become 

IF”, = m[h + Q~W, + woq + Q ~ W  + wq 

- RoVo - Rov - V o r  - v r  

+ (g   s in   Bo )cos  8 cos $ - ( g  cos 8, s i n  $o)cos 8 s i n  $ 

+ (9 COS e, COS $,)sin e] 
C F ’ ~  = m [ t  + U,R, + Uor  + R,U + r u  - powo - pow - w0p 

- wp + (g  s i n  Bo)(cos $ s i n  8 s i n  4 - s i n  $ cos $1 

- ( g  COS e, s i n  $ I ~ ) ( C O S  cos 4 + s i n  3, s i n  8 s i n  $1 

- ( g  cos e, COS $ o ) ( c o s  e s i n  $11 
C F ’ ~  = m [ i  + PoVo + Pov + Vop + pv - QoUo - Qou - Uoq - qu 

+ (g  s i n   e o ) ( c o s  $ s i n  8 cos $ + s i n  $ s i n  $ )  

- (g COS e, s i n  $,)(sin 3, s i n  e cos 4 - cos $ s i n  $1 

- g ( c o s  e, COS $ o ) ( ~ ~ ~  e COS $11 
CL = ;Ixx - ;Ixz + (QoRo + Qor + Roq + q r )  ( I z Z  - I y y )  

- (Po00 + Poq + QoP + P q ) I x z  

CM = ;Iyy + (PoRo + Por + Rop + p r ) ( I x x  - Izz) 

- (Ro2 + 2R0r + r2 )Ixz + (Po2 + 2Pop + p2 )Ixz 

CN = FIZZ - bTxZ + (PoQo + Poq + QoP + Pq)  (Tyy - IXX) 

+ CQoRo + Qor + Roq + q r ) I x Z  (A-20 1 
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Assumption V The d is tu rbances   f rom  the   s teady  
f l i g h t   c o n d i t i o n   a r e  assumed t o  
be  small  enough so t h a t   t h e   p r o -  
ducts  and  squares of  the  changes 
i n   . v e l o c i t i e s   a r e   n e g l   i g i b l e   i n  
comparison t o  t h e  changes  ihem- 
se lves .   A lso ,   the   d is tu rbance 
ang les   a re  assumed t o  be  smal l  
enough so t h a t   t h e   s i n e s  of  
these  angles may be set   equal  
t o  t h e   a n g l e s  and t h e   c o s i n e s  
s e t   e q u a l   t o  one.   Products   o f  
these  ang les   a re  a Is0 approx i -  
mate1 y zero  and  can  be neg I ected . 
S ince   t he   d i s tu rbances   a re  smal I, 
t h e  change i n   a i r   d e n s i t y  en- 
countered by t h e   a i r p l a n e   d u r i n g  
any  disturbance  can  be  considered 
zero. 

I f  Assumption V i s   a p p l i e d   t o   E q u a t i o n s  (A-201, they  become 

CF’, = rn[: + QoWo + Woq + Qow - RoVo - Rov - Vor 

+ g s i n  eo - (g  cos eo s i n  $o)$ + (g   cos  eo cos $o)eJ 
C F ~ ~  = rn[G + U,R, + U o r  + R,U - powo - P,W - w0p 

- ( g   s i n  eo)$ - g cos eo s i n  +o - (g   cos  eo cos $0)+] 

CF’, = m[G 3. POYO + Pov + Yop - QoUo - Qou - Uoq 

+ ( g   s i n  e o ) e  + (g   cos  eo s i n  +o)+ - (g cos eo cos $ 0 ) ]  

CL = ;Ixx - ;Ixz + (QoRo + Qor + Roq) ( lZz  - Iyy) 

- ( PoQo + Poq + QoP)Ixz 

CM = ;IrYy + C P ~ R ~  + Por + R ~ ~ ) ( I ~ ~  - 1 ~ 2 )  

- (Ro2 + 2Ror)I,, + (Po 2 + 2P0p)Ixz 

CN = ;Izz - ;Ixz + CPoQo + Poq + Qop) CTyy - I x x )  

+ (QoRo + Q o ~  + Roq)Ixz  (A-21 1 

Equa t ions   (A -21 )   l im i t   t he  
p e r t u r b a t i o n s .   I n   t h e   s t r  
c a b l e   o n l y  t o  i n f i n i t e s i m a  
q u i t e   a c c u r a t e   r e s u l t s   c a n  
bances of f i n i   t e ,  non-zero 

a p p l i c a b i l i t y  of t h e   a n a l y s i s  t o  so-ca l led  smal l  
i c t l y   m a t h e m a t i c a l  sense, Equat ions   (A-23)   a re   app l i -  
I disturbances;  however,  .experience  has shown t h a t  
be ob ta ined by app ly ing   these  equat ions  t o  d i s t u r -  
magnitude. An a d d i t i o n a l   a p p l i c a t i o n   o f   A s s u m p t i o n  
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V i s   t h e   r e d u c t i o n   o f   E q u a t i o n s  (A-18) t o  

P = & @  

Q = 6 + $ $  

I f  the  products  of   perturbat ions  are  neglected,  the  above  equat ions  are 
reduced t o  . 

P = $  . 
Q = 0  . 
R = +  

Equations (A-231 show t h a t ,   w i t h i n   t h e  Iim 
ins tan taneous  angu lar   ve loc i t ies  P, Q, and 
change o f   the   Eu le r ian   ang les .  

i t s  o f  sma I I per tu rba t  
R may be s e t  equa I t o  

(A-23 1 

ion   theory ,   the  
t h e   r a t e s   o f  

Assumption VI Dur ing  the  steady f I i g h t   c o n d i t i o n ,  
t h e   a i r p l a n e   i s  assumed t o  be f l y -  
ing  wi th   wings  leve l  and w i t h   a l l  
components o f   ve loc i t y   ze ro   excep t  
Uo and Wo. Thus, Vo = Po = Qo = 
Ro = $0 = l/Jo = 0. 

Assumption VI reduces  the  equations of  m o t i o n   t o  

CF’, = m [i + woq + g s i  n eo + ge cos eo] 
C F ’ ~  = m [; + Uor - w0p - gl/J s i  n 0, - g$ cos eo] 
CF’, = m [ i  - uoq + ge s i n  eo  - g COS eo] 
CL = &x - FIX, 
CM = q l y y  . . 
CN = rIzz - pIxz (A-24 1 

The aerodynamic  forces and moments a re   t hen   exp ressed   i n   coe f f i c i en t   f o rm  as  

L = C , - + ~ V * S  = L i f t  

D = CDfpV2S = Drag 

x = c,4pv s = Aerodynamic  Force A long x Ax is  
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Y = CyfpV2S = Aerodynamic  Force A long y Ax i s  

Z = C,fpV2S = Aerodynamic  Force  Along z Axis 

L = C 1 &pV2Sb = Rol I i ng Moment 

M = C,$pV2Sc = P i t c h i n g  Moment 

N = CnfpV2Sb = Yawing Moment (A-25 1 

where 

S = Wing Area 

c = Mean Aerodynamic  Chord = The  wing  chord  which 
has t h e   a v e r a g e   c h a r a c t e r i s t i c s  of a l l   c h o r d s  
i n  the   w ing .  

b = Wing  span 

The l i f t  and   d rag   a re   t he   f o rces   ac t i ng   no rma l  and p a r a l l e l   r e s p e c t i v e l y   t o   t h e  
f I i g h t   p a t h .  

As no ted   p rev ious ly ,   each o f  t h e   f o r c e s  and  moments can  be  expressed  as a 
f u n c t i o n  of  the   va r iab les   by   expand ing   t he   f o rces  and moments i n  a T a y l o r   s e r i e s .  
The s e r i e s  has t h e  form 

F = F, + (aF/aa),a + caF/awOB + (aF/a8),6 + ... (A-26) 

where a ,  B, and 8 a r e   v a r i a b l e s ,  and t h e   s u b s c r i p t   z e r o   i n d i c a t e s   t h a t   t h e  
q u a n t i t i e s   a r e   e v a l u a t e d   a t   t h e   s t e a d y   f l i g h t   c o n d i t i o n .   I n   E q u a t i o n  (A-261, 
terms of the   o rde r   l a2F /aa2)   (a2 /2 !  1 and a I I h i g h e r   o r d e r   t e r m s   a r e   o m i t t e d   i n  
accordance  wi th  Assumption V.  Before  expanding  each of t h e   f o r c e s  and moments 
i n   t h e  above  form, a simp1 i f i c a t i o n   c a n  be made. Because t h e   x z   p l a n e   i s  a 
p lane   o f  symmetry, t h e   r a t e   o f  change of t h e  X and Z f o r c e s  and t h e  moment M, 
w i t h   r e s p e c t  t o  t h e   d i s t u r b a n c e   v e l o c i t i e s  p, r, and  v, i s   z e r o .  Thus, t h e   f o r c e s  
and moments a c t i n g   o n  a d is tu rbed  a i rp lane  can  be   expressed 

ax ax ax ax ax ax ax 
au a: aq  aq a w  asE 6~ 

x = x o + - u + -  i l + - q + , ~ + - w + ~ w + -  
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where 

N = N 0 + - v + 7  aN a N ;  +2J r + -  aN r + - p + + , p + -  a aN aN aN 6, 
av av ar a; a P   a P  a6R 

bE = Ang 

6F = Ang 

6~ = Ang 

l e   o f   d e f  

l e   o f   d e f  

l e   o f   d e f  

l e c t i o n   o f   e l e v a t o r  

l e c t i o n   o f   f l a p s  

l e c t i o n   o f   a i l e r o n s  

(A-27 I 

6, = A n g l e   o f   d e f l e c t i o n   o f   r u d d e r  

The t h r u s t   f o r c e   p r e v i o u s l y   m e n t i o n e d   i n   E q u a t i o n s  (A-15) can be i n t roduced  
i n t o   t h e   e q u a t i o n s   o f   m o t i o n   i n  much t h e  same  way a s   t h e   g r a v i t y   f o r c e  was i n t r o -  
duced.  The t h r u s t   i n   c o n s i d e r e d   t o  be a f u n c t i o n   o f   t h e  power p l a n t   r e v o l u t i o n s  
pe r   m inu te  and t h e   f o r w a r d   s p e e d   o f   t h e   a i r p l a n e .   W i t h   t h e   p o w e r   p l a n t   l o c a t e d  
i n   t h e   p l a n e   o f  symmetry, t h e   t h r u s t   c o n t r i b u t e s   t o   t h e  X and Z f o r c e s  and t o   t h e  
moment M. W i t h   t h e   a i d   o f   F i g u r e  A-7, it i s   e v i d e n t   t h a t ,  by s e t t i n g   t h e   s t e a d y  
f l i g h t   t h r u s t   e q u a l   t o  To, t h e   e q u a t i o n s   f o r   t h e   s t e a d y   f l i g h t   c o n d i t i o n  become 

X, = To cos 5 

Zo = - To s i n  5 

where 

Mo = To z j 

5 = angle  between x a x i s  and t h r u s t   l i n e  

'j t h r u s t  I i n e  
= pe rpend   i cu   l a r  d i s tance from C .g . to 

(A-28 1 
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Y 

F i g u r e  A-7.  T h r u s t   f o r c e   r e l a t i o n s h i p   t o  X and Z f o r c e s  and moment M. 

S i n c e   t h e   E u l e r i a n   a x e s   r e m a i n   f i x e d   w i t h   r e f e r e n c e   t o   t h e   a i r p l a n e   d u r i n g  a 
d i s t u r b a n c e ,   t h e   t h r u s t   c o m p o n e n t s   r e l a t i v e   t o   t h e   d i s t u r b e d   a x e s  become 

Z = - T j   s i n  5 

M = T  z 1 j  
where T1 ( t h e   t h r u s t   d u r i n g   t h e   d i s t u r b a n c e )  = To + AT 

I f  a T a y l o r   s e r i e s   e x p a n s i o n   i s  assumed, then 

Thu s f  

(A-29 1 

The i n d i v i d u a l   c o n t r i b u t i o n s  t o  the   equat ions   o f   mot ion   have now been exam- 
ined i n  some d e t a i l ,   g i v i n g   p e r h a p s  some i n s i g h t   i n t o   t h e   b a s i s  of  the   comp le te  
e q u a t i o n s   o f   m o t i o n   o f   t h e   a i r f r a m e .   B e f o r e   c o n t i n u i n g ,  however, it i s   w e l l   t o  
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note   tha t   the   equat ions  for steady f l i g h t  can be found  by subs t i t u t i ng   t he   s teady  
f l i g h t   v a l u e s   o f   t h e  aerodynamic,  weight and t h r u s t   f o r c e s  and moments i n t o  Equa- 
t i o n s  (A-24) and set t ing  the  d is turbance  terms  equal  t o  zero: 

X, - \h; s i n  8, + To cos 5 = 0 

Yo + 0 + 0 = o  

Z, + W cos 0, - To s i n  5 = 0 

Lo + 0 + 0 = o  

M, + 0 + To Z j  = o  

No + 0 + 0 = o  (A-31 1 

The equat ions  o f   mot ion  for   the  d is turbed  a i rp lane  are  then  found by s u b s t i t u t i n g  
the  d is turbed  va lues  o f   the  forces and moments into  Equat ions (A-24): 

- T s i n  5 - ( s  a 
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(A-32) 

The q u a n t i t i e s   i n   b o x e s   d i s a p p e a r   b e c a u s e   o f   t h e   s t e a d y   f l i g h t   c o n d i t i o n s  of 
Equat ions (A-31). D i v i d i n g   t h e   f o r c e   e q u a t i o n s   b y   t h e  mass m and t h e  moment 
equa t ions   by   t he   app rop r ia te  moments o f   i n e r t i a   y i e l d s   t e r m s  of t h e  form 

1 ax -- u and -- 1 a' r. 
m au I x x  ar 

Replacing  ( l /m)(aX/au)  by Xu and ( l / I y x ) ( a L / a r )  by Lr s i m p l i f i e s   t h e   n o t a t i o n .  
These q u a n t i t i e s   a r e   c a l l e d   e i t h e r  "dimensional s t a b i  I i t y   d e r i v a t i v e s "  or s imp ly  
" s t a b i  I i t y   d e r i v a t i v e s . "  By e l   i m i n a t i n g   t h o s e   t e r m s  whose sum, i n  accordance 
w i th   Equat ions  (A-321, i s  zero  because o f  t h e   s t e a d y   f l i g h t   c o n d i t i o n s ,  and  by 
us ing  the  prev ious  shor thand  notat ion,   Equat ions  (A-32)   are  reduced t o  t h e  form: 

+ Uor  - w0p - g$ s i n  0, - g4  cos eo = Y r r  + Y ~ F  + Y ~ V  t 
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Assumption V I 

Because o f  Assumption VI 
change of  v e l o c i t i e s   a r e  omm 

I The flow i s  assumed t o  be 
quasi   -steady. 

, a l l   d e r i v a t i v e s   w i t h   r e s D e c t   t o   t h e   r a t e s  of I 
i t t e d ,   w i t h   t h e   e x c e p t i o n  of t h o s e   i n v o l v i n g  i ,  

w h i c h   a r e   r e t a i n e d  t o  a c c o u n t   f o r   t h e   e f f e c t   o n   t h e   h o r i z o n t a  I ta: j  I of t h e  
downwash from the   w ing .  I t  s h o u l d   a l s o  b e   p o i n t e d   o u t   t h a t   t h e   c h a n g e   i n  
a n g l e  of  at tack  can  be  approx imated  by Aa = w/U. 

The o n l y   r e s t r i c t i o n s   t h u s   f a r  imposed  on t h e   o r i e n t a t i o n   o f   t h e   E u l e r i a n  
a x e s   w i t h   r e s p e c t  t o  t h e   a i r p l a n e   a r e   t h a t   t h e  y a x i s  be a p r i n c i p a l   a x i s  and 
t h a t   t h e   o r i g i n  be  located a t   t h e   c e n t e r  of  g r a v i t y   o f   t h e   a i r p l a n e .  When t h e  
x a x i s   i s   o r i e n t e d  so t h a t  i t  i s  a p r i n c i p a l   a x i s ,   t h e   E u l e r i a n   a x e s   a r e   r e -  
f e r r e d   t o   a s   p r  i nc i pa I axes, b u t  when t h e  x a x i s   i n   t h e  a i rpl~a-ne_i~? pa-ya_l;l_e;l 
t o  t h e   r e l a t i v e   w i n d   d u r i n g   s t e a a   f l i g h t ,   t h e   E u l e r i a n  axe-s"are r e f e r r e d   t o  
a s   s t a b  i I i t y  axes. When t h e  a i rf r G e 7 s - d   i s t u r b e d  from t h e   s t e a d y  f I i g h t  .. 
c o n d i t i o n ,   t h e   E u l e r i a n   a x e s   r o t a t e   w i t h   t h e   a i r f r a m e   a n d   d o   n o t  change d i r e c -  
t i o n   w i t h   r e s p e c t   t o   t h e   a i r p l a n e .   C o n s e q u e n t l y ,   t h e   d i s t u r b e d  x a x i s  may 
o r  may n o t  be p a r a l l e l   t o   t h e   r e l a t i v e   w i n d   w h i l e   t h e   a i r p l a n e   i s   i n   t h e  
d i s t u r b e d   f l i g h t   c o n d i t i o n .   I t   s h o u l d  b e   n o t e d   t h a t   f o r   s m a l l   a n g l e s   o f  
a t t a c k   t h e  moments o f   i n e r t i a   a b o u t   t h e   s t a b i l i t y   a x e s   a r e   a p p r o x i m a t e l y  
equal t o   t h o s e   a b o u t   t h e  body  axes;  however, a t  low  speeds ( h i g h   a n g l e s   o f  
a t t a c k )   t h e  moments o f   i n e r t i a   a b o u t   t h e   s t a b i l i t y   a x e s   c a n   d i f f e r   s i g n i f i c a n t l y  
f rom  those  about   the   body   axes   and  th is   fac t   shou ld   be   cons idered  in   dynamic  
analyses. The use o f   t h e   s t a b i l i t y  a x e s   e l i m i n a t e s   t h e   t e r m s   c o n t a i n i n g  Wo 
f rom  Equat ions (A-33) b y   e l i m i n a t i n g   t h e   f o l l o w i n g   q u a n t i t i e s :  ( 1 )  a l l  terms 
c o n t a i n i n g  Wo, w h i c h   d i s a p p e a r s   b e c a u s e   o f   t h e   d i r e c t i o n   o f   t h e   s t a b i l i t y  
axes; ( 2 )  a l l  a e r o d y n a m i c   p a r t i a l   d e r i v a t i v e s   w i t h   r e s p e c t   t o   r a t e s   o f  change 
o f   v e l o c i t i e s ,   e x c e p t   t h o s e   w i t h   r e s p e c t   t o  W; and ( 3 )  a l l  aerodynamic p a r t i a l  
d e r i v a t i v e s   w i t h   r e s p e c t   t o   r a t e s   o f  change o f   c o n t r o l   s u r f a c e   d e f l e c t i o n s .  
Equat ions (A-33) t h e n   r e d u c e   t o   E q u a t i o n s  (A-34 and (A-35). To a v o i d   c o n f u s i o n  
w i t h  body ax i s   coo rd ina te   sys tems ,  where 8, i s   t h e   i n c l i n a t i o n   o f  +he x a x i s  
w i t h   r e s p e c t   t o   t h e   h o r i z o n ,   t h e   a n g l e s  between t h e   h o r i z o n t a l  and t h e  x 
s t a b i l i t y   a x i s   i s   c a l l e d  yo. I t  w i l l  be recogn ized  tha t   because  o f   the  way 
t h e   s t a b i l i t y   a x i s  system i s   d e f i n e d  yo i s  i ndeed   the   ang le  of t h e   f l i g h t   p a t h  
w i t h   r e s p e c t   t o   t h e   e a r t h .  

w - Uoq + g8 s i n  yo = - T u ( s i n   E ) u  - T G ~ ~ ~ ~ ~ ~ M  s i n  5 

4 = T,u + .Y? T 6 R p M 6 ~ p ~  
. z*m 

+ Muu + Mqq + Mww 
I Y Y  . I Y  Y 
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An examinat ion   o f   these  equat ions  shows t h a t   E q u a t i o n s   ( A - 3 4 )   a r e   f u n c t i o n s  
o f  t h e   v a r i a b l e s  u, 0 ,  and w, whereas  Equat ions  (A-35)   are  funct ions of t h e   v a r -  
i a b l e s  v, r, and  p. As a r e s u l t   o f   t h e   a s s u m p t i o n s  made i n   t h i s   a n a l y s i s ,   t h e  
equat ions   o f   mot ion   can  be t rea ted   as   two   i ndependen t   se ts   o f   t h ree   equa t ions  
w i th   Equa t ions   (A -34 )   desc r ib ing   t he   l ong i tud ina l   o r  x-z plane  mot ions  and 
Equa t ions   (A -35 )   t he   l a te ra l   mo t ions .  
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DEFINITION OF STABILITY DERlVATlVES 

I n   t h i s  appendix  the  d imensional   srabi l i ty   der ivat ives  which  appeared 
in   the  equat ions  o f   mot ion  are  def ined.   For  each d imens iona l   s tab i l i t y  
de r i va t i ve   an   equa t ion   i s   g i ven  which, for the   most   par t ,   re la tes  it to a non- 
d imens iona l   der iva t ive   thus   s imp l i f y ing   the   eva lua t ion  of the  dimensional 
de r i va t i ves .  

Longi tudinal   Stabi  I i t y   D e r i v a t i v e s :  
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30 pUSc acT 
T 6 ~ ~ ~  

- - 
m 30 c a (7 ~ R P M )  

L a t e r a l   S t a b i l i t y   D e r i v a t i v e s :  

Lg = U,LV 

Y =  P 
pUSb 

4m 
acy 
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I t  s h o u l d   b e   n o t e d   t h a t   d e r i v a t i v e s   w i t h   r e s p e c t   t o   a n g l e s   o r   r a t e s  of a n g u l a r  
change  a re   de f ined  per   rad ian .  
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DERlVATION OF THE TRANSFER FUNCTIONS 

Equations-CA-34)  and CA-35) from  Appendix A may be  converted by t h e   u s e  of 
d e t e r m i n a n t s   i n t o   t h e   t r a n s f e r   f u n c t i o n s   c o n s i d e r e d   e a r l i e r   i n   t h i s   s t u d y .  

The  angle of a t t a c k  and t h e   a n g l e  of s i d e s l i p   c a n   b e   w r i t t e n  i.n approx imate 
form based  on t h e   v e l o c i t y  components  and t h e   p e r t u r b a t i o n   v e l o c i t y  components: 

ACY, N - and B - V 

"0 "0 

T h e   a n g l e   b e t w e e n   t h e   e q u i l i b r i u m   f l i g h t   p a t h  and t h e   d i s t u r b e d   f l i g h t   p a t h   i s  
d e f i n e d   a s  E. I t  s h o u l d   b e   p o i n t e d   o u t   t h a t   o n l y  when e q u a l s   z e r o   i s   t h e  
s i d e s l i p   a n g l e  B equal t o  t h e   n e g a t i v e  of t h e  yaw ang le .  

The  long i t u d  i na I equat 
as shown below: 

- Xuu - (Tucos 

ions   can  be w r i t t e n  by   mod i fy ing   Equat ions  (A-341, 

S)u - x q + gecos yo - xf i i  - xww 9 

-Zuu + ( T u s i n   < ) u  - Uoq - Z q + g o s i n  yo + \f, 

&E E F F  

9 

= Z 6 - ( T 6 R p M ~ i n  S)BRpM + Zg 6 

-M,u - -TUu rn -t 4 - M,q - MgQ - MWw 

zfi4 - z,w 

( C - 1 )  

The l a t e r a l   e q u a t i o n s   o f   m o t i o n ,   E q u a t i o n s  (A-351, a r e   r e a r r a n g e d   b y   s u b s t i t i t i n g  
f3U f o r  v and d i v i d i n g   b y  Uo. Thus, 

. Y r  
B - YvB - cos yo)$ + r - -r - (9 s i n  yo)$ 

UO  UO 
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The r i gh t   s ides   o f   Equa t ions  CC-I) and CC-2) a re   t he   con t ro l   f o rces  and represent 
t h e  means by  which  e i ther   the human p i l o t   o r  an a u t o p i l o t  can  control   the  mot ion 
o f   the   a i r f rame.  The t h r u s t  and the   con t ro l   sur face   inpu ts   a re   the   fo rc ing  
func t ions   wh ich   de termine   the   resu l tan t   mot ion   o f   the   a i r f rame.   S ince   the   a i r -  
f rame  equat ions  of   mot ion  are  l inear  equat ions,   the  pr inciple  of   superposi t ion 
may be  used t o  o b t a i n  a solut ion.  For  instance,  the  response t o  simultaneous 
a p p l i c a t i o n  of e leva to r  and rudder  def lect ions  can be determined by c a l c u l a t i n g  
the  response t o  each o f   these  de f lec t ions   separa te ly  and then  add ing   the   resu l ts  
t o  complete  the  so lu t ion.  

The t rans fer   func t ions   a re   ob ta ined by app ly ing   the  method of   Laplace  t rans-  
forms. If Equations ( ( 2 - 1 )  and CC-2) are  t ransformed  into  the  Laplacian domain, 

where 
A’ = Tucos 5 
B’ = TsRpMcos 5 
C’ = T,sin 5 
D -  = T6RPMsi n 5 
E a  = T T u  

I Y Y  

z .m 
F’ = ?gRm 

YY 

B , =2 
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. 
It should be no ted   tha t  p, q, and r were replaced  by 4 ,  8, and $ respec t ive-  

. .  
ly. T h i s   i s   p e r m i t t e d  because  o f   the  smal l   per turbat ion  approx imat ion.   Us ing 
Equations CC-3) and Cramer’s r u l e   f o r   s o l v i n g   e q u a t i o n s  by  determinants,  the 
l o n g i t u d i n a l   t r a n s f e r   f u n c t i o n  for  U(S)/~E(S) w i t h  6,=0 and 6~m=O can be 

xgE -(sX; + X,) +xq - gcos yo) 

z% [S(I - z;) - z,] -[s(u, + zq) - g s i n  yo] 

[ S  - (X, + A * ) ]  -(sX\; + X,) - ( s X  - gcos yo) 
I 

9 

-(Z, - C’) [ d l  - Z$ - z,] -[s(u, + z - g s i  n yo] 
4 

-(Mu + E’) -(sM; + M,) ( s 2  - M q s ) I  
(C-4 I 

The denom ina tor   de terminant   i s   the   de terminant   o f   the  homogeneous equations  de- 
noted by Dl. The expansion  of D l  g ives  

Dl = A s 4  + Bs3 + C s 2  + DS + E, ( C - 5 )  

where A = 1 - Zf 

B = - ( 1  - Z6) [ (Xu + A’) + Mq] - Z, - M 6 ( U o  + Zq) - X;(Zu - C’) 
C = (X, + A’)[M ( 1  - Z;) + Z, + M i ( U o  + Z,)] - (Mu + E ’ ) [ X t ( U o  + Zq)  

q 
+ X q (  1 - Z t ) ]  + M Z, + (Zu - C’)[MqXg - X,) - XqMmI  

9 
+ MRgsin yo - Mw(Uo + Zq) 

D = g s i n  yo[ (Mu + E ) X $  + M, - M ~ ( X U  + A > ) ]  + gcos yo[(Z, - C’IMfi 

+ (Mu + E’) ( 1  - ZR) ]  + (Mu + E’)[-Xw(Uo + Zq) + Z w X q I  

+ (Z, - C’ I IXwMq - X q M w l  + (X, + A’ l [Mw(Uo + Zq) - M q Z w l  

E = gcos yo[Mw(Z, - C’) - Zw(M, + E’)] 

+ g s i  n yo[(Mu + E’IX, - (X, + A’IM,] 

The numerator  determinant i s  expanded i n  Equatron ( C - 6 ) :  
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N,/bE = Aas3 + Bas’ + Cas + D, (C-7 1 

where A, = Zg /U, 
E 

+ (Mg E /Uo)[(Xu + A’lgsin yo - (2, - C’)gcos yo] 
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[ S  - (X, + A’)] -(sXfi + Xw) x8E 

-(Z, - C’) [ d l  - Z$ - zwl z6E 

where A 0  = ZgEM; + Mg ( 1  - Z t )  
E 

Be = X6E[(Zu - C’IM; + ( 1  - Z;)(MU + E’)] 

+ ZgE[Mw - Mg(Xu + A’) + (MU + E’IXq] 

+ Mg [-Z, - ( 1  - Z i )  (Xu + A’) - Xm(Zu - C’)] 
E 

Ce = XgE[Mw(ZU - C’) - Z w ( M U  + E’)] 

I- Mg [Zw(Xu + A’) - Xw(Zu - C’)] 

+ Z6E[-Mw(Xu + A )  + Xw(Mu + E’)] 

E 

I t  should be no ted   f rom  the   mechan ics   o f   t he   above   de r i va t i on   t ha t ,  had 
i t  been d e s i r a b l e   t o   d e r i v e   t h e   t r a n s f e r   f u n c t i o n s   f o r  any  one o f   t h e   o t h e r  
con t ro l   i npu ts ,  i t  would  have  been  necessary  only t o   r e p l a c e  6~ by t h e   a p p r o p r i -  
a t e   d e r i v a t i v e  whenever 6~ appeared i n   t h e   t r a n s f e r   f u n c t i o n .   T h i s  knowledge 
c a n   a l s o  be a p p l i e d  t o  t h e   l a t e r a l   t r a n s f e r   f u n c t i o n s   a b o u t   t o  be d e r i v e d .  To 
make t h e   f o l l o w i n g   t r a n s f e r   f u n c t i o n s   a p p l i c a b l e   t o   a i l e r o n   d e f l e c t i o n  6, i ns tead  
o f   r u d d e r   d e f  I e c t   i o n  B R ,  it i s  necessary  on I y t o   r e p   l a c e  BR by 6~ whenever 6~ 
appears, and t o  r e p l a c e  Yg R, LgR, and NgR by YgA. LgA. and N6A r e s p e c t i v e l y .  

Fol l o w i n g   t h i s   a p p r o a c h ,   t h e   l a t e r a l   t r a n s f e r   f u n c t i o n s   f o r   r u d d e r   d e f   l e c -  
t i o n s ,  (8p ,=O) ,  became: 

342 



D2 = s(As4 + Bs3 + Cs2 + Ds + E )  

N /BR = s(A s 3  + B s2  + C s + DB) 
B B B B 

(C-9 1 

(C-10) 
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- LB ( s 2  - sLp) 



The  above t r a n s f e r   f u n c t i o n s   c o m p l e t e l y   d e s c r i b e   t h e   a i r f r a m e   w i t h i n   t h e  
l i m i t s  of the   assumpt ions  made i n  Appendix A of  t h i s   s t u d y .  

By s u b s t i t u t i n g  ju f o r  s t h e   t r a n s f e r   f u n c t i o n s   a r e   t r a n s f o r m e d   i n t o   t h e  
frequency  domain. I f  one t h e n   w r i t e s   t h e   n u m e r a t o r  and  denominator  each  as a 
magn i tude   and   phase   ang le   and   p lo t s   t he   ra t i o  o f  magn i tudes   and   t he   d i f f e rence  
i n  phase   ang les   aga ins t   f requency ,   t he   resu l t s   i nd i ca te   t he   magn i tude   and  
phase r e l a t i o n s h i p   o f   t h e   a i r c r a f t   r e s p o n s e  t o  a s i n u s o i d a l   c o n t r o l   i n p u t  o f  
u n i t   m a g n i t u d e   a t  any  given  frequency.  These "Bode" p l o t s   a r e   q u i t e   u s e f u l  
i n   v i s u a l i z i n g   f r e q u e n c y   r e g i o n s   o f   e x c e s s i v e   a i r c r a f t   r e s p o n s e   ( r e g i o n s   o f  
poor   damping) ,   the   f requency   above  wh ich   aper iod ic   mot ions   decrease  rap id ly  
i n   a m p l i t u d e ,   f r e q u e n c y   r e g i o n s   w h i c h   s h o u l d   b e   a v o i d e d   b y   s t r u c t u r a l   a n d  
con t ro l   sys tem  resonances   because   o f   t he   poss ib i l i t y   o f   coup l i ng ,  and, i f  
measured i n   f l i g h t ,   t h e   p r e s e n c e  and e f f e c t   o f   n o n - l i n e a r i t i e s .   C o n t r o l   s y s -  
tem  and a u t o p i l o t   d e s i g n e r s   f i n d   s u c h   p l o t s   p a r t i c u l a r l y   u s e f u l  when t h e  
s c a l e s   a r e   l o g a r i t h m i c   s i n c e  among o ther   advantages   the   ampl i tude of the   ac -  
t u a l   a i r c r a f t   r e s p o n s e   i s   m e r e l y   s u b t r a c t e d   f r o m   t h e   d e s i r e d   r e s p o n s e  t o  f i n d  
t h e   e f f e c t i v e   t r a n s f e r   f u n c t i o n   w h i c h   t h e   a u t o p i l o t  or  contro l   system  must  
SUPP I Y - 

The denominator of  t h e   t r a n s f e r   f u n c t i o n   i s   t h e   L a p l a c e   t r a n s f o r m  o f  t h e  
c h a r a c t e r i s t i c   e q u a t i o n   o f   t h e   s y s t e m .  I t  can   be   t hough t   o f   as   rep resen t ing  
t h e   g e n e r a l   s o l u t i o n   i n   t h e   m a t h e m a t i c a l  sense, f o r  the   response  o f   the   sys tem.  
The numera to r   t e rms ,   comb ined   w i th   t he   t ime   h i s to ry  of  t h e   c o n t r o l   s u r f a c e  mo- 
t i o n s ,   a r e   r e s p o n s i b l e   f o r   t h e   p a r t i c u l a r   s o l u t i o n .  To o b t a i n   t h e   t i m e   h i s t o r y  
of t h e   r e s p o n s e   t o  a p a r t i c u l a r   c o n t r o l   s u r f a c e   i n p u t  it i s  necessary t o  o b t a i n  
t h e   i n v e r s e   t r a n s f o r m  o f  t h e   t r a n s f e r   f u n c t i o n .   F a i r l y   e x t e n s i v e   t a b l e s  o f  
L a p l a c e   t r a n s f o r m s   a r e   a v a i l a b l e   a n d   t h e   p r o p e r   f o r m   c a n   o f t e n   b e   f o u n d   t h e r e -  
i n .  It may, however,  be  necessary t o  pe r fo rm a p a r t i a l   f r a c t i o n   e x p a n s i o n  t o  
r e d u c e   t h e   t r a n s f e r   f u n c t i o n   t o  a sum o f  s i m p l e r   f u n c t i o n s  whose inverses  do 
a p p e a r   i n  a t a b l e .   F o r   d e t a i l s ,   t h e   r e a d e r   i s   r e f e r r e d  t o  a s t a n d a r d   t e x t   o n  
control   system  design  such  as  Savant  (Ref.100).  
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SIMPLIFIED RESPONSE CHARACTERISTICS 

The equations  developed i n  Appendices A, B, and C, a l though  a l ready   l inear -  
ized,  are s t i l l   d i f f i c u l t  t o  so lve  by  hand. (For   those  wi th   d ig i ta l   computer  
f a c i l i t i e s ,   t h e  programs  presented i n   t h e   p r e s e n t   r e p o r t  may be  used t o   o b t a i n  
t ime   so lu t i ons  t o  the  complete  system.)  For  preliminary  design  purposes it i s  
d e s i r a b l e   t o  be a b l e   t o  make rap id ,   approx imate   ca lcu la t ions   o f   the   e f fec t   o f  
geometric or loading changes  on t h e  dynamics  o f   the  a i rcraf t .  I t  i s   t h e r e f o r e  
o f   i n t e r e s t   t o   d e t e r m i n e   t h e   e x t e n t  t o  which  the  equations and t h e i r   s o l u t i o n s  
can  be s i m p l i f i e d   b e f o r e   t h e   c h a r a c t e r i s t i c   b e h a v i o r   i s   l o s t .  

In   th is   connect ion ,  it i s  convenient t o  assume t h a t  

I t  has long been common knowledge t h a t   f o r   t h e   l o n g i t u d i n a l  case  the  phugoid os- 
c i l l a t i o n   i s  accompanied  by l i t t l e  or  no  change i n   v e r t i c a l   v e l o c i t y   w h i l e   t h e  
s h o r t   p e r i o d   o s c i l l a t i o n   t a k e s   p l a c e   a t   c o n s t a n t  speed i f  the  magni tude  o f   the 
p i t ch   ang le  change is   kept   smal l .   Th is   suggests   that   the  genera l   three-degree-  
of-freedom  system  can  be  approximated  by  two  two-degree-of-freedom  systems. 

Equations A-34 may be w r i t t e n  

l j + g e = x u u + x w  W 

I - u q = z u + z w + 7 6 & E  0 U W 
E 

q = M u + M q + M w w + M G P + M  U 6 . 
9 6 E  E 

I t  should be no ted   tha t   the   per tubat ion   ve loc i t ies ,   i .e . ,  u,, w, and q,are 
zero when the  unper turbed  var iab le i s  constant  dur ing a p a r t i c u l a r  maneuver. 
Taking  advantage o f   t h i s   f a c t ,  one f i n d s   t h a t   t h e  system ( 1 )  reduces t o   t h r e e  
equations i n  TWO unknowns, one equat ion  o f   which  is   therefore  redundant .   For  
the  shor t   per iod  approx imat ion,   the  equat ion  descr ib ing  l inear   accelerat ion 
along  the  x-axis  is   redundant.  (The a c c e l e r a t i o n   i s   z e r o  and the  remaining 
forces  reduce t o  an i d e n t i t y . )   S i m i l a r l y   f o r   t h e   p h u g o i d  case, the  equat ion 
desc r ib ing   p i t ch   i s   redundan t .  

- 

d - U o q = Z w + ~ 6  W 
E E  

4 = M q + M w + M i J + M  6 E  
9 W 6 E  

and 

i c = x u - g e  
U 

-u i  = z u + 
u $:E 

f o r   t h e   s h o r t   p e r i o d  mode 

(3) 

f o r   t h e  phugoid mode. 
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Equations ( 2 )  and ( 3 )  have been w r i t t e n  t o  re f l ec t   t hese   cons ide ra t i ons .  
Transformed t o   t h e  frequency domain these become 

shor t   pe r iod  
and 

phugo i d . 
S u b s t i t u t i o n   o f   t h e   f i r s t   e q u a t i o n  of ( 4 )  i n t o   t h e  second y i e l d s  

(MG+Mg I S  + (MwZ6 -M6 Z 
e E E E W  * =  ( 6  

The o s c i l l a t o r y   r o o t s  of the  denominator of  ( 6 )  desc r ibe   t he   sho r t   pe r iod  damp- 
ing  and frequency.  Since i n   g e n e r a l   t h e   t r a n s f e r   f u n c t i o n   o f  an o s c i l l a t o r y  
mode can  be descr ibed by 

I 

n n  
2 s +2rw s+w 

2 

it is r e a d i l y  seen that   the  f requency o f  t h e   s h o r t   p e r i o d  mode is given by 

w h i l e   t h e  damping r a t i o   i s  

U0MG f Zw + M 
5 = -  

SP 2wn 
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u= Z6EdUO 

6E 2 zug s - xus - - 
UO 

from which i t  i s   a p p a r e n t   t h a t  

(11) 

(12) 

(13) 

s i m i -  
I on 

( 1 4 )  

The 
l a r   f a s h  
o f  A-35 

a p p r o x i m a t e   l a t e r a ! - d i r e c t i o n a l  
i o n .   T h e   r e a d e r   w i l l   r e c a l l   t h a  

c h a r a c t e r i s t i c s   a r e   o b t a i n e d   i n  a 
t t h e   s o l u t i o n   o f   t h e  second  equat 

fo r  m o t i o n   r e s t r i c t e d   t o   t h a t   a b o u t   t h e   x - a x i s   i s   g i v e n  on page  137  as 

r 1 

The f i r s t   t e r m  i s  t h e   s t e a d y   s t a t e   p o r t i o n  of t h e  so 
f o r   t h e   t r a n s i e n t   s o l u t i o n   t o   a t t a i n  63% o f   i t s   f i n a  

l u t i o n  and t h e   t i m e   r e q u i r e d  
I v a l u e   i s  

The  Dutch r o l l   i s  assumed f o r   p u r p o s e s  of a p p r o x i m a t i o n   t o   c o n s i s t   o f  a 
yaw ing   mo t ion   abou t   t he   z -ax i s .   Thus   t he   mo t ion   l i es   en t i re l y   i n   t he   x -y   p lane ,  
i .e . ,   the   bank   ang le   remains   cons tan t  and t h e r e   i s  no  Lr,  V ,  o r  Lv .   Wi th   the  
a d d i t i o n a l   a s s u m p t i o n s   t h a t  V = UoB, and r = 4, $J = -6, Y ~ R  and Y r  = 0 .  
equa t ions  A-35 reduce t o  

which when t ransformed becomes 

thus  
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U n f o r t u n a t e l y ,   t h e   s p i r a l  mode i s  no t   read i l y   app rox ima ted   w i th   accu racy   by  
a one-or-two-degree-of-freedom system. However,  by d i s c a r d i n g   s m a l l   q u a n t i t i e s  
from t h e   g e n e r a l   f i f t h   o r d e r   c h a r a c t e r i s t i c   e q u a t i o n  of l a t e r a l   m o t i o n   a n d  
g roup ing   t he   rema in ing   t e rms  t o  match  the  expansion of 

Ref. 17 was a b l e  t o  show t h a t  

N o t e   t h a t   u n l e s s   t h e  yaw damping  and t h e   s i d e   f o r c e  due t o  s i d e s l i p   a r e   b o t h  
very   la rge   numer ica  I l y ,   t h e   f i r s t   t e r m   i n   t h e   n u m e r a t o r  may be neglected.  A t  
c r u i s e ,   t h e   l a s t   t e r m   i s   g e n e r a l l y   a b o u t  10" t imes  the   second  te rm so t h a t  one 
common I y sees 

The s t a b i l i t y  of t h e   s p i r a l  mode may be  deduced  by  examining  the  s ign of t h e  
net   denominator   s ince  the  numerator  wil l almost  a lways  be  negat ive.  Cnr by  de- 
f i n i t i o n   i s   n e g a t i v e   w h i l e  Cgr i s  p o s i t i v e .  The s i g n   o f  CQ depends  upon t h e  
d i h e d r a l   a n g l e   b u t   t h e   a i r c r a f t  i s  u s u a l l y   c o n f i g u r e d  so t h a t  C ~ R  i s   n e g a t i v e .  
CnB depends-upon t h e   a r e a   d i s t r i b u t i o n   i n '   t h e  xz-p I ane b u t  i s  usCa I l y  p 
Thus, i f  CgBCnr i s   l a r g e r   t h a n  CnBCg,, t h e   a i r c r a f t   w i l l  be s p i r a l i y   s t  
should  be  noted,  however,   that   the  geometr ic  changes needed t o  improve 
s t a b i l i t y  wil l  u s u a l l y   r e s u l t   i n   p o o r e r   D u t c h  r o l l  performance so t h a t  
promise i s  necessary i n   t h e  absence o f   a n   a r t i f i c i a l   s t a b i l i t y  system. 
one wi l l  o p t  fo r  a v e r y   s l i g h t l y   u n s t a b l e   s p i r a l  mode i n   o r d e r  t o  o b t a i  
f ac to ry   Du tch  ro l  I performance. 

G s i t i v e .  
ab le .  I t  
s p i r a l  
some com- 

Usua I l y  
n s a t i s -  

35 1 
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USE OF THE NON-LINEAR FORM 

OF THE EQUATIONS OF MOTION 

T h e r e   a r e   o c c a s i o n s   i n   t h e   a n a l y s i s   o f   f l i g h t   m o t i o n s  when one  would  wish 
t o  s tudy   l a rge   depar tu res  from equ i l ib r ium,   c i rcumstances   where   the   aerodynamic  
f o r c e s  and moments a r e   h i g h l y   n o n - l i n e a r ,   a n d   t h e   r a r e   s i t u a t i o n s  where t h e r e  
i s   e x t e n s i v e  directional-longitudinal cross-coupl ing.   The  general   equat ions* 
of c o u r s e   d e s c r i b e   t h e s e   s i t u a t i o n s   a s   w e l l   a s   t h e y   d o   t h o s e   i n v o l v i n g   s m a l l  de- 
p a r t u r e s  from equi l ibr ium.  There  are,   however,   no  extensively-developed  tech- 
niques  analogous t o  t h e   t r a n s f e r - f u n c t i o n ,   r o o t - l o c u s   p r o c e d u r e s   f o r   e x a m i n i n g  
t h e   c h a r a c t e r i s t i c s  of s o l u t i o n s  of  systems o f  n o n - l i n e a r ,   p a r t i a l   d i f f e r e n t i a l  
equat ions .   Wi th   the   advent  of  v e r y   l a r g e   d i g i t a l   c o m p u t e r s ,   c o n v e r t i n g   t h e  
equat ions t o  d i f f e r e n c e   e q u a t i o n s  fo r  s o l u t i o n   o r   u s i n g  a v a r i e t y  of forward 
i n t e g r a t i o n   t e c h n i q u e s  became f e a s i b ! e .   I n   o r d e r   f o r   s u c h   t e c h n i q u e s  t o  r e t a i n  
s u f f i c i e n t   a c c u r a c y  when comput ing   s lowly   decay ing   osc i l la t ions ,   however ,   ex -  
t reme  prec is ion  must   be  mainta ined.   Inherent ly ,   the  computat ion  requi res  con-  

I 

s i d e r a b l e   t i m e   o n  a l a r g e  

Conceptual ly ,  a simp 
too, a large  machine  wi th  
a b i l i t y   o f   s k i l l e d   a n a l o g  
"canned" d i g i t a  I programs 
to   ana lyze   non - l i nea r   mo t  
o t h e r s  who have  employed 

machine. 

e r  approach i s   t o  employ  an  analog  computer.  Here, 
many f u n c t i o n   g e n e r a t o r s   i s   r e q u i r e d .  Also t h e   a v a i l -  
programmers seems t o  b e   l i m i t e d   w h i l e   t h e  number o f  
i s   m u l t i p l y i n g .  Thus t h e   u s e r  who f i n d s  it necessary 
ons i s   a d v i s e d   t o   s e c u r e  a su i tab le   p rogram  f rom 
t. 

* See equat ions  A-8 and A-27. 
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SOME  NOTES  ON THE CONSTRUCTION  AND  INTERPRETATION OF 

BODE PLOTS  AND ROOT  LOCUS  DIAGRAMS 

The use of  Bode p l o t s  t o  s t u d y   a i r f r a m e   r e s p o n s e   d a t e s   f r o m   t h e   e a r l y   1 9 5 0 ' s .  
The Bode p l o t  was by t h e n  a f a m i l i a r   t o o l  t o  t h e   c o n t r o l   s y s t e m   e n g i n e e r  and 
when he was g i v e n   r e s p o n s i b i l i t y  f o r  deve lop ing   advanced  au top i lo ts ,  it was na- 
t u r a !  f o r  him t o  employ a rep resen ta t i on   o f   t he   a i r f rame  dynamics   wh ich   wou ld  
f a c i l i t a t e   h i s   t a s k .  How it does t h i s   i s   o u t l i n e d   b e l o w .  

The a i r c r a f t   a l o n e   c a n  be  considered  as  one  block i n  a combined a i r c r a f t -  
automat ic   cont ro l   system  feedback  loop.  

2 J 

Aero- 

Control 
Surface a 

Serm dynamic , - t b Aircraft 
Response 

4 

F i g u r e  F-1. Sample block  d iagram. 

Each b l o c k   i s   d e s c r i b e d   b y   o n e  o r  more d i f f e r e n t i a l   e q u a t i o n s ,   a c c o r d i n g  t o  
NewtonIs Second Law o f   M o t i o n  o r  i t s   e l e c t r i c a l   e q u i v a l e n t .  To combine  the 
c h a r a c t e r i s t i c s  of each  b lock so as t o  f o r m   t h e   c h a r a c t e r i s t i c s   o f   t h e   o v e r a l l  
system i s   q u i t e   d i f f i c u l t  because a s i g n a l  i s  m o d i f i e d   i n   b o t h   p h a s e  and  ampli- 
t ude   i n   go ing   t h rough   each   b lock .  By a p p l y i n g   t h e   L a p l a c e   t r a n s f o r m  

t o   t h c   i e s c r i b i n g   d i f f e r e n t i a l   e q u a t i o n s  one  ob ta ins   an   a lgebra ic   representa-  
t i o n   f o r  each   b lock   i n   t he   sys tem.  I t   i s   t h e n   c o n v e n i e n t   t o   a r r a n g e   t h i s   r e -  
p r e s e n t a t i o n   i n   t h e   f o r m  of  a t r a n s f e r   f u n c t i o n ,   i . e . ,   a s  a r a t i o   o f   b l o c k   r e s -  
ponse t o  b l o c k   e x c i t a t i o n .  These t r a n s f e r   f u n c t i o n s   c a n   t h e n  be m u l t i p l i e d  
t o g e t h e r  t o  y i e l d  system  response t o  s y s t e m   e x c i t a t i o n .  It i s  a r e l a t i v e l y  
s t r a i g h t   f o r w a r d   p r o c e d u r e   b e c a u s e   e a c h   t r a n s f e r   f u n c t i o n   i s   m e r e l y  a r a t i o   o f  
p o l y n o m i a l s   i n   t h e   L a p l a c e   o p e r a t o r  s. 

A t r a n s f e r   f u n c t i o n   c a n  be made t o   d i s p l a y   a d d i t i o n a l  ph s i c a l   s i g n i f i c a n c e  
b y   a l l o w i n g  j w  t o   r e p l a c e  s, where w i s  a f requency  and j = k. The re -  
s u l t i n g   t r a n s f e r   f u n c t i o n   i s   t h e n  a r a t i o  of  p r o d u c t s   o f   v e c t o r   q u a n t i t i e s ,   s u c h  
as f o r  example 

(3+4j)(5+6j) , 
(2+ j  1 (7+5j 1 
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The r u l e s   f o r   r e d u c i n g   t h i s  complex q u o t i e n t   t o   i t s   s i m p l e s t   f o r m   a r e  ( 1 )  
w r i t e  each f a c t o r  as an amp I i t u d e  and  a  phase  angle, (2) mu I t i p   l y   t h e   n u m e r a t o r  
amp I i tudes  together, ( 3 )  mult ip ly   the  denominator  amp I i tudes  together,  ( 4 )  add 
the  numerator  phase  angles, (5 )  add the  denominator  phase  angles, ( ' 6 )  form  the 
r a t i o  of numerator t o  denominator  amplitudes ( 7 )  fo rm  the   d i f fe rence between 
numerator and denominator  phase  angles. The t o t a l   t r a n s f e r   f u n c t i o n   i s   t h e n  
represented  by  a  single  ampli tude and  a s l n g l e  phase angle. The numerical 
values of amp I i tude and  phase angle  are computed a t  each  frequency of i n t e r e s t .  
(The am I i t u d e  and phase  angle of  t h e   f i r s t   f a c t o r   i n   t h e  example  are 
Amp = h = 5 and  phase  tan-1 4 / 3 . )  

By choosing  a  log-log o r  db-log  frequency  representation t o   p l o t   t h e   a m p l i -  
t u d e   r a t i o  and a   l i nea r - l og   f requency   p lo t   f o r  phase angle, one  can s imply  add 
amp1 i t u d e   r a t i o s  and  phase  angles  of components g r a p h i c a l   l y   t o   o b t a i n   t r a n s f e r  
f u n c t i o n s   o f   t h e   e n t i   r e  system. One can a l s o  do t h i s   f o r   t h e   f a c t o r s   i n  a 
t r a n s f e r   f u n c t i o n .  

Cer ta in  shape amp1 i tude  ra t ios- f requency  p lo ts  can  be shown t o  be associ-  
a t e d   w i t h   c e r t a i n  time responses.  For example, t h e   t r a n s f e r   f u n c t i o n  of  a 
s i m p l e   s e r i e s   r e s i s t o r - c a p a c i t o r   c i r c u i t  

C 

Ei" Eout 

F i gu r e  F-2. Samp I e  res i stor-capac i t o r  c i rcu  i t . 

can be w r i t t e n  

The d i f f e r e n t i a l   e q u a t i o n   d e s c r i b i n g   t h e   c u r r e n t   f l o w   i n   t h i s   s i t u a t i o n   i s   o f  
f i r s t  order; hence, t h e   t r a n s f e r   f u n c t i o n  shown i s   s a i d   t o  be t h a t   o f  a f i r s t  
order  system. I f E i  i s  a  step, Eo w i  I I r i s e   i n s t a n t a n e o u s l y   t o   t h e  va I ue o f  E i  
and then decay w i t h  ti me, reaching 37% o f  E i  i n  RC seconds. Such t i  me response 
i s  t h e n   c h a r a c t e r i s t i c   o f   f i r s t   o r d e r  systems. 

I t  w i  I I be n o t e d   t h a t  when w>>l/RC, IE,/Ei 1~1, i .e., independent  of   f re-  
quency and when w<<l/RC, I Eo/Ei I -RCw. A I I ne such as RCw when p I o t t e d  on a  log 
ampl i tude,  log  f requency  plot  has  a s lope   o f  +1. Since 

db =2O log(Eo/Ei 1, 
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t h i s   r e p r e s e n t s  a s l o p e  of  +6db per   oc tave  o r  +20 db p e r  decade. The s l o p e  f o r  
l a rge   va l  ues of w i s  0 db p e r   o c t a v e  and t h e  change  begins i n   t h e   n e i g h b o r h o o d  
of w=l/RC. The phase  angle wi l l  change a t o t a l  90' i n   g o l n g  from w=O t o  a==. 

I f  E; i s  made a s i n e  wave o f  f requency wl, t h e   p l o t  of  ] E  / E i  I i n d i c a t e s   t h a t  
fo r  wt=1/2RC, Eo/Ei = 1/2; f o r  w '=1 / IO  RC,Eo/E] = 1/10,  and ?he phase  angle is 
about--90°. For  w'>l/RC, Eo/Ei = 1 and t h e  phase  angle i s  zero.   Thus  the 
c i r c u i t   t r a n s m i t s   s i n e  wave w i t h   f r e q u e n c i e s   g r e a t e r   t h a n  1/RC e s s e n t i a l l y  un- 
changed i n  phase or a m p l i t u d e   b u t   d i f f e r e n t i a t e s ,   i . e . ,  changes  phase  angle  by 
90'  and amp I i tude   by   t he   f ac to r  w, s i n e  waves w i th   f requenc ies   l ess   t han  1/RC. 

I n t e r c h a n g i n g   t h e   r e s i s t o r  and c a p a c i t o r   r e s u l t s   i n   t h e   t r a n s f e r   f u n c t i o n  
f o r  a low f r e q u e n c y   i n t e g r a t i n g   c i r c u i t  

1 

I 1 - + j w  RC 

Note t h a t   t h e   d e n o m i n a t o r   o f   t h e   t r a n s f e r   f u n c t i o n   i s   t h e  same f o r  b o t h   c i r c u i t s .  
Thus t h i s   c i r c u i t  w i  I I  a l s o   e x h i b i t   t h e   c h a r a c t e r i s t i c  o f  a f i r s t   o r d e r  system 
i n  response t o  a s tep  i n Ei :Eo w i  I I reach 63% o r  E i n  RC seconds. j 

Systems  described  by a s e c o n d   o r d e r   d i f f e r e n t i a l   e q u a t i o n ,  i .e., a mass- 
spring-damper  system or  a inductance-capacitance-resistance system, y i e l d  
t r a n s f e r   f u n c t i o n   d e n o m i n a t o r s  o f  the   fo rm 

where w i s   t h e   n a t u r a l   f r e q u e n c y   o f   t h e  system, t h a t   i s ,   t h e   f r e q u e n c y   a t  
which  tRe  system wou I d   o s c i  I I a t e   o r   r e s o n a t e   i n d e f i n i t e l y  i f  there  were  no 
damping o r   r e s i s t a n c e .  5 i s   t h e  damping r a t i o .   I t   d e s c r i b e s   t h e   e n v e l o p e  of  a 
decay ing   s inuso id :  

On t h e  Bode p l o t ,  a second  o rder   denominator   fac to r  wi I 1  beg in  as a hor izon-  
t a l   l i n e   a t  low f requencies.  The ampl i tude w i  I I s low ly   i nc rease  and peak i n   t h e  
neighborhood of  wn, t h e   r a t i o   o f   h o r i z o n t a l   a s y m p t o t e  t o  peak   he igh t   va ry ing  
d i r e c t l y   w i t h  5. Beyond wn t h e   a m p l i t u d e   f a l l s  o f f  r a p i d l y   w i t h  a f i n a l   s l o p e  
o f  - 12 db per   oc tave .  The t o t a l  phase  ang l e  change i s  I 80° w i t h   t h e  90' p o i n t  
o c c u r r i n g   a t  w=wn. 

I t  w i  I I be a p p r e c i a t e d   t h a t  any order   po lynomia l  can  always  be  factored t o  
appear  as a p roduc t  of f i r s t  and  second o r d e r   f a c t o r s .  Thus g i v e n  a t r a n s f e r  
f unc t i on   one  can  always  graph it r e a d i l y   b y   f a c t o r i n g  it, g r a p h i n g   t h e   f a c t o r s ,  
adding,  and p l o t t i n g   t h e  sum. 

To o b t a i n  a reasonably good i n d i c a t i o n  o f  t h e   c h a r a c t e r i s t i c   m o t i o n s  o f  a 
new a i   rp   lane  one  need  on l y   e v a  I u a t e   t h e   c o n s t a n t s   i n   t h e   t r a n s f e r   f u n c t i o n s  and 
p l o t .  The graph of  t h e  [ 6 / S , l  t r a n s f e r   f u n c t i o n  w i  I I  p r o b a b l y   e x h i b i t  two 
peaks, a high,  sharp  peak a t  low frequencies  and a modest  peak a t  much l a r g e r  
frequencies.  These of  course  correspond t o  the   phugo id   and   sho r t   pe r iod  
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modes respec t  i ve I y . The 
i mmed i a t e  I y ev i   denl -   f rom 
s t e a d y   s t a t e   p i   t c h  i tlg ve 

f requenc 
t h e  p l o t  

loc i tv  wh 

i e s   a t  wh i ch  they  occur  and  the i r dampi ng  are . The zero  f requency  va lue of 8/15, Ts t h e  
i ch  can  be  produced  by a un i t e I evator   de f   lec -  

t i o n   a t  a g i ven   f o rward  speed, e.g., loca t ion ,   a l t i tude ,   we igh t ,   and  ang le  of  
a t t a c k .  I t  i s  thus  a measure o f  e l e v a t o r   e f f e c t i v e n e s s .  

- 

mon 
t a  I 
one 

By measuring 6 and 6, as f u n c t i o n s  of t l r n e   i n   f l i g h t  and  performing a har-  
i c  a n a l y s i s   o f   t h e   t i m e   h i s t o r i e s  it i s   p o s s i b l e  t o  c o n s t r u c t  an experimen- 
ly-determined l 6 / s , l  t r a n s f e r   f u n c t i o n .   T h i s  can  then  be  compared w i t h   t h e  
c a l c u l a t e d  from the   equat ions  of mo t ion .   No te   t ha t   t he   l a te r  w i  I I have two 

peaks  and  on I y two peaks. F I i g h t   t e s t   r e c o r d s   a r e  common l y   u n r e  I i ab l e   a t  f re -  
quencies  less  than 1 rad/sec. so t h a t   t h e   p h u g o i d   i s   s e l d o m   e v i d e n t .   D i s t i n c t  
peaks may appear  on  the f I i g h t   t e s t  Bode p l o t   a t   f r e q u e n c i e s   o t h e r   t h a n   t h e  
sho r t   pe r iod   f requency .  These  can be due t o  

( I )  s t r u c t u r a l  resonances  exc i ted  by  the  a i   r f rame  mot ion 
( 2 )  i n e r t i a l   c r o s s   c o u p l i n g   ( f r o m   t h e   d u t c h   r o l  I )  
( 3 )  n o n l i n e a r i t i e s   i n   t h e   m o t i o n   p r o d u c i n g   h a r m o n i c s   o f  

( 4 )  absence o f   s i g n i f i c a n t   h a r m o n i c   c o n t e n t   i n   t h e  6, t r a c e  

( 5 )  poor  qua I i t y   d a t a  o r  data  process ing.  

t h e   s h o r t   p e r i o d  mode o r   i n t e r m o d u l a t i o n   w i t h   o t h e r  modes 

a t   t h e   p a r t i c u l a r   f r e q u e n c y   ( a   s p u r i o u s  peak, t h e r e f o r e )  

Care fu l   ana lys i s ,   however ,   w i l l   usua l l y   revea l   t he   sou rce  of the   ex t ra   peaks .  
One  may t h e n  compare t h e  measured  values o f  t h e   s h o r t   p e r i o d  and  phugoid  f re-  
quenc ies   and   damp ing   ra t i os   w i th   t he   p red ic ted   va lues .  Knowledge o f   t h e   f r e -  
quency  and  damping r a t i o   a l s o   p e r m i t  one t o   e x t r a c t   f l i g h t   v a l u e s   o f  Cmq and 
CD i f  Cm, i s  known. 

T h i s   v e r y   b r i e f   d i s c u s s i o n   o f   t h e   c o n s t r u c t i o n  and u t i l i t y  o f  Bode p l o t s   i s  
s u f f i c i e n t   t o   p o i n t   o u t   t h e   f a c t   t h a t   t h e y   a r e   n o t   v e r y   e f f i c i e n t  means o f  
s t u d y i n g   t h e   e f f e c t   o n   t h e   m o t i o n   o f   a i r c r a f t   o f   v a r y i n g   t h e  amount o f   c o n t r o l  
system  feedback  since a new p l o t  must be made for  each  value  of   feedback  gain.  
The same i s   t r u e   f o r   t h e   v a r i a t i o n   i n   b a s i c   a i r f r a m e  dynamic   cha rac te r i s t i cs  
r e s u l t i n g  from changes i n  geometry o r  mass d i s t r i b u t i o n .  The root locus  diagram 
was developed t o  overcome t h i s   d i f f i c u l t y .  As t h e  name i m p l i e s  i.i shows on  one 
f i g u r e ,   t h e   t r a j e c t o r y   t h e   f r e q u e n c y  and  damping o f  c h a r a c t e r i s t i c  modes f o l l o w  
as  system  parameters  are  changed. 

C o n s i d e r   t h e   t r a n s f e r   f u n c t i o n  

0 K(s+a 1 (s2+bs+c) 
T =  s(s+d)(s+e)(s2+fs+g)  

the  denominator  of  t h e   t r a n s f e r   f u n c t i o n   r e p r e s e n t s   t h e   c h a r a c t e r i s t i c   e q u a t i o n  
of  t h e  system,  e.y., t h e   e q u a t i o n   d e s c r i b i n g   t h e   f r e e   m o t i o n  of t h e   s y s t e m   ( t h e  
response  independent of c o n t r o l   i n p u t ) .   I t   i s   r e s p o n s i b l e  f o r  the   genera l   so lu -  
t i o n  of  the   sys tem of d i f f e r e n t i a l   e q u a t i o n s .  The p a r t i c u l a r   s o l u t i o n  comes 
from the  numerator .  

I t  wi l l  b e   o b s e r v e d   t h a t   a l l   v a l u e s  o f  s which makes the  denominator   zero 
a r e   s o l u t i o n s  of t h e   c h a r a c t e r i s t i c   e q u a t i o n  and t h e r e f o r e   c o n t r i b u t e  a t e r m  of 
t h e   t y p e  eAt t o  the   t ime  response.   S ince  f o r  t h e s e   r o o t s   t h e   t r a n s f e r   f u n c t i o n  
i s   unde f ined ,   denomina to r   roo ts   a re   ca l l ed   po les .   Numera to r   roo ts   a re  
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appropr i a t e  I y ca l led  zeros.  I t  i s  customary t o  p l o t   t h e s e  PO 
abscissa i s  t h e   r e a l   p a r t  of s and whose o rd ina te  

les and zeros  on a 
graph whose i s   t h e  imaginary 
par t .   Poles  are commonly depicted  as  x’s and zeros  as 0 ’ s .  A f i r s t   o r d e r   r o o t ,  
e.g., (s+d), will always l i e  on the  abscissa (A second order  system has two 
roots .  They may be rea l ,   i n   wh ich   case   t hey   l i e  on the   absc issa)   o r   they  may 
be  complex, i n  which  case  they  are  p laced  equidistant above and below t h e  ab- 
s c i  ssa. 

Any po le   wh ich   l i es   i n   t he   r i gh t   ha l f   s -p lane   rep resen ts  an unstable  motion. 
Zeros i n   t h e   r i g h t   h a l f   p l a n e   a r e   s i g n i f i c a n t   i n   t e r m s  of the   t ype  of motion 
on ly  i f  the  system  depicted i s  a feedback  system.  In t h i s  case  the  zeros  re- 
p resent   the   loca t ion   o f   the   po les  when the  feedback  ga in  is  made i n f i n i t e .  For 
zeros i n   t he   r i gh t   ha l f   p lane   t hen ,   t he   sys tem wi l l  then become unstable a t  
some f i n i t e   v a l u e   o f  feedback  gain. Knowledge o f   t h e   l o c a t i o n   o f   t h e   b a s i c   a i r -  
c r a f t  zeros i s  needed by designers i n   o r d e r   t o  combine the   con t ro l  system  char- 
a c t e r i s t i c s   w i t h   t h o s e   o f   t h e   a i r c r a f t  so as to   ob ta in   the   des i red   response 
w i thout   unexpected   ins tab i l i t ies .   Note   a lso   tha t  a zero  placed on t o p   o f  a 
p o l e   w i l l   e l i m i n a t e   t h e   m o t i o n  caused by tha t   po le   f rom  the   t ime   h i s to ry   o f   t he  
par t i cu la r   var iab le   assoc ia ted   w i th   the   numera tor  ( 8  i n  e / %  f o r  example)  but 
f rom no o the r   t ime   h i   s to ry .  

A pole  located a t  s=-3, f o r  example, means t h a t   t h e r e  i s  a c o n t r i b u t i o n   t o  
t h e  t ime h i s to ry   g i ven  by e-3t. Thus, t h e   f u r t h e r   t o   t h e   l e f t   t h e   p o l e ,   t h e  
more r a p i d  i s   t h e  subsidence.  Conversely, a po le  a t  s=3 means the  mot ion has 
an unstab I e component described by e3’. Typ i ca I I y t h e  sp i r a  I mode i n  a i  r c r a f t  
l i e s   s l i g h t l y   t o   t h e   r i g h t .  MIL F8785B requ i res   tha t   doub le   ampl i tude  in  bank 
angle sha I I no t  be a t ta ined  i n I ess than  I2  seconds. S i  nce e l  .693=2 , TS must be 
more than l/0.141 o r  ~ 1 0 . 1 4 1 .  

S tab le   osc i l l a to ry  modes, it wil l be reca l led ,  have roots  which can be 
expressed by 

F igure F3 ind ica tes  how va ry ing   e i t he r   f requency   o r  damping r a t i o   s e p a r a t e l y  
moves the  po les.  I t   a l s o  shows tha t   t he   p roduc t  <wn determines  the  t ime  for  an 
o s c i l l a t i o n   t o  decay t o   h a l f   a m p l i t u d e .  When  <wn=O.591 t h e   o s c i l l a t i o n  will de- 
cay t o   h a l f   a m p l i t u d e   i n  one  second. Smal ler   va lues  o f   the  product  mean t h e  
t i m e   t o  damp t o   h a l f   a m p l i t u d e  i s  longer. 

The o r d i n a t e   o f   t h e   f i g u r e   i s  wnJ1-S2 ca I led  the damped natura I frequency. 
Th is   i s   t he   f requency   o f   osc i l l a t i on   wh ich  one would measure from f l i g h t   r e c o r d s  
and i s  seen t o  depend on t h e  damping r a t i o .  Note t h a t   f o r  a damping r a t i o   o f  
u n i t y  , the   osc i  I I a t i o n  has  decayed t o  a subsidence  described by e-2wnt. 
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F i g u r e  F-3. V a r i a t i o n s   o f   f r e q u e n c y  and  damping r a t i o .  
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LONGITUDINAL  SAMPLE  CALCULATIONS 

Presented  below i s  a s tep by s tep   p rocedure   fo r   ca lcu la t ing   the   long i tud ina l  
s t a b i l i t y   d e r i v a t i v e s   f o r   t h e  Cessna 182 a i rp lane.  A tab le   con ta in ing   the   per -  
t inent   geometr ic   d imensions  o f   the  a i rp lane  is   g iven;   geometr ic  and aerodynamic 
data  such  as  aspect  rat io, downwash, and wing l i f t  curve  slope  are  est imated; 
and fo rmu las   f o r   t he   s tab i l i t y   de r i va t i ves   a re   de l i nea ted ,   w i th   app rop r ia te  num- 
be rs   f o r   t he  Cessna 182. These formulas were taken  f rom  app l i cab le   sec t ions   in  
t h e   t e x t ,  and t h e   d e r i v a t i v e s  were ca lcu la ted   on ly  for t h e   c r u i s e   c o n d i t i o n .  

S = 174 f t .2 S t  = 38.71 ft.2 SE = 16.61 f t .2  
b = 35.88 f t .  b t  = 11.54 f t .  
X = 0.695 At = 0.65 
c.g.  located a t  26.4% m.a.c. 
fuselage  length = 25 f t .  max fuselage  width = 4.17 f t .  
length  from  c.g. t o  t a i l  quarter-chord = 14.6 f t .  
length  from  wing  quarter-chord t o   t a i l  quarter-chord = 14.6 f t .  
length  from nose t o  wing  quarter-chord = 6.84 f+ 
length  from c.g. t o  wing  a.c.  (chordwise) = 0.1163 f t .  
length  from  c.g. t o  wing  a.c. ( v e r t i c a l )  = 1.67 f t .  
length  from c.g. t o   t h r u s t   a x i s  = 0.0 f t .  

-~ 
Table G-1. Per t inent   long i tud ina l   d imens ions   fo r   the  Cessna 182. 

S 
b 35.83 I .  mean aerodynamic  chord c = - = - - 1 7 4  - 4.86 f t .  

c =" 
t 11.54 38.71 - 3.35 f t .  c =" 1 6 * 6 1  - I .44 ft. E 11.54 

2. aspect r a t i o  AR = - = - - 35'83 - 7,378 ARt = - - I 1-54 - 3.44 
c 4.86 I .44 

3. incidence  angle 

4. ang le   o f   a t tack  

5. wing CL 

6. downwash angle 

the  wing  incidence  angle was assumed t o  be 1.5O. 
t h e  t a i l  incidence  angle was assumed t o  be -3.0'. 

the   w ing   ang le   o f   a t tack   i s  assumed t o  be 1.5'. 

t h e  2-D wing CL was obtained  from  Ref. 7 from a p l o t  
shown i n   F i g u r e  I .  A Reynolds Number o f  5.7 x IO6 w i t h  
an a=1.5O i s  used t o   o b t a i n  Cp,=O.39. The 3-D wing CL i s  
now found  from - 

Lp, - 

(1/X~0.3 3 . 0 ~  
( 7) 

cL 
- 0.39 
- '1 + Z.O/AR 1+ 2.0/7.378 

- = 0.3068 
wing 

0 2 5  
E = 20.0 c 

Lw (AR)0.725 t 
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7. h o r i z o n t a l   t a i l  a a = a - i + it - E: = 1.5-1.5-3.0-1.61 = -4.61O t W 

8. t a i  I e f f i c i e n c y  rlk = qt/q assumed.to be 0.85 

9. 2-D l i f t  curve  s lope The 2-D wing l i f t  curve  slope i s  taken from Ref. 7 
i n   t h e   l i n e a r   r e g i o n  and i s  found t o  be 0.103 per  
degree. S i m i l a r l y ,   t h e   t a i l  2-D l i f t  cu rve   s lope   i s  
found t o  be 0.1 per  degree  (using 0009 sec t ion) .  

I O .  e f f i c i e n c y   f a c t o r s  I t  i s  now necessary t o  approximate  the  induced-angle 
span e f f i c i e n c y   f a c t o r   e l ,  for both  the  wing and t h e  
t a i l  as we l l  as Oswald's e f f i c i e n c y   f a c t o r ,  e, for  
the  wing.  For  the  wing, e l  = 1 / ( 1 + ~ 1 ,  where T i s  
approximated  (using a t a p e r   r a t i o   o f  0.695)  from 
Figure 4 as 0.103; thus e l  = 1/(1+0.103) = 0.907. 
F o r   t h e   t a i l   t h e  same f i g u r e   i s   a g a i n  used ( w i t h  a 
t ape r   ra t i o   o f   0 .65 )  and ~=0.084,  whi le 
e l  = 1/(1+0.084> = 0.92.  Oswald's e f f i c i e n c y   f a c t o r  
i s   a l so   t aken   f rom  F igu re  4, where e = 1 / ( 1 + 6 )  and 6 
i s  found t o  be 0.022, wh i l e  e=0.98. 

I I .  3-D l i f t  curve  slope  using  steps 9 and IO, t h e  3-D l i f t  curve  slopes can 
now be ca lcu lated.  

('La 2-D 
- 

('L c1 'wing- ('L '2-D 57.3 

- - 0.103 
(0.103) 57.3 = .085 per 

+ (3.1416)  (.go71  (7.378) degree o r  
4.61 per 
rad i an 

57.3) = 0.0635 per 

3.64 per  
degree o r  

rad  i an 

12. change i n  downwash w i t h  a 

20.0(0.085) ( l / O  .695 1 

0*725 14.6 (7.378) 
(3 (4 -86 )  = 0.42 
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13. 2-D wing CD The  2-D wing CDa  can  be  approximated from Ref. 7, depending 
a on the  angle of attack of the wing. If the  angle of attack 

is relatively sma I I ,  it  may  be  neglected in many cases.  For 
the  cruise  condition  of  the  Cessna 182 (CD 12-., = 0.0 

a 
14. elevator  angle A procedure for approximating  the  elevator  deflection  re- 

quired for equilibrium f I ight  is  given  below.  The  tai I 
lift  coefficient,  based  on  the  tail  area,  required  for 
equilibrium  flight  can  be  approximated by 

C = CL 
Ltai I W 

= 0.0 
The  angle  of 
coefficient 

13. 
attack  required  to  achieve  this  lift 
is 

La+Jper 
degree 

The  actual  angle  of  attack  of  the  tail  from  Ref.  7  is 
at=-4.6I0. Now the  difference  between  are Id and at  is 
the  effective  angle  of  attack  produced by 1 eflecting  the 
elevator.  From  Figure  13, 

dat sE 
" - 0.624,  based  on - = 0.43.  Thus 

s, 
a req'd t ~ 0.204 + 4.61 = 7 .710.  - a  

d =  E dat 0.624 

15.  parasite drag, ('D 'airplane - " s , where S = wing area and f = CCD AT 
f Tr 

%IT is  the drag coefficient  of  each a 
part and is  multiplied by the  area  on 
based and summed  for all the  componen 

fw i ng Dw w' = C S where CD = 0.0065 
W 

(taken  from  Ref. 
2 2 thus, 

fwing = (0.0065)(174 ft 1 = 1.131 ft 

i rp I ane  component 

ts  to  obtain f. 
which  it  is 

7 for RN=5.7 x 10 1; 6 

max.  fuselage  height = 4.8 ft. height/length = 0.192 
max.  fuselage  width = 4.2 ft. width/length = 0.168 
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I 

Thus, f rom fuse I age data, C D ~  = 0.OQ63.  Add i ng 20% for 
t h e  canopy, CD, = 0.0756.  Assuming  a rec tangu lar  area, 

AT = (4.8)(4.2) = 20.2 f t .  , 2 

= (0.0756)(20.2 f t .  1 = 1.525 f t .  , 2 2 
fuse I age 

landing = (‘D An)mai n + (CDtn )nose  
gear IT gear  gear 

The v a l u e   o f  f for  the  main  gear is found  from  Table 5 t o  
be 0.74. For   the  nose gear,  where the  diameter = I f o o t  
and the   w id th  = 0.5 fee t ,  CD, = 0.8 and AT = (0.5)(1.0) = 
0.5 ft.2. Thus, 

= 0.74 + (0.8)(0.5) = 1.14 f t .  2 
landing 
gear 

empennage = (‘D 71 Aa)ernpennage 

t o t a  I 

= (0.007)(38.71) = 0.2715 f t .  2 

= 1.131 + 1.525 + 1.14 + 0.271 = 4.067 f t .  2 

Adding 10% f o r  mutual   interference between  component $ a r t s  
and 5% f o r  m a l  I protuberances, fairplane = 4.677 f t .  . 
Thus, 

(‘D ’ a i   rp  I ane ~ (‘DIT)a i r p  I ane 
- - = 0.0269. 

f 

St 16. a i rp lane  CL (‘L)ai r p  lane = CL + CL v t = 0 . 3 0 7  + 0.0129(-)(.85) 38.7 I 

= 0.309 

t w  I74 

CL2 17. a i rp lane  CD - (‘D)a i r p  I ane (‘D ’a i rp lane TeAR 
- + -  

71 

- (0.307IL 
- (3.1416)(.98)(7.378) = 0.031 I 

Tz, T 

18. a i rp lane  C and CT C = - m -  
I , bu t  T = 0. 

Thus, Cm = 0.0 and CT = 0.0. 

19. a i rp lane  CL C D  - , c  c CL = CD = cm = CT = 0.0 
U U U U U U U U 

rn T 

20. a i r p l a n e  C 
La 

Da 
21. a i r p l a n e  C 

‘L - (‘L )wi ng 

(‘Da)ai r p  I ane da TeAR ‘La 

- = 4.61 

dCd 2CL 
”+- 

a a 

- 0 

= 0.0 + 2(.309)(4.61) 
(3.1416)(.98)(7.378) 

= 0.126 
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22. airplane C (‘rn ’airplane = c  ma - ‘m + ‘rn 
ma a wing  tai I f us. a a 

2cL ( 
(‘rn a ’wing = {[I *O + X R  57.3 

a 

57.3 a a 

2( .309)  
= {[1” + (3 .1416)( .98) (7 .378)  ( 0 . 0 )  + 4.61 

2(   .309)  
+ [ (3 .1416)( .98) (7 .378)  

(‘rn ’wing = 0.048 
a 

d s  ’t ‘t 
da Sw c ‘t (‘rn )tai I = CL (1- -) - 

a a t 
= (3 .64)  (.58)(*)(%) 38 71 ( . 8 5 )  = I .  I98 - 

(‘m )ai rp I ane = 0.048 - 1.2 + 0.265 = -0.885 
a 

d s  ‘t ’ St 23. airplane C 
L& (‘L&)a i rp I ane 

= (2.0)(3.64)(0.42)(%)(%)(.85) = I .74 

24. airplane C CD = 0.0 
D& & 

d s  t t ’t R R *  

m. (‘rn.)airplane = -2*ocL - --- da c c Sw ‘t 25. airplane C 
a a a t 

= -2.0(3.64) I . 4 2 ) ( = ) ( & ( ~ ) ( . 8 5 )  14.6 14 6 38.71 

= -5.24 
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X *  Rt 
('L )a i r p  I ane = 2.0 - CL + 2.0 - c - 26. a i r p l a n e  CL St 

4 4 
C a C L t S w  nt 

+ 2.0(4 14 , ~ 6 ] ( 3 . 6 4 ) ( ~ ) ( ' . 8 5 )  6 38 61 = 3.9 74 

27. a i r p l a n e  C D ('D ) a i   r p  1 ane = 0.0 
9 9 "Y 

- 2.0 (--I-) 14 6 (3.64)(=)(.85) = -12.43 4.86  I74 

can  be  found  from  Figure 14 f o r   c f / c  = - = I .43 .43 3.35 

= 0.06 per  degree  or 3.41 per  radian. 

(a 1 

(a 1 
cL 

can be found  from  Figure 16 us ing  a c /c r a t i o   o f  .43. 
6 ca. f 

T h i s   r a t i o   g i v e s  a va lue   o f  (a 1 = -0.77. U s i n g   t h i s  
value and the   +a i  I aspec t   ra t i o ,  &3.44, 

(a 1 

6 C  

6 c, 
L 

= 1.04 f rom  the   lower   par t   o f   F igure  16. Thus, 

a i r p l a n e  = (3.41) ( 3 . 6 4 ) ( l  .04)(=)(.85) = 0.427 (5.73)  I74 

30. a i r p l a n e  CD To est imate C D ~ E ,  t h e   t a i l   s u r f a c e   i n   F i g u r e  17 which i s  
6, most l i k e   t h e  one in   ques t ion   shou ld  be used. The num- L er ica1   va lue  of can  be taken from p l o t s   o f  CD versus 

a f o r   d i f f e r e n t   e l e v a t o r   d e f l e c t i d n s .  From F igure  17 
f o r   t a i l   s u r f a c e  5, CD per   rad ian  = 0.315. Thus, 
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(‘Ds )a i   rp   l ane  (‘Os )per   rad ian  nt 
- - 

E E 

= (0.315>(-)(.85> = 0.0596 per   rad ian  38 71 
I74 

31. a i r p l a n e  Cm - 
“ “ C L  =-Im) 1 4 * ‘  (0.427) = -1.28 

6E (‘ms E ) a i   r p  I ane 6E 
C 
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LATERAL  SAMPLE  CALCULATIONS 

The f o l l o w i n g   i s  a deta i led  procedure for  c a l c u l a t i n g   t h e   l a t e r a l   s t a b i l i t y  
d e r i v a t i v e s  for  t h e  Cessna 182 a i rp lane .   I n   Tab leG-2 the   pe r t i nen t   a i rp lane  
character is t ics   are  g iven,   f rom  which  cer ta in   geometr ic  and  aerodynamic  data 
such  as e f f e c t i v e   v e r t i c a l   t a i l   a s p e c t   r a t i o ,   v e r t i c a l   t a i l  l i f t  curve  slope, 
wing and h o r i z o n t a l   t a i l   a s p e c t   r a t i o ,  body s i d e  area, and fuselage  volume  are 
ca lcu la ted .  Then the   fo rmulas   fo r   the   s tab i l i t y   der iva t ives ,   f rom  the   appro-  
p r i a t e   s e c t i o n s   i n   t h e   t e x t ,   a r e   p r e s e n t e d   w i t h   t h e  numbers corresponding t o  
t h e  Cessna 182 f o r   t h e   c r u i s e   c o n d i t i o n .  

Sw = 174 f t .  2 

r = I .730 
Lb = 25 f t .  
H2 = 1.8 f t .  
SR = 6.95 ft.2 
bv = 5.75 f t .  
IIV = .85 
bh = 11.6 f t .  
Y i  = 8.34 f t .  

bw = 35.83 f t .  
zw = -1.835 f t .  

ba = 8.9 f t .  
H = 4.85 f t .  
R 1  = 0.73 f t .  

x, = 7.0 f t .  

Rv = 14.8 f t .  
sh = 38.71 f t .2  
C D ~  = ,0279 

CL = .307 
A = .7 
H 1  = 4.8 f t .  
Ca = 0.75 f t .  
Sv = 18.57 ft.2 
zv = 2.82 f t .  
W = 4.02 f t .  
Ah = .66 
U = 219 f t / s e c .  

P = .00205 s I u g s / f t  .3, d e n s i t y   a t  5,000 f e e t  a I ti tude 
HNOSE = 2.7 f t . ,  fuse lage   he igh t   i n  nose reg ion 
WNOSE = 2.8 f t . ,  f use lage   w id th   i n  nose reg ion  
HFCY = 3.5 f t . ,  f u s e l a g e   h e i g h t   a t   f r o n t   o f  canopy 
WFCY = 3.6 f t . ,  f u s e l a g e   w i d t h   a t   f r o n t   o f  canopy 
LFCY = 3.12 ft., length  a long body cen te r l i ne   f rom nose t o  

f r o n t  o f  canopy 
LMH = 6.41 f t . ,  length  a long body cen te r l i ne   f rom nose t o  

po in t   o f  maximum fuselage  he ight  
HBCY = 2.9 ft., f u s e l a g e   h e i g h t   a t  back o f  canopy 
WBCY = 3.1 f t . ,  fuse lage   w id th   a t   back   o f  canopy 
LBCY = 12.83 ft., length  a long body center l ine   f rom nose 

t o  back o f  canopy 

Table G-2. Per t inent   la te ra l   d imens ions   fo r   the  Cessna 182. 

1 .  e f f e c t i v e   a s p e c t   r a t i o  and l i f t - c u r v e   s l o p e   o f   v e r t i c a l   t a i l  
b vz 

Ae = I .55 - - - 2.76 
sv 

From F igure  28, av = ( C  1 = .0534/deg.= 3.06/rad. 

2. aspec t   ra t io   o f   w inq  and h o r i z o n t a l   t a i l  

bwL - 7.378; ( A R l h  =(r) = 3.476 bh AR="  
sW h 
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3. mean aerodynamic  chord of wing 

- 
cw bw 

"- sw - 4.86 f t .  

4. es t imate   bodv   s ide   a rea  

zo i   ds  

'B - 
- 

S 

The  body s ide   a rea  (S&)  i s   e s t i m a t e d   u s i n g   f o u r   t r a p e -  
b y   t h e   f o l l o w i n g   f o r m u l a :  

(HNOSE + HFCY)(LFCY) + (H  + HFCY)(LMH - LFCY) 
2.0 2 .o 

5. est imate  fuse lage  vo lume 

. (H  + HEY)(LBCY - LMH) . ( H E Y  + 2R1)(Lb - LBCY) 
+ 2.0 + 2.0 

74.8 f t .  
2 

The fuselage  volume i s   e s t i m a t e d   u s i n g   f o u r   p r i s m o i d s  
b y   t h e   f o l l o w i n g   f o r m u l a s :  

V l  = LFCY[2.0(HNOSE*WNOSE+HFCY*WFCY) + HFCY-WNOSE 
+ HNOSE WFCY] 

V2 = (LMH-LFCY )C2.0(HFCY*WFCY+H-W) f H *  WFCY + HFCY = W] 

V3 = (LEY-LMH)[2.0(HBCY*WBCY+H*W) + H WBCY + W HBCYI 

Now each o f   t h e   s t a b i l i t y   d e r i v a f i v e s  wil l be c a l c u l a t e d   u s i n g   t h e   f o r m u l a  from 
t h e   t e x t  which seems b e s t   s u i t e d   f o r   l i g h t   a i r c r a f t .  

6. C 
Y B  

(C 1 = -.OOOl Irl = -.000173/deg = -.00991/rad 
Y, winq 
' P  I 

= - K i  (C 1 ( Body Reference  Area 
(cy I f u s  La f u s  1 B sW 
( C L ~ ) ~ ~ ~  i s  assumed equal t o  O. l / rad.  
K i  from F i g u r e  23 i s  1.647. 
Body Reference  Area = (Fuselage V ~ l u m e ) ~ / ~  = 38.19 f t .  . 
Therefore,  

2 

(cy Ifus = - I  .647(0. I)(-) = -.03616/rad. 38 19 
I74  B 
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8. C 
“B 

K, f rom  Figure 24, i s  I .O 

a.O v 9 S z 
(1 + -)- = .724 + I .53($) + .4 - + .009(.AR) = 0.802 

W 

9 W d 
where d i s  equal t o  H, t h e  maximum fuselage  he ight .  

Thus (Cy Itai I = -.2619/rad.  Therefore, 

(‘y ’ t o t a l  

B 
= -.00991 - .03616 - .2619 = -.3086/rad. 

B 

+ (AC 1 
% 

cE 
(C,  ) w  = e ) r ,  i f  t h e   t a i  I shape i s  ignored. 

B 

cE 2 - r f rom  Figure 26 i s - .000238/deg , so 

(C, I w  = -.0236/rad. 
B 

Assuming t h a t  K = 1.25, t h i s   g i v e s  

(C 1 = - .043 I3/rad. R w,r=o B 
sv zv 

B w bw 
(C I = -a TI, = -.02184/rad. R v   v s -  

From Table 9, va lues   o f  (ACgBI1 = -.0006  and 
(ACgB)2 = .00016 are  g iven.  Therefore,  

(‘E ’ t o t a l  = -.0236 - .04313 - .02184 - .0006 -I- .00016 
B = -.089/rad. 

Body Side  Area ‘b ,V 

(CnB) to ta  I = -K sW b W  (‘yB)tai I E;- W n 
” 

From F igure  30, Kn = .002539/deg = 0.1455/rad. 
From t h e  C c a l c u l a t i o n ,  

Therefore, 
Y B  (‘yB’tai I 

= -.2619/rad. 

74 8 25 
= -.l455(-)- - (-.2619 - ) 14 8 

(‘nB)tota I 174 35.83 35.83 

= .06455/rad. 
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9. cII 
P 

IO. c 
yP 

Since z e r o  w i  
- 

so, f rom 
S u b s t i t u t i n g  

g i ves 

( C a  Iw = (-.4794) 7.378+4 .O 

] - (.0279) = -.4643/rad. 
P 7.378+4.0 

S b  ( A R l h  + 4.0 
( C  1 = 0.5 h ( L ) 2 ( C  1 a h  

P ’W b~ [ ‘p a~=z.16.-, ( a o ) h  ( A R )  h+4 .O 1 
From F i g u r e   3 4 , u s i n g   t h e   h o r i z o n t a l   t a i l   a s p e c t  and 
t a p e r   r a t i o s  of 3.476  and  0.66, r e s p e c t i v e l y ,   g i v e s  

( 5  ) a  =27r = -.29/rad. 
P O  

Aga’in from Ref.  7, w i t h  a 0009 a i r f o i  I ,  (ao)h = 5.73/rad, 
which, when s u b s t i t u t e d   i n   t h e  above  equat ion,   g ives 
(Cap h =- - .00324/rad. 

Thekef  ore, (C, 1 tots I = -.4708/rad. 
P 

C (AC I r  

yP L (‘a )r=o p 
ca  

Y 
c = (&CL + 

P 
From F i g u r e  32, 

rl 
L (2) = -.0795/rad. 

L 

F i g u r e  33 g i v e s  

( A C  1 

(‘a )r=o 
yp = .02743.  Therefore, 

P 
(c  = (- .0795)( .307) + (.027431(-.4708) = -.0373/rad. 

yP 

(‘n ’ t o t a l  = (Cn Iw + (Cn  ) v  
P P P 
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12. c 
Y r  

13. CR 
r 

T h e   w i n g   c o n t r i b u t i o n   i s   g i v e n   b y   t h e   f o l l o w i n g   f o r m u l a :  
r. 

2 L  
(‘n ’w = ‘L AR+4cosA AR”4 [,,6 ( I+ -) cosA AR -1 t a n  12 A (3) CL h=Oo 

P 
F i g u r e  35, as a f u n c t i o n  o f  wing  aspect  and  taper 
r a t i o ,   g i v e s  

n 
(@)A=o~ = -.0588/rad.  Thus, 

L 
(Cn Iw = (- .0588)( .307) = -.0180/rad. 

The v e r t i c a l   t a i l   c o n t r i b u t i o n   i s   g i v e n  by 
P 

P 

2 - (Z,,COSCX-Q 

b W  
V 

3 0 ,  

( z  sina+Rvcosa 
V 

From F i g u r e  36, - - - 0.24,  where h t  i s  assumed approx i -  
mate ly  equa I t o  zv. 

1 

a% 
” [zv-(zvco;;-Q s i n a l  

f o r  zero   ang le  of a t tack .   The re fo re ,  

- 9.30 V 

8% 

1’ e=  0.0 

(Cn ) v  - - - .01119/rad.  and (Cn Itotal = -.0292/rad. 
P P 

( ‘yr)tota I = (C Y r  ’ + (Cy r ’+ai I 

(C 1 = .143CL - .05 = -.0061/rad 

RV 

(‘yr’tai I = -2.0 - (C 1 
bw s y t a i  I = .2 

(‘yr’tota I = .2103/rad. 

Y r  

(CRr ’ t o t a  I 
- 
- ’wing + ’ t a i  I 

r 
co 

r 

I64/ rad.  

From F i g u r e  38, (- ) = 0.2568/rad. Thus, -r 
cL 
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14. Cn 
r 

15. C 
Y 

&A 

16. C k  

&A 

% 
(‘2 ’wing - (<)CL = 0.0788/rad. Also, 

(Car ’ t a i  I (‘y ’ t a i  I bw bw $ 

( C e r ) t o t a  I = 0.0958/rad. 

- 
r 

Rv zv =-2.o ” = 0.0170/rad.  Thus, 

(‘n ’ t o t a  I = (Cn Iw + (Cn Itai I r r r 

1+3X (Cn Iw = -.33(=)Cg -.02(1- - - AR-6 I-X 2 
r 0 13 m l c L  

= -.009852/rad. 

(‘n ’ t o t a l  = - .09924/rad. 
r 

The   va lue   o f  CysA i s  assumed z e r o   f o r   c o n v e n t i o n a l  
l i g h t   a i r c r a f t .  

&A 
From F i g u r e   i s   o b t a i n e d  by f i r s t   c o n s i d e r i n g  
the   ou tboard  

a v a l u e  of  

C 
k 6 A  
” - 0.786, then   us ing   t he   i nboard   edge  o f  t h e   a i l e r o n  
T 

Y i  m= .466  and, aga in   f rom  F igure  42, g e t t i n g  a 

cor respond ing   va lue  of  
W 

” - 0.231. These  two  va lues   a re   then  sub t rac ted ,  
T 

o u t b o a r d   s t a t i o n   m i n u s   i n b o a r d   s t a t i o n ,   t o   g i v e  a 

C26A 
” 

T 
- (.786-.231) = 0 .555   ove r   t he   ex ten t  of u n i t  

a n t i s y m m e t r i c a l   a n g l e  of a t t a c k .  Now from F i g u r e  41, 
T = 0.319.  Therefore, 
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17. C 
"A 

= 0.177/rad. 

From F i g u r e s  43  and 44, K i s   d e t e r m i n e d  t o  be -0.1537. 
Theref   ore,  

C = 2.0(-.1537)(.307)(.177) = -.0167/rad. 
6A 

18. ' c"R1 
These c o n t r o l   d e r i v a t i v e s   a r e   g i v e n  by t h e   f o l l o w i n g  

Y6R "&R formu I as: 

sV 

Y6R sw 
C = a ~ -  

'"R - a " 

- sv  zv 

sw bw 

C sv Rv 
6R 

= -a -- 
sw  bw nV 

From F i g u r e  46  as a f u n c t i o n  of  r u d d e r   a r e a   t o   v e r t i c a l  
t a i  I a r e a   r a t i o ,  

sR 

sV 

" - 0.374, it i s   d e t e r m i n e d   t h a t  T = 0.574.  Thus, 

t h e s e   t h r e e   d e r i v a t i v e s   a r e   e v a l u a t e d  as follows: 

C = . 187/rad. 

= .0147/rad. 
Y6R 

C 
"&R = -.0658/rad. 
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LONGITUDINAL  PROGRAM 

C G R A V I T Y  IASSUIIE - 32.2 Fl/SEC..2  FOR l H 1 S   A L T l l W f  RANGE1 A L D  THE 
C CCOSGM AN0 GSIMCM ARE  THE PRODUlS OF THE ICtELERAllOM OUE IO 

C COSINE AN0 SINE  RESsECllVELV OF (HE I H l T l A L  FLIGHT P A I H   I S L E .  

C GAMMA. IUSUALLV ZERO FOR LEVEL F L I G H l I -  
c 

23 

c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 

c 
c 
c 

c 
C 
c 
c 
c 
c 

c 
c 
c 
c 

c 
L 
C 
c 

c 
c 
c 
c 

CALCULATION UF DIIIENSIOIIAL ST I8 IL lTV   OERlVA l lYES 

0 AN0 OC I R E  JUS1 CONSTANTS USED T O  CALCULATE 1HE OIMENSIONII 
S l A B I L I l T  DERIVATIVES. 

D-RHO*U.SAHS 
CC.R"O*".S.CH/II. 

OIHENSIONAL  STA8lL11V  DEIIVATIVES 

COEFFICIENlS F O R  TUNSFER FUNCTION 

OF 1HE OENOMlNAlOR l N D  NUMERATOII COEFFICIENTS. 
A I .  A 2 1  A). A4v A 5  ARE CONSTANTS USED 1 0   S I l l P L l F V  THE CALCYUTION 

1 2 9  
130 
131 

133 
132 

13* 
i35 
136 
137 
138 
139 
1k0 
Lkl 
1k2 
1k3 
1 k* 
1*5 
1k6 
1 k 7  
1k11 
1k9 
150 
151 

1 5 3  
152 

15k 
155 
1 5 6  
157 
1 5 8  
1 5 9  
160 
M I  
162 
163 
164 
165 

1 6 7  
lbb 

168 
169 
1 7 0  
111 
172 
173 
174 
175 

1 1 7  
176 

178 
119 
110 
181 
182 
183 
18k 
185 
186 
181 
1118 
189 
1 9 0  
191 
192 

193 
1% 
195 
196 

198 
199 
200 
2 0 1  
202 
203 

205 
20k  

206 
207 

20P 
208 

210 
2 1 1  
212 
213 
21k  
215 

217 
216 

219 
218 

220 
2 2 1  
222 
223 

225 
224 

2 2 1  
226 

228 
229 

231 
230 

233 
232 

236 
235 
236 
237 
238 
239 
Z W  
2*1 
2k2 
213 

2 k 5  
2 k k  

2 k 7  
2 k 6  

2*8 
2 k 9  
250 
251 
232 
253 
2% 
1 5 5  
2ab 

Iqr 

38Q 



C 
C 
C 
C 

C 
C 
C 
C 

C 
C 
C 
C 

CO 3 1-1.5 
I F l O A O S l O S I I I 1 ~ G T ~ U C I ~ I ~ l  

lFlM.hE.OICO TO 4 

I F  IIO - 0. THERE IS NO U M A C T E R I S T I C  EPUATIOH. THEREFORE T M  
PROGRAM IS IERMINAT(0. 

CALL E l l 1  

THE 4 'IF.  STbTEIILhTS BELOY TELL M H l W  SEI  OF  NUMERATOR 
COEFFICIENTS TO E V U U I T E  OEPENO~NG ON THE VALUE OF  NUMER. 

3 COnTIwE 

C 

C 
C GETROT IS A S U M W T I N f  WIW. USING CTHER SUMOLRINES. U L C U A T E S  
C M O T S ,  OAWINC RATIOSI AW NATURIL  FUPUENCIESI AN0 THESE ARE 
C TRANSF.ERRED 7 0  7UE RAI IP INE 8I USE OF I 'CM)ION. STATERENT. 
c 

C 
C M R  OAMPIIG VATIC6 GREATER T W H  aYElA ION-OSCILLAT~Y MCOEI THE 
C FOLLOMIIIG FOUR Cv l& PREVENT TAKIPE THE SPUME RMT OF A N E U T I V E  

C M M P I H S  VATIDS IPE GREATER THAN ONE  THEN I H E  OIMPEO k).lURU 
C YIKOER YHEN CALCULITIND THe O W E 0  NAlUrUiL FREQUENCI. IF T M  

C FREPUENCICS REMAIN 0.0. 
C 

rn*D."." 

2 5 1  

259 
2S8 

260 
2 b l  
262 
263 
2 b 4  
2b5  
2 b b  
267 
2b8 
269 
270 
2 1 1  
272 
273 
274 
275 
276 
277 
278 
279 
280 
281 
282 
283 
284 
285 
28b 
287 
280 
289 
290 
2 9 1  

293 
292 

294 
295 

297 
296 

298 
299 

301 
340 

302 
303 

305 
304 

307 
30 b 

308 

310 
3 1 1  
312 
313 
314 
315 
31b 
317 
318 
319 
310 

309 

321 

323 
322 

325 
325 
32b 
321 

329 
330 
331 
332 
333 

335 
334 

336 
337 

339 
350 
3 1  
342 
343 
355 

35b 
345 

347 
348 
349 

351 
350 

352 
353 
351 
355 
3 5 1  
357 
358 
359 
3bO 
361 

3b3 
3b2 

3b4 
365 
3bb 
367 
3b8 
3 b 9  
310 
3 7 1  
3 7 2  

374 
373 

3 7 5  
3 7 b  
317 
378 
379 
310 
381 
382 
383 
384 

328 

338 

C 
C I1  AN0 I K  ARE CCLNTERS USEO TO OETERMINE THE M A X I K U I  VALUE OF KU* 
C  CEPENDIhG  ON THE NW8611 OF NATURAL FREPUEHCIES I N  BOTH THE 
C NUIIERATOR AN0 THE OEhOMlNATOR OF 1 PARTIWLLR TRANSFER A I K T I O N -  

.." 
IFIKYF~EQ. lb lGO m 1 8  
KYF-11 

C 
C GETROT IS USEO TO FINO ROOTS (IF A  PARTICULbR NUMERATOR UEPEWING 
C CN THE VALUE OF UJNfR. 

1 8  IFINU)IER.EU.lIGO TO 19 
IFLhUIIER.EP.PIG0 TO 20 

CALL G E l R O T l N T H S ~ I I N ~ R P N ~ R I N I  
1FINUMER.EPAICO TO 21 

397 
3 9 8  
3 9 9  
400 
401 
402 

404 
405 r 

V l b  
4 0 7  
W8 
409 
410 
411 
4 1 2  
413 
41b 
4 1 5  
41b 
417 
418 

420 
519 

421 
422 
4 2 3  
424 
425 
4 2 b  
4 2 7  
*28 

430 
4 2 9  

431 
432 
433 
434 

403 

435 
4 3 b  
437 
438 
439 
U O  
-1 

443 
442 

4 H  
445 

U 7  
U b  

H 8  

rn0.n.n 4 b 2  
&3 
M 4  
-5 
&b 

C 
C MI AN0 I N 1  ARE  USEO TO PPEVLNT HAVING ZERO pJL)SCRIPlS  WEN 
C U L C U L A T l h G  THE WMERATOR U O  O E ~ O l l N A T ~  GAINS FOR THE OOOE PLOT 
C SU8IOUTlhE. 
c 

C 
C 
C 

25 

VALUE m KYF. 

488 
4 8 V  
4 9 0  
491 
4 9 2  
493 
4P4 
4 9 5  
49b 

4 9 8  
4 9 1  

4 9 9  
500 
sa 
502 
503 
m4 
505 
5 0 6  
507 
508 
509 
510 

112 
511 

38 1 



513 

515 
514 

511 
51b 

518 
519 

521 
520 

'0 28 

I 
2 
3 
6 
5 
6 
7 
8 
9 

10 
I1  
12 
13 
14 
15 
1h 
11 
18 

20 
I 9  

21 

23 
22 

24 
25 
2h 
21 
28 
29 

31 
30 

32 
33 
34 

3b 
35 

31 
38 
39 
4a 
41 
* Z  
43 

U P  
110 
131 

133 
132 

134 
135 
13 b 
131 
111 
139 
140 
141 

143 
142 

1- 
145 

141 
14b 

148 
149 

151 
150 

152 
153 

111 
1% 

15b 
151 
151 
159 
1b0 
ILL 
1b2 
1b3 

IbY 
1b4 

1M 
I b1 
168 
I be 
110 
I l l  

113 
172 

114 
115 
l l b  
I l l  
111 
119 

111 
110 

181 
113 
114 
181 
l o b  
181 
111 

190 
189 

191 
l e t  

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

c 

I 3  

14 

15 

I b  



TO~P-IZ.P~~~IIIZPUIPI 
U--PGOlRI1IIWP 

TI2P-I.b9Jl4lIIIIP*IMPl 
w TO 15 

17 WSP.O.0 
W . O . 0  
1sV.-RG01R111 
1P.O.O 
Tl2sr..b93L47IlsP 
TO5S?.2.995711SP 

TO5I?.2.995711LSPYSPI 
co 10 35 

21 IAI-LOOTIIII 
I., 

193 
194 
195 
196 
191 
198 
199 
200 
201 

203 
202 

2M 
205 
206 
207 
200 
209 

211 
210 

213 
212 

214 
21s 
216 
217 

219 
218 

220 
2221 
222 
223 
22% 
U S  
U b  
22) 
228 
229 
230 
231 
232 
233 
2% 

23 b 
23s 

237 
238 
239 
240 

242 
243 
211 
245 
24 b 
257 

249 
248 

250 
151 
252 
253 
254 
255 
25b 

241 

257 

259 
258 

2t.l 
261 
262 
263 
2b4 
2b5 
266 
2b7 
268 
269 
210 
211 
272 
173 
274 
275 
276 
271 
278 
279 
280 
281 

233 
284 
285 
286 
281 
288 
289 
295 
291 
292 
293 
a 4  
295 

297 
296 

298 
299 
300 
301 
302 

212 

C 

P.CI4 l ICI51  
P.CI31lClSI 
R.CI2IICISI 
S.ClIIICI51 

9 
10 
11 
12 
13 
I* 
15 

17 
16 

18 

23 
19 

21 
22 
23 
24 
25 

21 
2b 

18 
29 

31 
30 

32 
33 
34 
I S  

36 
31 

" 

I! 
40 
41 
42 
43 
44 
45 
4b 
47 
48 
49 
50 
51 

53 
52 

% 
55 
56 
57 
58 
59 
60 
61 
62 
61 

1v 

I O  64 

1 
2 
3 

C 4 
C THIS SUBRWTINE FACIGRS A THIRD WOER POLYHOMIAL d1 A CLOSE0 FORM 5 
C PROCEDURE GIVEN IN  'INTPIIOUCTIOY IO THE lHEUR1 OF EWATIONS* BY b 
C CCNKURICHT bN0 #MIFIE0 81 THC PROCEOURC GIVEN 1H ~ S I A Y O A O  MATH T 
C TABLES. BY WEIIICAL RUBBER CMPAM. 8 

IO 
12 
11 

13 
14 
15 
16 
11 
10 
19 
20 
21 
22 

24 
23 

25 
2b 
27 
28 
29 
30 
31 
32 
33 
34 

3b 
35 

31 
38 
39 

383 



C 
C 
C 
C 

8T VSlNG mt 

384 

c 
5 
b 
7 
s 

Io 

io 
41 
42 
43 
4+ 
45 
4b 
47 
48 
49 

51 
YO 

52 
53 
54 
55 
Yb 

58 
5? 

60 
5 9  

61 



LATERAL  PROGRAM 

c 
c 
C 
c 
C 

C 
c 
C 
c 
C 
C 
c 
C 
C 
c 
C 
C 
C 
c 
C 
c 
c 
c 
C 
c 
c 
c 
C 

c 
C 
C 
c 
c 
c 
C 
c 
C 
c 
c 
C 
c 
L 
L 
C 
C 

C 
c 
C 
c 
L 
L 
c 
C 
c 
c 
C 

C 
c 
C 
L 

11 1 H f   A I R F l l I E  IS  1SSUNfO 10 If A R I G I D  BOW. 

I 
2 
3 
4 
5 
6 
1 
1 
9 
IO 
11 
12 
13 
I* 
I 5  
I 6  
I1 

I P  
I 8  

21 
2* 

72 
73 
Zk 
25 

21 
26 

29 
10 
31 
32 
31 

35 
36 

?.I 
36 

38 
39 
40 
41 
k2 
b3 
4 1  
'5 

+I 
46 

48  
.9 

51 
50 

51 
52 

5 b  
55 
56 
5 1  
58 
59 
50 
bI 
67 
6. 
6 b  

2 1  

65 
66 
bl 

OV 
68 

11 
10 

1 2  
1 3  
7* 
1 5  
lb 

18 
11 

19 
10 
d l  

83 
82 

84 
8S 
8b 
81 

49 
0 

90 

92 
91 

Q3 
9' 
95 
PG 

98 
PI 

100 
99 

101 
I07 
103 
IO* 
105 
ICb 
101 

I ov 
IOU 

I IO 
111 
111 
113 

I 1 5  
116 

I I b  
111 
118 
I I9  
I 20 
I21 
122 
12s 
126 
125 
1 2 b  
121 
126 

C 
L 
C 

c 
r 
C 

C 
C 
C 
C 
C 
c 

C 
c 
L 
c 

C 
C 
L 

C 
C 
C 
C 

i29 
i10 
131 
1 I? 
131 

135 
13b 

13b 
131 
138 
1Y9 
I so 
151 
142 
163 
Ikk  
1b5 
166 
1 4 1  
148 
I (9  
150 
151 
152 
1 S3 

155 
154 

151 
I 'd 

158 
159 
IM 
I b I  
162 
163 

165 
164 

1 b b  
I b 1  
168 
169 
I 10 
111 
172 

-.. 
212 
213 
216 
215 

211 
216 

218 
219 
220 
221 
222 
223 
224 
225 
226 
221 
218 
229 
230 
231 
232 
2a3 

231 
23b 

23b 
231 
138 

t?l 





C 
C 
C 
C 
C 

C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 

C 

C M l H  A R E 4  AH0 UI I I IAGIHAW PART. 
C I IS A CCWIIER WlW D€lEIuIIHES THE NuI(IEA OF 110011 W l U  HAVE 

C 

1 
2 
3 
k 
5 
b 
7 
8 
9 
IO 
11 

13 
12 

11 
15 
Ib 
17 

19 
20 
21 
22 
23 
21 
25 
2b 
21 
26 
29 
10 
31 
>2 
33 
3k 
35 
3 b  
31 
38 
39 
40 
11 
42 
k3 
44 
kS 

41 
kb 

4 1  
k9 

51 
52 

54 
53 

55 
5b 
57 
58 
59 
bo 
b1 
62 
bl 
bk 

l a  

50 

b5 

b7 
bb 

b8 
6 1  

11 
10 

72 
73 
74 
75 
7b 
77 
78 
7 9  

81 
82 
83 
1k 
8S 
86 
87 
88 
89 

91 

91 
92 

96 
95 
96 

91 
91 

100 
99 

101 
102 
103 
104 
105 
106 
107 
LOB 
109 

111 
112 
113 
It1 
115 
116 
I17 
I18 
119 

121 
120 

122 
123 
1% 
125 
126 
127 
I28 

an 

qn 

110 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c 

THE OUTPuI F a  BGrH N U I E R A l a  LYO OEhOMINATOR IS P R I M E D  111 A FORM 
UHICH REWIRES T Y I  O S C I L L 4 T ~ Y  MMES. I F   W E  a 8OlH OF THE M O E S  
ARE hON-OYILLIluLY THEN IHE FOLLOMING  PROCEWRE IS YSEDS 

11- 1HE OARPING 11.110 IS CHOSEH TO BE 1HE SMALLER W H I N D E  OF 
THE UEAL RmlS. SlllCE 1HlS Q.Wl MILL 0011ll l~lE I H  lHE TIME 
O I I U I N  I A  Y G A l J V L   O U P l W S  U T I 0  MWLD 1M) ICA lE  AN 

C 
C 
C 
C 
C 
C 
C 
C 
c 
C 
C 

I4 

155 
1% 
151 
158 
159 
1b0 
Ibl  
1b2 
1b3 
lbb 

1b6 
1b5 

1 b 8  
1b7 

1 b9 
170 
171 
172 
11 3 
174 

17b 
175 

178 
177 

179 
180 

193 

195 
19k 

19b 
191 
198 

200 
199 

201 
202 
20 3 
20k 
205 
ZOb 
207 
208 
209 
210 
211 

213 
212 

21k 
215 
21b 
217 
211 
219 
220 
221 
222 
213 

225 
221 

226 
227 
228 
229 
230 

232 
211 

23k 
213 

215 
236 
217 
218 

2w 
239 

2k1 
212 
213 
2k4 

24b 
245 

211 
248 
249 
230 

252 
251 

2% 
253 

255 
25b 

387 



251 
258 
259 
260 
Zbl 
2K 
263 
2b4 
2b5 

2b1 
Zbb 

268 
2b9 
210 
211 

213 
212 

21k 
215 

211 
27b 

278 
219 

281 
280 

282 
283 

285 
28* 

281 
2110 

288 
289 

291 
290 

292 
293 

295 
294 

X 1  
296 
.. 
298 
29P 
300 
301 
302 

1 

9 
IO 
I I  
12 
13 
14 
I5 
lb 

18 
I 1  

19 
20 
21 
22 
23 
2k 
25 
Zb 
21 
28 
29 
30 
31 
32 
33 

2: .- 
3b 
37 
38 
39 

50 
51 
52 
53 
5k 
55 
5b 

58 
57 

59 
60 
bI 
62 
b3 
bk 

1 
2 
3 
4 

" 

19 
20 
21 
22 
23 
2k 
25 

- " -I 

I .  , .  



C 
C 
C 
C 

SUBIIOUTINE CUAOlCOF~RE~RIMl  

WAORAl lC  F O R R I L L  
lHIS SUBRCUIINE  FAClORS A SECMO DROER POLYNOMIU BY USING THE 

s 
9 

10 
11 
I2 

14 
I3 

15 
I6 

10 
IT 

19 
10 

WIS IS A SUBROUI IN UHIW CALCUI 
C O N S r l U C T  A B W E  PLOT U h C E  THE NI 
POLYHCIIIALS HAVE BEEN FACTMED. 
W E  I L I N L I H E  BY USING A .CM*DX' 

3 
4 
5 
b 
7 
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TIME RESPONSE PROGRAM 

The  time  response  program  is a program  which w i  I I give a tabulated 
output  of a transfer  function  due  to an impulse  or a step  input by taking  the 
inverse  Laplace  transform  of  the  transfer  function.  When  using  this  program 
there  are  two  important  restrictions: 

1 )  If an impulse  is  used  the  order  of  the  numerator 
polynomial  must be lower  than  the  order  of  the 
denominator  polynomial. 

2 )  If a step  is  used  the  order  of  the  numerator 
pol  ynomia I must  be I ess  than  or  equa I to  the 
order  of  the  denominator  polynomial. 

Use  of  the  program  requires  the  input  of  the  variables  listed  below: 

MN - order of the  numerator  polynomial 

MD - order  of  the  denominator  polynomial 
ITYPE - which  indicates  the  type  of  response  desired 

= 0 is  the  signal for an impulse 
= 1 is  the  signal for a step  response 

GAIND - coefficient of the  highest  order  term in the  denominator  polynomial 

FORCE - the  magnitude of the  input ( I f  FORCE is 
correspond  to a 3' control  surface i npu 

3 .O then  the  response w i I 
t) 

I 

NS(1) - coefficients  of  the  numerator  polynomia 
ordered  term 

I beginning  with  the  lowes t 

imagi nary parts of  the  roots  to  the  denominator 

The  output  variables  are  defined in the  program, and a sample  output  has 
been  included  at  the  end  of  the  program.  It  should  be  noted  that all the 
pertinent  input  information needed for  this  program  has been included  as 
output  information in both  the  Longitudinal and Lateral  programs  preceding 
th  is  program. 
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